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Section 6.1
Integration by Parts

(788 ~ D ERERDTERD)
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If uand v are diff. functions of x, then
(w) =u'v+uv' =uv’'+wu’.

Thus, we immediately obtain

/(uv)’dx:/uv’dx—l—/vu'dx
:>uv:/udv+/vdu
:>/udv:uv/vdu.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 6, Calculus B 4/77



Thm 6.1 (1.B.P. A=)

If u= u(x) and v = v(x) are functions of x havingg conti.
derivatives, then we have

/udv-uv—/vdu.

How to choose u and dv?

o u= u(x): easily differentiable function of x. (u: IFHl7KE)
e v = v(x): easily integrable function of x. (v: IFHE D KE])
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Type | of I.B.P.
The integrals of the form

/ x"e® dx, / X" sin(ax) dx, / X" cos(ax) dx

with n € R and a # 0.

How to select u and dv for this case?
o u=x".

e dv=e™dx, sin(ax)dx, cos(ax)dx.
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Sol: (B_REEMRENRE)

/xexdx:/xd(ex) E/udv

_ uv—/vdu (658 1.B.P. %)

:xex—/exdx

=x&f — &+ C,

where Cis a constant of integration.
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Type Il of I.B.P.
The integrals of the form

/x”lnxdx, /x”sin_lxdx, /x"tan_lxdx

with n # —1.

How to select v and dv for this case?

e u=Inx, sin"'x, tan"!x

e dv= x"dx.
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Type 11l of I.B.P.
The integrals of the form

/ e sin(bx) dx, / e cos(bx) dx

with a,7 0 and b, # 0.

How to select u and dv for this case?
@ u= e and dv=sin(bx)dx, cos(bx)dx.
e u=sin(bx), cos(bx) and dv= e™dx.
o BEEMMK 1.B.P. AT
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Another Solution

Applying the tabular method, we immediately obtain

+ cosx | €dx
— | —sinx e
+ | —cosx e*

Thus the original integral satisfies
/ €“cos xdx = €“cos x+ € sinx + /e*(— cos x) dx,
and hence the indefinite integral is given by
e* .
€“cos xdx = 5(cosx—|— sin x) 4+ C,

. . . 7
where Cis a constant of integration. A
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Section 6.2
Trigonometric Integrals

(=AtED)
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Try to find the integrals of the form
(INT-1) : /sinmxcos”xdx, where m, n € Q.

(INT-2) : /secm xtan" x dx, where m, n € Q.

(INT-3) : /sin acos [ dx, / sin « sin (3 dx, /cos acos 3 dx,

where a = a(x) and § = (x) are functions of x.
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Type | of (INT-1)

If m=2k+ 1 is odd for some k € N, then
/sianJr1 xcos" xdx = / (sin? x)X cos" x - sin x dx

=— / (1 — cos? x)¥ cos" x d(cos x) = — /(1 — )K" du,

where we let v = cos x.
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Type 1l of (INT-1)
If n=2k-+ 1 is odd for some k € N, then

/ sin™ xcos?¥1 x dx = / sin™ x(cos? x)K - cos x dx

:/sinmx(l —sin?x)*d(sinx) = [ u™(1 — u?)*du,

where we let v = sin x.
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Type 11l of (INT-1)

If m and n are even and nonnegative, try to use the identities

1 — cos(2 1 S(2
ﬂgxz<wﬁﬂ,cwaz+f*@,

2
(& m, n BIBEHET - LEAEHEAR)
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Type | of (INT-2)

If m = 2k is even for some k € N, then
/ sec?k xtan” x dx = / (sec? x) ! tan" x - sec? x dx

= / (1 + tan? x)* ! tan" x d(tan x) = /(1 + A" du,

where we let v = tan x.
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Type 1l of (INT-2)
If n=2k-+ 1 is odd for some k € N, then

/sec’" xtan® ! xdx = /Sec’"1 x(tan?)k - sec xtan x dx

:/secm_1 x(sec? —1)* d(sec x) = /u'"_l(u2 — 1)~ du,

where we let u = sec x.
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Type 11l of (INT-2)

If mis odd or n is even, try to use the identity

2

tan’x = sec? x — 1.

(B m 2FHE n 2BER - Sl LER))
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Integrals of Sine-Cosine Products

If @« = a(x) and 8 = B(x) are conti. functions of x, how to
evaluate

(INT-3) : /sinacosﬁdx, /sinasinﬁ dx, /cosacosﬁdx
using the product-to-sum identities (TE{EAZEZE)?
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Product-to-Sum ldentities

(1) sinasin = 3 [cos(a — ) — cos(a + B)}

(2) cosacosf =1 [cos(oz — B) + cos(a + ﬁ)}

(3) sinacos B = 5 [sin(a — B) +sin(a + ﬂ)}

Chapter 6, Calculus B 33/77

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan



E%a»\?\egk A %%m‘;nia}(z‘\ 2y
(;WQ %mw} or3(Ax ) A wieh HGX Ak praa

v

~>
T

-—
K1)
R
bS

£
=y
o—
_

{

1) i sl

:-\}:Q(‘ZMX +%Tv\f{4()&,x 258X (%) e

—— ——

2 13
AT ,,,\ég
20
Ve

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 6, Calculus B 34/77



Section 6.3
Trigonometric Substitution

(=AiE)
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@ To deal with the integrals involving

\/32—x2, \/a2+x2 or X2 — a2

with a > 0.

@ More precisely, how to evaluate the three types of
aforementioned integrals using the technique of trigonometric
substitution?
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Type | of Trigonometric Substitution
For integrals involving /a2 — x2 with a > 0, let

X = asin 6.
Then dx = acos @ df and we see that
Va2 —x2=4/a%(1 —sin?6) = Va?cos2f = acos

<0< 7T

fOI’ - 2.

bl
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Type Il of Trigonometric Substitution
For integrals involving v/a2? + x2 with a > 0, let

X = atan@.

Then dx = asec? 6 df and we see that

Vat+x2= 1+ tan?0) = Va%sec2f = asecf

i i
for—§<9<§.
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Type |1l of Trigonometric Substitution
For integrals involving v/x2 — a2 with a > 0, let

X = asecf.

Then dx = asecf tan df and we see that

VX2 —a? = /a2 (sec20 — 1) = Va2 tan? 0 = a| tan 0|

for0§9<%or%<0§7r.
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Section 6.4
Partial Fractions

(BBZ 2 R)
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Long Division (RFIRiX)

If N(x) and D(x) are polynomials with deg(/N) > deg(D), then

NS _ o
DGy ~ A9

where Q(x) and N (x) are polynomials with deg(/;) < deg(D). In

q N1 (X
this case, D(x

N1 (X)
D(x)’

N

is called a proper rational function of x (EZ2 ).

f ¥

v

Note: integrating w.r.t. x =

2 e [ e [ 4
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° /Q(x) dx can evaluated easily by the power rule.

N1 (X)
D(x)

technique of partial fraction decomposition?

@ But, how to evaluate the integral / dx using the
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Partial Fraction Decomposition

If D(x) = (px+ q)™(ax® + bx+ ¢)" with p# 0 and b* — 4ac < 0,
may write

N1 (X) A1 A2 Am
= e devoode 2
D(x)  px+q (px+q)? (px+q)m
le+ C1 BQX+ C2 BnX+ Cn

ax’ + bx+c  (ax® + bx+ ¢)? L (ax? + bx+ )"’

where A; (i=1,...,m) and B;,C; (j=1,...,n) are unknowns.
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Type I: Distinct or Repeated Linear Factors
The denominator (738}) D(x) contains
e distinct linear factors (HEZM—REAT)

(P1x+ q1)(p2x+ G2) - - (PmX + Gm)

e repeated linear factors (EEN—REATR)

(px+q)™,

where p; #0 (j=1,2,...,m) and p # 0 for some m € N.
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Type |l: Distinct or Repeated Quadratic Factors (—_RET)

The denominator D(x) contains

@ distinct quadratic factors
(a1x2 + bix+ Cl)(32X2 + box+ c2) - (anX2 + bpx+ cp)
@ repeated quadratic factors
(ax + bx+ )",

where bjz —4ajc;< 0 (j=1,2,...,n) and b> — 4ac < 0 for some
n e N.

Note: these quadratic factors are called irreducible (-~ OJEE4Y)!
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Section 6.7
Improper Integrals

(R#ER)
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Two Types of Improper Integrals

Type | : Infinite Limits of Integration (fREE D L FR), e.g.,

/a - f(x) dx or /_ io f(x) dx.

Type Il : Infinite Discontinuities (&8s A E4ER), e.g., we say that

b
/ f(x) dx is an improper integral of Type Il if
a

lim ix) = foo or lim flx) =+oc0

x—ct x—C™

for some c € [a, b].
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Type I: Infinite Limits of Integration (1/2)

(1) If fis conti. on [a,00), the improper integral

/a " ) dx = Jim [ /a ’ f(x) dx}

converges (BI#) whenever the limit exists. Otherwise, we say
that the improper integral diverges (2&X).

(2) If fis conti. on (—o0, b|, the improper integral

/_io flx) dx = lim_ [/abf(x) dx]

converges (U #) whenever the limit exists. Otherwise, we say
that the improper integral diverges (2&8%).
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Type I: Infinite Limits of Integration (2/2)

(3) If fis conti. on (—o00, c0), the improper integral

/_O; f(x)dx=/; f(x)dx—i—/coo %) dx

converges (UL#) whenever the improper integrals on the RHS
both converge for all ¢ € R.

4

o
Note: we say that the improper integral / f(x) dx diverges if
—00

either of the improper integrals on the RHS diverges.
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Type ll: Infinite Discontinuities (1/2)

(1) If fis conti. on [a, b) and hI[I,l f(x) = £o0, the integral
x—b—

/a i ) dx = lim [ / 19 dx}

converges (U#) whenever the limit exists. Otherwise, we say
that the improper integral diverges (2&8%).

(2) If fis conti. on (a, b] and lim+ f{x) = 400, the integral
X—a

/a i ) dx = lim [ / ’ f(x) dx]

converges (U#) whenever the limit exists. Otherwise, we say
that the improper integral diverges (28%). 9}
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Type ll: Infinite Discontinuities (2/2)

(3) If fis conti. on [a, b] and has an infinite discontinuity at
€ (a, b), the improper integral

/abf(x)dx:/acf(x)dx-i-/cbf(x)dx

converges (U#) whenever the improper integrals on the RHS
both converge.

<

b
Note: we say that the improper integral / f(x) dx diverges if

a
either of the improper integrals on the RHS diverges.
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Thm 6.7 (A Special Type of Improper Integral)

1
1 X diverges, p< 1.

Note: Thm 6.7 will be used in the Integral Test (f&73 RIFH)%) for
determining the convergence of an infinite series (%52 AR SIHI UL
), see Section 7.3 for details.
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Comparison Theorem for Improper Integrals

Thm (BRIED AL EIR)

Suppose that fand g are conti. on [a, c0) with
fix) < g(x) Vxe€ [a 0).

(e}
(1) / g(x) dx converges :>/ f(x) dx converges.

/ f(x) dx diverges = / x) dx diverges.
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Example (fi7tRE)

[e.e]
Does the integral / e tan~! xdx converge or diverge?
1

Sol: Since x2 > x for all x> 1, it follows that —x? < —x for all
x> 1 and hence we know that

fix) = e tan ' x < gefx = g(x) Vx e [l,00).

In addition, since the improper integral

/g(x)dx:ﬁ/ e “dx=
1 2/

it follows from the Comparison Thm that the improper integral
o)
1

[ee)
/1 f(x) dx = / e tan~! xdx converges. 75N

b T

(~e)] = o

lim ,
b—o0 1 2e

oy
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Numerical Results (1/2)

oo
2
@ What is the true value of | = / e tan ! xdx?
1

@ Although it is usually difficult to get the true value of /, we
may apply the technique of numerical integration (E1fET& 7))
to compute its approximate value.

b
o If I = / e tan~! xdx for b > 1, we see that
1

= lim /Iy ~ 0.1268694335685518.

b— oo
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Numerical Results (2/2)
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Thank you for your attention!
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