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Section 5.1
Area of a Region Between Two Curves
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Type | (F—EEHEAR)

If fand g are conti. on | = [a, b] with g(x) < f{x) Vx €& I, then the
area of R = {(x,y) € R?|a < x < b, g(x) < y < f{x)} is given by

n

b
A=area(R) = nhjgo Z[f(c,-) — g(c)]|Ax= / [f(x) — g(x)] dx > 0.
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Example 1 UREE (K LER)

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 5, Calculus B 8/79




Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 5, Calculus B 9/79



Remark ([ B4R Pt Bl A RY B S I 7))

If fand g intersect (#H3X) at the points ¢y, ¢, . - ., ¢k for some
k € N, then the area of the region between curves y = f{x) and

y = g(x) is given by

|10 -gl ot [ 10 —gl o+ [ 10 -g0 o

Cc1 Cc2 Ck—1
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Example 4 IREE (K LER)
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Type Il (BE_EEBEAI)
If fand g are conti. on I = [¢,d] with g(y) < fly) Vye [, then
the area of the region between the graphs of x = f(y) and x = g(y)

R={(xy) eR*|c<y<dgly) <x<fly)}

is given by

d
A = area(R) = / [y) — g(y)] dy > 0.
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Section 5.2
Volume: The Disk Method
(BefE: EAEE)
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The Volume of a Representative Disk

e Given a partition {xp, x1, - ,x,} of [a, b] with equal width

Ax = b;a,wherexozaand X, = b.

@ For each i=1,2,...,n, choose ¢; € [x;_1, xj], the volume of a
disk of width Axis AV; = 7[R(¢;)]*Ax.
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The Disk Method

Type I: Horizontal Axis of Revolution (7K heiZ)

Given the plane region 2 and a horizontal axis of revolution y = L.
If the radius function R(x) > 0 is conti. on [a, b], then the volume
of a solid formed by revolving 2 about y= L is

b
2
= = >
nlggog ?Ax = /a m[R(x)]* dx > 0.
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Example 1 UREE (K LER)
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The Disk Method

Type II: Vertical Axis of Revolution (EEhieigif)

Given the plane region ) and a vertical axis of revolution x= L. If
the radius function R(y) > 0 is conti. on [c, d], then the volume of
a solid formed by revolving €2 about x= L is

d
V:/ 7[R(y)]? dy > 0.
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REE (K EE)

v=r [ [RPdx

/ﬁ\
'Axi
=

R(x)

v=r [IRO)P (dy)

Hung-Yuan Fan , Dep. of Math., NTNU, Taiwan

R(y)

Chapter 5, Calculus B 25/79



ety W Wl ﬁ;r@m) —

4 a,,,,\,o«wQ v ,
g
[@X \I\)\I\Q.I. W6 the va\w& cr% PRAR

Fd&—_%‘X A o\’MQo\ y veudving £ “\”‘*t \3 LY

AR
Ya

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 5, Calculus B 26/79



R [B (washer) I REE

r Disk

b
\
-,

Axis of revolution Solid of revolution

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 5, Calculus B 27/79



The Volume of a Representative Washer

e Given a partition {xp, x1, - ,xn} of [a, b] with equal width
Ax = b; 4 where xg = a and x, = b.
e Foreach i=1,2,...,n, choose ¢; € [xi_1, xj], the volume of a

washer of width Ax is
AV; = 7[R(c))]*Ax — w[r(c))|* Ax
= W([R(C;)}Q — [r(c;)}Q)Ax.
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The Washer Method

Type |: Horizontal Axis of Revolution y= L

If the outer radius R(x) > 0 and inner radius r(x) > 0 are conti. on

[a, b], then the volume of a solid formed by revolving © about
y=Lis

n

V= lim Zﬂ([R(c,-)]Q . [r(c,-)]2> Ax

i=1

_ w/ab (RGP — [A0)?) e
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The Washer Method

Type |l: Vertical Axis of Revolution x= L

If the outer radius R(y) > 0 and inner radius r(y) > 0 are conti. on

[c, d], then the volume of a solid formed by revolving © about
x=1Lis

v-r [ (RO = ) o
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Example 4 IREE (K LER)
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Solids with Known Cross Sections

Def (B EEIRRYEIZISTR)

Let A(x) be the cross-sectional area (B{E1E) of a solid taken
perpendicular to (EEER) the x-axis at each x € [a, b]. If A(x) is
integrable on [a, b], then the volume of the solid is

b
V/ A(x) dx > 0.
a
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Example 6 FUREE (K LER)
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Section 5.3
Volume: The Shell Method
(BEfE: EEE)
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The Volume of a Shell (1/2)

The volume of a shell of revolution is given by

AV =r(p+ %V)% —(p— g)Qh — 2wphw.

AXxis of revolution
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The Volume of a Shell (2/2)
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Type |: Horizontal Axis of Revolution y= L

If p(y) and h(y) are conti. functions of y on [c, d], then the volume
of the solid formed by revolving a plane region 2 about y = L is

n—o0

d
= lim Z27rp ci)h(c)Ay = 271/ p(y)h(y) dy.
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Type II: Vertical Axis of Revolution x= L

If p(x) and h(x) are conti. functions of x on [a, b], then the volume
of the solid formed by revolving a plane region {2 about x= L is

b
V= 27T/ p(x)h(x) dx.
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Section 5.4
Arc Length and Surfaces of Revolution
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Smooth Curves

Def (FiBHIARAVESR

Let f be a real-valued function defined on [a, b].

(1) fis continuously differentiable (324 T]{i) if its first derivative
f' is conti. on [a, b]. In this case, we denote f& C'[a, b].

(2) The graph of f€ Cl[a, b] is called a smooth curve (/5 HIAR).
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Th ith Arc Length

For a smooth curve y = f(x) with f€ C![a, b], the arc length of f
on the subinterval [x;_1, x;] is given by

Asi=/(Ax)2 + (Ay;)2 = /1 + (iiﬁ)Q(AXi)

for each i=1,2,...,n. Moreover, it follows from M.V.T. that
d¢ € (x,-_l,x,) s.t. f (ci) = Ay’ . Thus, we see that

Asi=4/1+ (2§:)2(Ax,) =1+ [f'(c)]?(Axi)

foreach i=1,2,...,n
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Type I: F—HPRAK

The arc length of a smooth curve y = f(x) on [a, b] is
n n

s= lim ZAS,'Z lim Z 1+ [f'(ci)]*(Ax;)

A
1A]=0 4
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Type Il: FE_BINRARX
The arc length of a smooth curve x = g(y) on [c, d] is
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Area of Surfaces of Revolution (TEEEESHITREITE)

Axis of
revolution
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Main Question
What is the surface area S formed by revolving a smooth curve
y = f(x) about the horizontal axis of revolution y = L?

On the ith subinterval I; = [x;_1, xj], choose ¢;, d; € I;, we let

r(d;) = the redius of revolution atd; € I,
AL; = the arc length of the smooth curve on /;

= V1+ [ (a)]*(Axi),

where r(x) > 0 is conti. on [a, b].

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 5, Calculus B 67/79



Note (55 / [ElieiEfS RETH)

If di € [xi—1,x] (i=1,2,...,n), it follows from M.V.T. that
d¢i € (xi—1, X;) s.t. the ith surface area of revolution is

AS,' ~ 27rr(d,-) . AL,’ = 27Tf(di) 14 [f’(c,')]2(AX,')

fori=1,2,...,n.
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Type I: Horizontal Axis of Revolution y= L

If r(x) > 0 is conti. on [a, b] and f€ Cl[a, b], then the area of the
surface formed by revolving a curve y = f(x) about y = L is

= lim mr(d; ()] (Ax;
S‘HLHO;‘Q (d)V/1+[F/(c)](Ax)

b
:27r/ (x)v/ 1+ [f'(x)])? dx.
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Example 6 FUREE (K LER)
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Type II: Vertical Axis of Revolution x= L

If (y) > 0 is conti. on [c,d] and g € Cl[c, d], then the area of the
surface formed by revolving a curve x = g(y) about x= L is

S= lim 3= onr(d)v/I+ [ (@P(Ay)
i=1
d
=or [“)VTF B DR o
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Example 7 IR EB (K LR)

r(x)=x
Axis of revolution A%
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Sol: (EAHRIE LRYTTIE)
For the smooth curve y = f(x) = x* on [0, /2], consider the radius
function r(x) = x and then we see that

VIF[F/(0]2 =14 (2x)2 =+/1+4x2.

So, the area of surface formed by revolving the curve y = f(x)
about the y-axis is given by

b V2
5:271'/ I’(X)\/]_—F[f/(X)PdX:QTF/ xV/' 1+ 4x2 dx
a 0

V2 V2
= ”/ (8x)(1 + 432 dx = Z(1 +4x2)3/2( _ b
4 /o 6 0 3
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Sol: (f£F3 Type Il BI75)%)
From y = x%, we know that x= g(y) = y!/?> Vy € [0,2]. Hence,
the radius function r(y) = g(y) = y*/? > 0 is conti. on [0, 2] and

/1 _\/1+ 1/22—\/1—1—1)/—1

So, the surface area of revolution about the y-axis is

d 2
5:277/ r(y)\/1+[g’(y)]2dy=27f/o y1/2\/1+%f1dy

2 137
/\/4y+ dy— (4y + )3/2‘0:7.
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Thank you for your attention!

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 5, Calculus B 79/79



