Chapter 4

Integration
(f&57)

Hung-Yuan Fan (GBi#tiF)

Department of Mathematics,
National Taiwan Normal University, Taiwan

Fall 2018

Hung-Yuan Fan , Dep. of Math., NTNU, Taiwan Chapter 4, Calculus B 1/119



REFAE KRS E

4.1 Antiderivatives and Indefinite Integration

4.2 Area

4.3 Riemann Sums and Definite Integrals

4.4 The Fundamental Theorem of Calculus

4.5 Integration by Substitution

4.6 Indeterminate Forms and L’Hépital’s Rule

4.7 The Natural Logarithmic Function: Integration

4.8 Inverse Trigonometric Functions: Integration

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 4, Calculus B 2/119



Section 4.1
Antiderivatives and Indefinite
Integration

(REBREELEED)
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Def (REBRHMER

A function Fis an antiderivative (RRZ K £]) of fon the interval [ if
F'(x) =fix) Vxel

The functions Fi(x) = X3, Fa(x) = x3 — 5 and F3(x) = x® + 97 are
antiderivatives of f{x) = 3x* on R.
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Thm 4.1 (RERERHRIRTI)

If Fis an antiderivative of fon the interval /, then
G is an antiderivative of fon | <= G(x) = F(x) + C,

where C is a constant.
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Indefinite Integration (AEFETD)

Def. of Indefinite Integrals

If F(x) is an antiderivative of fon the interval /, the indefinite
integral of fw.r.t. x (BRI f ¥ x WAEIES) is defined by

where fis called the integrand (#Xf&EK &) and Cis called the
constant of integration. (\87 & £)
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Remark (T&873 B 53 BIRI%)

If F/(x) = () V x € I, then

/F’(X)dx:/f(x)dXZF(X)+C

and
c;i[/ f(x) dx} = d—(i[F(X) + C] = F'(x) = fx),

i.e., the integration and differentiation are inverse operations to
each other! (B EMN ERHKRESR!)
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Thm (Basic Integration Rules; 1/4)

Suppose that the antiderivatives of fand g exist and let 0 # k € R.

(1) /kdx— kx+ C.

(2) /[k-f(x)]dx:k- [/f(x)dx]
(3) /[f(x) + g(x)] dx = [/ f(x) dx] + [/g(x) dx]

/x”dx— )a’+1+Cforn7A—1
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Thm (Basic Integration Rules; 2/4)

(5) /cosxdx:sinx—i- C.

(6) /sinxdx: —cosx+ C.
(7) /sec2xdx:tanx+ C.
(8) /secxtanxdx- secx+ C.

(9) /csc2xdx: —cotx+ C.

(10) /cscxcotxdx: —cscx+ C =
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Thm (Basic Integration Rules; 3/4)

(n)/&&:%ﬁ+c

1
12 kx kx 1.
( )/ dX_k(l )a + Cfor0 < a#

(13) / w_/'lw_mw+c
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Thm (Basic Integration Rules; 4/4)

1 1. _
(14) /ﬁdX: l—(sm 1(kX)+C

1 1 _
(15) /m dx = }tan 1(kX) aF C.

sec” ! (kx) + C.

1
19) | = -
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Application of the Indefinite Integral

If g is conti. on the interval [xp, c0), consider the initial-value
problem (L.V.P.; F1ERE)

F'(x) = g(x), (differential equation; D.E. f{ 73 7512)
F(xo) = yo. (initial condition; I.C. #{E1&H)

Main Questions
o What is the general solution () F(x) of the D.E.in (1)?

@ How to solve the particular solution (4&#%) of the I.V.P. (1)?
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Solutions of the |.V.P.

Integrating the D.E. in (1) w.r.t. x=>

F(x) = /F’(x) dx = /‘g(x) dx = G(x)+ C

is the general solution of the D.E., where Cis a constant.
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Solutions of the |.V.P.

Integrating the D.E. in (1) w.r.t. x=>

F(x) = / F'(x) dx = / g(x)dx= G(x)+ C
is the general solution of the D.E., where Cis a constant.

Substituting the I.C. into the general solution —>
yo = F(x0) = G(xo) + Cor C= yy — G(xp). So, the particular
solution to L.V.P. (1) is given by

F(x) = Fp(x) = G(x) + y0 — Glx0)-
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Section 4.2
Area

(E)
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Def (X Notation)

The sum of real numbers ay, ao, ..., a, is denoted by
n
d ai=ai+a+--+an
i=1

where i is the index () of the summation and a; is the ith term
(28 i JB) of the sum.
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Thm 4.2 (Summation Formulas)

n

(1) > c=c+c+---+ c=cnfor any constant c.
i=1
& 1

(2) Yi=1+2+--+n="20D
i=1

= +1)(2n+1
(3) ;’2:12+22+'--+n2:w_

n 2
u);ﬁ:ﬁ+?+m+ﬁ=P%ﬂ}:ﬁ%ﬁ.
=
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Area of a Plane Region

Let > 0 be conti. on |[a, b], and consider the plane region defined
by
R={(xy) cR?’|a<x<h 0<y<fix]}.
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Lower and Upper Sums (1/2)

Dividing [a, b] into n subintervals

[X07X1]7 ) [Xi—lyxi]v ) [Xn—laxn]

of equal width Ax = ?, where a=xp) <x3 <---<x,=b.
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Lower and Upper Sums (1/2)

Dividing [a, b] into n subintervals
[X07X1]7 ) [Xi—17 Xi]v ) [Xn—laxn]
of equal width Ax = ?, where a=xp) <x3 <---<x,=b.

For each 1 < i< n, since fis conti. on each [x;_1, ], it
follows from E.V.T. that 3 m;, M; € [xi_1, x| s.t.

f(m,) < f(X) < f(M,) Vxe [X,;1,X,'].
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Lower and Upper Sums (2/2)

Def (FHE_LMMVER)

(1) Lower sum (‘R#): s(n) = Zn: flm;) Ax
i=1

(2) Upper sum (EF0): S(n) = zn: fIM;) Ax

From the definitions of s(n) and S(n), we see that

s(n) < area(R) < S(n) VneN.
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Thm 4.3 (T _EMAEFRIE)

If f> 0 is conti. on [a, b], then

lim s(n) = A= lim S(n) 3.

n—o0 n—o0

In this case, we know that area(R) = A I by the Squeeze Thm.
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Def (FFREERIE - HFARETR)

If f> 0 is conti. on [a, b, then the area of the region R bounded
by the graph of f, the x-axis, x=aand x=b is

A=area(R) = nlggo Zl flci) Ax,

where ¢; € [xj—1,x;] for i=1,2,...,nand Ax= b;na_
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Section 4.3
Riemann Sums and Definite Integrals

REMATEED)
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Riemann Sums (22=27))

Def (RREFMER
Let f be defined on a closed interval /= [a, b|.

(1) The set A = {x0,x1, " ,Xn—1,Xn} is called a partition (73&l)
of [ifa=x)g<x3 <--<Xxp_1<x,=0>b.

(2) The width of the ith subinterval [xj_1, xj] is Ax; = x; — x;_; for
each i=1,2,...,n.

(3) The norm (ZE2]) of a partition A is defined by

|A|l = max Ax;.
1<i<n
n
(4) If ¢ € [xi—1,x] for i=1,2,...,n, then > f(c;)Ax; is called a
i=1
Riemann sum (3220) of f for the partition A. 9
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(1) For a general partition A of [a, b], we see that

b—a b—a
<Al = <
<Al HAH

So, |A] = 0= n— 00, but n = o0 % ||A|| = 0!

(2) If Ax;= 222 Vi then ||A]| = 0 <= n — .

n
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Definite Integrals (&)

Def (ETRSHIER)

Let f be defined on a closed interval / = [a, bJ.

n
(1) If the limit Hiiumo > flci))Ax; 3 for any partition A of /, then
—0i=1

fis integrable (TJ#&73AY) on /. In this case, the limit

is called the definite integral (Ef&%7) of f from a to b.

(2) The number a is called the lower limit of integration (f&73 &
BR) and b is called the upper limit of integration (&% LFR).
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(1) /f(x) dx = F(x) + C denotes a family of functions, but

b
/ f(x) dx is a real number.
a

(2) In general, the following notations

/abf(x)dx:/abf()/)dyz/abf(t)dt:/abf(w)dwzm

denote the same definite integral of f from a to b.
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Existence of Definite Integrals

Thm 4.4 (EEANEEN)

If fis conti. on a closed interval | = [a, b|, then fis integrable on |,
i.e., the definite integral of f from a to b

for any partition A of the interval /.
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General Version of Thm 4.4

f has at most finitely many discontinuities on [a, b] = fis
(Riemann) integrable on [a, b].

(R T [a b] LERZEERENEER — (& [a, b LOE
E—EZR S olTERIRE!)
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Thm 4.5 (FFEEFRIE - MFAEMNEIEER)

If f> 0 is conti. on [a, b], then the area of the region

R={(xy) eR*|a<x<bh0<y<Ax}

b
is given by A = area(R) = / f(x) dx > 0.
a
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Def (Two Special Definite Integrals)

(1) / f{x) dx =0 for any a € R.

a b
(2) If fis integrable on [a, b], then / f(x) dx = / f(x) dx.
b a
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Properties of Definite Integrals

Thm (EESRIME)
Suppose that fand g are integrable on [a, b], and let k € R.

(1) /ab[k- fx)] dx = k- (/abf(x)dx).

) /ab[f(x)ig(x)] G (/abf(x) ) + (/abg(x) d).

(3) Additivity (BI04 ): / i f(x) dx = / i f(x) dx + / bA(x) dx

a

for a< c< b.

(4) Preservation of Inequality (A SRAIAERS):

b b
fix) < g(x) Vxe€|a b = / f(x) dx < / g(x) dx.
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In general, we know that

/ [f(x)g( dx;«é bf / g(x)dx) and
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Section 4.4
The Fundamental Theorem of Calculus

(MBS BEATE; F.T.C.)
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Thm 4.9 (The First F.T.C.)

If fis conti. on /= [a, b] and F'(x) = f(x) Vx€ I, then

Note: the definite integral of ffrom a to b can be evaluated by
the function values of antiderivative F(a) and F(b) directly!
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Example 2 of Section 4.3 (Revisited)

Applying the First F.T.C. (Thm 4.9) directly, it is easily seen that

1 1
/ 2xdx:x2’ =P (-2P=1-4=-3,

-2

since F(x) = x? is an antiderivative of the integrand f(x) = 2x.
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Thm 4.10 (M.V.T. for Integrals; &5 HIIIEFEIE)

If fis conti. on [ = [a, b], then Jc € [a, b] s.t.

b b
f(c):bia/ fx)dx or f(c)-(b—a):/ f(x) dx.
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Proof of Thm 4.10

b
Since fis conti. on | = |a, b], it follows that / f(x) dx 3 and

Im,Me Ist. fim) < fix) < IM) ¥x e I. We thus obtain

f(m)(b—a):/abf(m)dxg/abf(x)dxg/abf(M)dx:f(l\/l)(b—a)

or, equivalently, we see that

b
film) < bia/g, fx) dx < iM).

Now, from LV.T., 9c€ [a, b] s.t.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 4, Calculus B 59/119



REE (K EE)

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 4, Calculus B 60/119



Def (R EFRE R LrYTII(E)

If fis conti. on / = [a, b], then the average value of fon /is given by

1 b
fay = fi .
b—a/a (x) dx
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The Definite Integral as a Function

If fis conti. on an open interval / containing a, define a real-valued
function by

F(x) = /Xf(t) dt  Vxel

Some Questions

@ Is F differentiable on the open interval I?
o If yes, what is the derivative of F?

@ Furthermore, is F an antiderivative of fon I?
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Thm 4.11 (The Second F.T.C.)

If fis conti. on an open interval [ containing a, and define a
real-valued function by

then F is diff. on [ with the derivative

F/(x) = :X[/:f(r) d] =9 Wxel

i.e. Fis an antiderivative of f on the open interval /.
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Proof of Thm 4.11

For any x € I, we shall prove that

Fi(x) = lim F(x+ h’)7 —F9 _ tim LX) dthf S f(t) dt — 1.

By M.V.T., Hcle[xx+h]st fler) :%fx”hf( dt for h >0,

and 3¢ € [x+ h, X s.t. () = X+h f(t) dt for h < 0. Thus,

Fix+h) —F(x) .. o _
— lim =*——— = hliglJr flc1) = f(x)

li =
h_1>r(r)1+ h—0+ h
and
CFx+h)—F) . flaflnde
Jim S = i S =l o) = A0,
since fis conti. on I. This completes the proof. g
YaW
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Remark (Thm 4.11 BY&REREK)

If fis conti. on an open interval / containing a, then it follows from
Thm 4.11 that

i{[/:f(t)dt} = :X[—/:f(t)dt] — %)

for all x e I. (f87 £ NIREAFIEE 7 —ERKIE!)

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 4, Calculus B 66/119




Exo»f\lv ”;. (Thmd 110 T?‘( )

SR =R Yk
J | %

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 4, Calculus B 67/119



General Version of Thm 4.11

If fis conti. on an open interval / containing a, and u(x), v(x) are
diff. functions of x with range(u), range(v) C /, then

u(x)
@ 2 [ Ay = ) -0’0,

u(x)
) :X[/ o dt] = Alu(x) - u'(x) = Av(x)) - v/ ().
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Section 4.5
Integration by Substitution

(B IRIER)

A%
Ya
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Applying a substitution u = g(x) to deal with the integral

[ et &' ox= [ Ry

and its associated definite integrals.
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Thm 4.13 (S5 RN R ERE)

Let g: D — I be a function with range(g) = / being an interval,
and let fbe conti. on /. If gis diff. on D and
F'(x) = flx) Vxe€l then

where Cis a constant of integration.
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Change of Variables for Indefinite Integrals

Remark (The method of u-substitution; u-fUi%)

If we let u = g(x), then du = g'(x) dx and it follows from Thm
4.13 that

/ Alu) du = / fle())g(x) dx = F(g(x) + C= F(u) + C,

where Cis a constant of integration.
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Thm 4.14 (General Power Rule for Integration)

If u= g(x) is a diff. function of x and n # —1, then

urtt 200"+

Jiswreac= furai= 5+ e= A

where C is a constant of integration.
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Change of Variables for Definite Integrals

Thm 4.15 (RS v-RIRZE)

If u= g(x) has a conti. derivative on I = [a, b] and fis conti. on
range(g), then

b -g(b)
/ flg(x))g '(x) dx = / ’ flu) du.

g(a)

(B8 x WERD BB MY v NEED!)
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Integration of Odd and Even Functions

Thm 4.16 (FBRBFE [—a, o) LHIERS)

Let f be integrable on the closed interval / = [—a, a] with a > 0.
(1) If fis even, i.e., {—x) = f{x) Vx € I, then
~a *a
/ f(x) dx = 2/ f(x) dx.
—a 0

(2) If fis odd, i.e., fl—x) = —f(x) Vx € I, then / fx) dx = 0.

—a
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Section 4.6
Indeterminate Forms and L’Hopital’s
Rule
(FEBLEZEMNEEZR)
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Types of Indeterminate Forms

For the limit of a quotient f(x)/g(x) as x — ¢, we may have

0
lim@:—, f, 0-00, 1%, o 0% 00— o0,
x—cg(x) 0 oo

which are called the indeterminate forms (REZY).
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Thm 4.18 (L’Hopital’s Rule; L'H Rule)

Assume that fand g are diff. on /= (a,c) U (c, b) and
g'(x) 0 Vxel If the limit

fix) 0 ; +o0
X—C g(x) 0 +oo ’

then we have

fl f!
lim ﬁ = lim /(X)
X—C g(x) x—c g x)

Carigitban==Vl e Eall={)

Note: Thm 4.18 also holds for the one-sided limits. (Z&E4NEZE
BRI KRR EIZHIRE!)
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Remark (£ Thm 1.9 EGER)

Thm 1.9 of Section 1.6 can be derived immediately from the
L'Hopital's Rule, since we see that the limit is an indeterminate

form of type 8 and hence
sin 6 cos f

lim = lim
6—0 0 6—0 1

= cos(0) = 1.
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Indeterminate Forms of Type 0 - co

If )1(1_)112 f(x) = 0 and )1(1_I>I<1:g(X) = +o00, then consider
tim00g(x)] = lim 2 (Type o)

i o) g
lim[0g(4] = lim 25 (Type ).
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Indeterminate Forms of Type 1*°, oo or 0°

Assume that ligl[f(x)]g(x) =1%°,0% 0% If we know that
X—C

lim g(x) In[f(x)] = L (Type 0 or g)

x—cC 0

using the L'Hépital's Rule, then

lim [f(x)]€%) = lim 80 ] — ¢l

X—C X—C
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Example (fi7tR=E)

Evaluate

. 1 0
Xlgglo xx. (Type o0”)

Sol: From Example 2, we see that
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Indeterminate Forms of Type co —

The original limit will become an indeterminate form of type 8 if
we apply the technique of reduction to common denominator.

(e B 5% R IB PR A B & Al IR A A B Bl

100/119
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Example 7 (£ A RZE W EZEA)

Evaluate the limit
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Solution of Example 7

Applying the L'Hopital's Rule twice, we see that

dim (o= )~ G (e A
= m 1nx+1(x_—1/1x)(1/x) (258 L'H Rulel)
=, (lnx—i—l(;—l/l);(l/x) ' §>
m (Type )
= lm 1nx+x(1 w1 (FRER LH Rule)
_ o+1+1 5 (BB ARBIRIE)

A%
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Section 4.7
The Natural Logarithmic Function:
Integration

(B2AHERERIED)

A%
Ya
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Thm 4.19 (Log Rule for Integration)

Let u = u(x) be a diff. function of x. Then

(1) /%{dx:ln|x|+C,

) /”((X’;) dx:/%du:ln|u(x)|+C,

u

where Cis a constant of integration.
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Thm (ZARBEIRS A)

Let u = u(x) be a diff. function of x. Then

(1) /sinudu: —cosu+ C,

(2) /cosudu:sinu+ C

(3) /tanudu:—ln|cosu|—|—C,

(4) /cotudu:ln]sinuH-C,

(5) /secuduzln\secu+tanu\+C,

(6) /cscudu: —In|escu+ cotu| + C,

where Cis a constant of integration. v
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Section 4.8
Inverse Trigonometric Functions:
Integration

(R=ARHEIERD)
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Thm 4.20 (Integrals Involving Inverse Trig. Functions)

Let u = u(x) be a diff. function of x and a > 0. Then

(1)

= arcsin(— ) +C,

du
VE P

du 1 u
2 - = — =)+
(2) /a2 7z aarctan(a) G

—arcsec( ‘a‘) G

©) [ e

where C is a constant.
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Completing the Square

Note (BcE5EEFHIH)

For the integrals involving x* + bx + ¢, we shall compete the square
of the quadratic term as

X+ bx+c= [x2+bx+ (123)2} +c— ([3)2

Y e ()
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In Example 5, completing the square for 3x — x?, we obtain

3x—x =—(x* —3x) = _{x2_3x+(g)2] +(g)2
= (52— (- 37
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Thank you for your attention!
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