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Section 3.1
FExtrema on an Interval
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Def. of Relative Extrema (TH¥1H{H)

Let f be a real-valued function defined on D C R with ¢ € D.

(1) fhas a relative maximum (fHE{1H K (E; rel. max.) at the
point (¢, f(c)) if 3 open interval Is.t. fix) < flc) Vxel

(2) fhas a relative minimum (#H¥§18/]\§; rel. min.) at the point
(c, f(c)) if 3 open interval Is.t. fix) > flc) Vxe€l

(3) Rel. max. and rel. min. are called the relative extrema off.
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Some Questions

Let f be a real-valued function defined on D C R.

@ Does f always have a relative extremum on D?

@ How to find the relative extrema of 7

e What is '(c) if f{c) is a relative extremum?
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Example 1 ({B{EEEENBE)

(a) The rational function

g = 22 =9) D with (9 = 9(9%1’(2 )

has a rel. max. at the point (3,2), and /(3) = 0 in this case.

(b) The function f(x) = |x| has a rel. min. value f{0) = 0 at the
origin (0,0), but £/(0) 5. (Why?)
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Def. of Critical Numbers (52

If £/(c) =0 or f'(c) } for some c € dom(f), then the value cis
called a critical number of f.

A

Thm 3.2 (BREAREHBENDERH)

If fhas a relative extremum at the point (c, f{c)) with
c € D= dom(f), then

f'(c)=0 or f'(c) 3,

i.e. x= ¢ must be a critical number of f.
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Example (Thm 3.2 B9 1)

For flx) = x*, x= 0 is the only critical number of f, since
f'(x) = 3x2 = 0 <= x=0. But, {0) = 0 is NOT a relative
extremum of f.

Cubing function
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Proof of Thm 3.2

Suppose that f{¢) is a relative extremum with f’(c) # 0 3.
Without loss of generality, we may assume that ’(c) > 0.

f'(c) :
Fore=-—5=>0,30>0st.if 0 <[x—c[ <4, then

ORI R U CRAC I

Thus, we know that
fix) > flc) Vxe€(c,c+d) and fix) < flc) Vxe (c—9,c0).

This contradicts to the assumption and hence completes the
proof.
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Def. of Absolute Extrema (#&¥11H{H)

Let f be a real-valued function defined on D C R with c € D.

(1) flc) is the absolute maximum (B¥J#EA1E; abs. max.) of f
on Dif fix) < flc) VxeD.

(2) flc) is the absolute minimum (#B%J4%/]\{H; abs. min.) of fon
Dif f{x) > flc) VxeD.

(3) Abs. max. and abs. min. are called the absolute extrema off
on D.
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Thm 3.1 (Extreme Value Theorem; E.V.T. {B{EEIE)

If fis conti. on I = [a, b], then Jci,c € Is.t.
fla) < f(x) < flea) Vxel

i.e., flc1) is the abs. min. value of fon [ and f{c) is the abs. max.
value of fon /, respectively.
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How to find the points ¢; and ¢ in Thm 3.17

Step 1 find all critical numbers ¢j, ¢, . .., cx of fin the open interval
(a, b), where k € N.

Step 2 evaluate f(a), f(b) and f(c;) for i=1,2,... k.

Step 3 compare the function values obtained in Step 2.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 3, Calculus B 13/93




T=ti2].
Sor Soo=2d-l2q?=la (k) Ve R,
........ wd/

1", aw cvieta& 'rum\a@gs

77
Al

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 3, Calculus B 14/93




B (Thalofii3)




. ST ) B e §
§0_Q= % q!m: 22 'Xé = ’2"<V3 (’X%— \)

a«\ %(%sé whon x=0
7 S Xm0 &) xv\ ave cm-t.c&\ V\um\pg,rs c% %
R g
S VG\}@@\\e P _-024T
307 et a\osnhub Win v«\u& 5 %
Ak (5(},)—0 //”” //// V W)( r L]

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 3, Calculus B 16/93



Section 3.2
Rolle’s Theorem and the Mean Value
Theorem

(R EEH Y EEE)
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Thm 3.3 (Rolle’s Theorem)

Suppose that fis conti. on [a, b| and diff. on (a, b). If fla) = f(b),
then 3c € (a,b) s.t. f'(c) = 0.
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Proof of Thm 3.3

@ Since fis conti. on [a, b] and f(a) = f(b), it follows from
E.V.T. that c € (a,b) s.t. flc) is a relative extremum.
Otherwise, f must be a constant function on [a, b| and hence
f'(x) =0 Vxe (a,b).

o Next, we shall claim that f/(c) = 0. If not, say f'(¢) > 0,
then it fowws from the - Def. of a limit that 36 > 0 s.t.
fix) < flc) for x e (c—6,¢c) and flc) < f(x) for x € (c,c+ ).
Thus, f{c) is NOT a relative extremum and this gives a
contradiction!

e Similarly, we can deduce that f’(c) < 0 = f(c) is NOT a
relative extremum. Consequently, we must have f/(¢c) = 0 for
some c € (a, b).
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Thm 3.4 (Mean Value Theorem; M.V.T. 19{EEE)

If fis conti. on [a, b] and diff. on (a, b), then Ic € (a, b) s.t.

f'(c) = f(b[))_(a) or fb)— fla) = f'(c)(b— a).

26,560, 9) sk §lep=Fra) = %ﬁ&
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A
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Proof of Thm 3.4

e Let g: [a, b] — R be a function defined by

fb) — fla)

g(x) = flx) — —_ (x—a)—fla) Vxela,b.

Since fis conti. on [a, b] and diff. on (a, b), we know that g is
conti. on |[a, b], diff. on (a, b) and g(a) = 0 = g(b).

@ Since g'(x) = f'(x) — w Vx € (a, b), it follows
from Thm 3.3 (Rolle's Thm) that 3c € (a, b) s.t.

fb) — fla)

0=g'(c)=F(c) - = —

or, equivalently, we prove that 3c € (a, b) s.t.

ey D)~ 2 )
() = b—a
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Example (M.V.T. BYfHi 7T RE)
For any a, b € R, prove the following inequality

|sina —sin b| < |a— b|.

Proof: Let a, b € R. Without loss of generality, we may assume
that a < b. Since f(x) = sin x is conti. on [a, b| and diff. on (a, b),
it follows from M.V.T. that 3c € (a, b) s.t.

sinb—sina= f'(c)- (b—a) = (cosc) - (b— a).
So, we immediately see that
|sina—sinb| =|cosc|-|a— b] < |a— b

because | cos ¢| < 1, and hence this completes the proof. A
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Section 3.3
Increasing and Decreasing Functions
and the First Derivative Test
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Def (EHHBHIES

Let f be a real-valued function defined on an interval /.

(1) fis increasing (A&I&; ) on lif f(x1) < f(x2) whenever
x1,Xo € [ with x; < xo.

(2) fis decreasing (ZEE; \) on /if f(x;) > f(x2) whenever
X1, Xy € [ with x| < xo.

(3) The increasing or decreasing functions are called monotonic
functions (EEFERE).

Note: Monotonic functions are one-to-one, but one-to-one
functions are NOT necessarily monotonic!
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Thm 3.5 (ERRBRIFE S 1% E)
(1) f'(x) >0 Vxe€ (a,b) = fis increasing (L") on [a, b].

(2) f'(x) <0 Vxe (a,b) = fis decreasing (\,) on [a, b].

(3) f'(x) =0 Vxe& (a,b) = fis constant on |a, b].

| A\

Example (Thm 3.5 B9 l)

The function f{x) = x!/3 is increasing on R, but its first derivative
satisfies f/(x) = ﬁ >0 VxeR\{0}.
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Proof of Thm 3.5

For any x1,x2 € (a, b) with x; < xa, since fis conti. on [x1, x2] and
diff. on (x1, x2), it follows from M.V.T. that Jc € (x1, x2) s.t.

f(XQ) — f(Xl) = f/(C)(XQ — Xl).

(1) If f'(x) >0 Vxe (a,b), then f'(c) > 0 and hence
fixa) — f(x1) > 0 or f{xz) > f(x;). This implies that fis
increasing (") on (a, b).

(2) If f'(x) <0 Vxé€(a,b), then f'(c) <0 and hence
fixg) — f(ix1) < 0 or flxa) < f{x1). This implies that fis
decreasing (\,) on (a, b).

(3) If f'(x) =0 Vxe(a,b), then fixa) — f(x1) =0 or &
fixi) = flxa) Vxi,xs € (a,b),ie., fis constant on (a, b).
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Thm 3.6 (First Derivative Test; — P& EEHIG)

Let f be diff. on an open interval except possibly at c. If x=cis a
critical number of f, then

(1) sign of f’ changes from (+) to (—) at c = f(¢) is a rel. max.
value of f.

(2) sign of f’ changes from (—) to (+) at c = f{c) is a rel. min.
value of f.

(3) sign of f’ does not change on both sides of c = f{(¢) is not a
relative extremum.
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So, x= —1 and x =1 are critical numbers of f.
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Section 3.4
Concavity and the Second Derivative
Test
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Def. of Concavity ([U14)

Let f be diff. on an open interval /= (a, b).

(1) The graph of fis concave upward (M[E]_L; C.U.) on [if its
first derivative f’ is " on I.

(2) The graph of fis concave downward (M@ F; C.D.) on /if its
first derivative f’ is N\, on /.

v
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Concave upward,
f’is increasing. J

Concave downward,
f"is decreasing.
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Thm 3.7 (Test for Concavity; M14:8I5E{%)

Suppose that f”(x) exists on an open interval /.

(1) f”(x) >0 Vxe&l = the graph of fis C.U. on /.

(2) f"(x) <0 Vxe&l = the graph of fis C.D. on I

pf: It follows immediately from the Def. of Concavity and
f(x) = dx[f (x)] that
(1

) f’(x) >0 Vxe&l = f’isincreasing on | = the graph
of fis C.U.on L

(2) f"(x) <0 Vxel = f'is decreasing on | = the graph
of fis C.D. on I
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Def. of Points of Inflection (HE1ZE; P.1.)

Let fbe conti. on an open interval containing c. If the graph of f
@ has a (vertical) tangent line at (¢, f(¢)), and
@ its concavity changes on both sides of ¢,

then (¢, f(¢c)) is called a point of inflection of the graph of .
(BRI BUEIZ MM e 2 pO B T BRBN S S Bh))
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Thm 3.8 (REBSHINEIEL)

Suppose that f”(x) exists on an open interval containing c. If
(¢, f(c)) is a point of inflection of the graph of £, then

f"(c)=0 or f"(c) .
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Proof of Thm 3.8

Without loss of generality, we assume that f”(c) > 0 3. Since
" exists at ¢, we know that,

L F00 =79

X—C X—C

=f"(c).

Thus, for e = 2109 50, 36 > 0 s.t. if 0 < |x— | < 4, then

709 = f'(c)

X—C

f’(c or f'(x) —f'(c) - f'(c)
X—c 2

> 0.

f‘//( )‘

Then f/(x) < f'(c) for x € (c—d,¢c) and f'(c) < f'(x) for

€ (¢,c+0). Thus, it follows from the Def. of concavity that
the graph of fis C.U. on I = (c— 0, c+¢). This contradicts to
our assumption that (c, f{(c)) is a point of inflection of f, and

hence we complete the proof. (418
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Example (Thm 3.8 B95—{E & {1)

Consider f{ix) = V/x2 = x2/3 V¥ x e R. Then its first and second
derivatives are given by

2 —2
Fi(x) = 5x 1 and £"(x) = =x% <0

for all x # 0. In this case, we see that f”(0) # and the origin (0, 0)
is NOT a point of inflection!
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Example 3 HU/R 2B
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Thm 3.9 (Second Derivative Test; —F&EERIE)

Suppose that f’(c) = 0 and f” 3 on an open interval containing c.

(1) f"(¢c) > 0 = f(c) is a rel. min. value.

(2) f"(c) < 0= fc) is a rel. max. value.

(3) f”(c) = 0 = the test is inconclusive.
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Example 4 (Thm 3.9 #9fF)

Find all relative extrema of the (polynomial) function

fix) = —3x° + 5x°.
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Example 4 R EE

[‘/ ) =—3x> + 5,{3}
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Section 3.5
Limits at Infinity

(FREIEERIMER)
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Def (Limits at Infinity)
(1) lim fix) =L<=Ve>0,3M>0s.t. if x> M, then
|fix) — L| <e.

(2) lim fix) =L<=Ve>0, IN<O0s.t. if x<N, then

X——00

fx) — L] < .
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lim f(x) = L
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Thm 3.10 (EZRIHFRZER)

(1) If r> 0 is a rational number and c € R, then
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Proof of (1) in Thm 3.10

Let € > 0 be given arbitrarily. Choose M, N € R with
ENG ENG
M > (?> >0 and N< — ( 6 ) <0

Thus we have the following inequalities

|| ||
Mf<5 and =Ny

If x> M(> 0) or x < N(< 0), then

\I Iel
Mr

C

—O‘ <& or ‘——O‘ —: <

XI’

So, it follows from the Def. that
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Example 5 7RE
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Def (KFH#ERAIER

A line y = L is callled a horizontal asymptote (7K~ #T314R) of the
graph of fif

lim (x)=L or lim fix)=L.

X— 00 X——00
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Infinite Limits at Infinity

Def (BEEEREEMIRE)
(1) Xli}m fix) =00 (—00) <=VM>0(M<0), 3N > 0s.t.if
x> N, then f{x) > M (f(x) < M).

(2) lim f{x) = 0o (—00) &= VYM >0 (M<0), IN<0st. if

X——00

x < N, then f{x) > M (f(x) < M).
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Slant Asymptotes

Def (RIBHEGHITE

A line y = mx+ b with slope m # 0 is called a slant (or oblique)
asymptote (RI#T3T4R) of the graph of fif

lim [f(x) — (mx+ b)] =0 or XEIElOO[f(X) — (mx+ b)] =0.

X—00

Note: If p(x)/q(x) is a rational function with deg(p) = deg(q) + 1,
applying the method of long division (fRERX)%), we obtain
(%) r(x)

X) :(mX‘l-b)‘f'in),

o

Q
—

where r(x) is a polynomial with deg(r) < deg(q).
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Section 3.7
Differentials

(EMOEEM)
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Def. of Differentials

Let f be diff. on an open interval / with x € .

(1) The differential of x, denoted by dx, is any nonzero real
number.

(2) The differential of y = f(x) is defined by dy = 7’(x)dx.

Main Question

| \

If dx = Ax = 0 is sufficiently small, how to estimate

Ay = fix+ Ax) — fix) = fix+ dx) — f(x)

using the differential dy directly?
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Thm (FIA dy flET Ay)

If dx= Ax = 0 is sufficiently small, then
(1) ix+ Ax) — ix) = Ay~ dy = f'(x)dx.

(2) fix+ dx) = fix+ Ax) = f(x) + dy = f(ix) + f'(x)dx.
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Equivalent Def. of Differentiability ({7 S BEER

Let fbe a real-valued function defined on D = dom(f). Then

fis diff. at xe D.

fix+ A% — fix) _
Ax—0 Ax B

=3 a function £; = £1(Ax) with Alixrgo £1(Ax) =0 s.t.

f'(x) 3.

Ay = fx+ Ax) — fix) = f'(x) - Ax+e1(Ax) - Ax.

v

Note: In Example 2, fix) = x? is diff. at any x € R, since we have
Ay = fix+ Ax) — f(x) = (2x) - Ax+ £1(Ax) - Ax,

where 1 (Ax) = Ax — 0 as Ax — 0.
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Thank you for your attention!
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