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Sequences

(F=51)
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Sequences (F51))

An infinite sequence of real numbers is denoted by

{an} ={an}pzs ={ar, 22, an, -},

where a, is the nth term (55 n I8) of the sequence for n € N.
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Def. (FFHIRIUZEE)

A sequence {a,} converges to a limit L, denoted by

lim a, = L,
n—o00

if Ve >0, 3M> 0 s.t.

n>M=|a,—L| <e.

Otherwise, we say that {a,} diverges if the limit does not exist.
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Thm 7.1 (RBE oo BERIER = FIIRIULEIE)

Let f be a real-valued function having the limit

lim f(x) = L.

X—00

If a, = f(n) VneN, then

lim a, = L.
n—o00
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pf: Let € > 0 be given arbitrarily. Since Xliglo fix) =1L, 3IM> 0 s.t.
x>M= |fix) — L| <e.

With a, = f(n) for all n € N, if n > M, then
lan — L| = |fin) — L| <e.

Thus, it follows from the Def. that

lim a, = lim f(n) = L.
n—o0 n—oo
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Example (Thm 7.1 BYRBUELA K IL)

Consider f(x) = sin(mx) for all x> 0 and let a, = f(n) for n € N.
Then

lim a, = lim f(n) = lim sin(n7) = lim 0 =0,
n—o0 n—o0 n—o0 n—o0

but we know that

lim f(x) = lim sin(7wx) does not exist!
X—r 00 X— 00 )
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Thm 7.2 (Limit Laws for Sequences)

Suppose that lim a, = L and lim b, = K. Then
n—o00 n—o00

(1) li_>m(an:I:b,,):L:|:K.

@ lim (c-a,) =c-Lforall ceR.

n—00

Q lim (a,-b,)=L-K

n—o0

n L.
o limZ—:Rﬁbn;«éO VneNand K 0.

n
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Thm 7.3 (Squeeze Theorem for Sequences)

IfAM>0st. a,<c,<b, Vn> M, and

lim a, =L = lim b,,
n—o0o n—o00

then the sequence {c,} converges to the same limit L, i.e.,

lim ¢, = L.
n—o00
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How to find the bounds for {c,}?

Since n! > 2" for all n > 4, it follows that
ol n 1 < 1
C —_—— —
n n! 2
and hence we immediately obtain
—1 e < 1
2 =S5
for all n > 4.
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Thm 7.4 (Absolute Value Thoerem)

Let {an} be a sequence of real numbers. Then

lim |ap| =0 <= lim a, =0.
n—o0 n—00
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Monotonic and Bounded Sequences (1/2)

Def. (BFRFIIMESR)

A sequence {a,} is said to be monotonic (EEFHHY) if its terms are
nondecreasing (AEIBHY)

apn<any1 VneN,
or its terms are nonincreasing (AEJEHY)

an > apt1 VneN.
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Monotonic and Bounded Sequences (2/2)

Def. (BERFIIMER

(1) The sequence {a,} is bounded above (IX EAFR) if IMe R
st.a, <M VneN.

(2) The sequence {a,} is bounded below (IR FER) if INER
st.a,>N VneN.

(3) The sequence {a,} is bounded (B5RHY) if it is bounded above
and bounded below, i.e. IM >0 s.t. [a,| <M VneN.
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Thm 7.5 (Bounded Monotonic Sequences)

If the sequence {a,} is bounded and monotonic, then it converges,
jie., AL eRst. lim a,=L.
n—00
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Thm 7.5 (Bounded Monotonic Sequences)

If the sequence {a,} is bounded and monotonic, then it converges,
e, AL eRst. lim a,=L.
n—00

Example 9 (Thm 7.5 BIfF)

(a) The sequence {a,} = {1/n} is bounded and nonincreasing,
since

1 1
n

<1 d =
lan| < and a, ]

= dn+1 VneN.

So, it must converge by Thm 7.5 with lim a, = 0.
n—o0
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Section 7.2
Series and Convergence

(AR ELEAUARN)
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Def. (Partial Sums of a Series)

(a) An infinite series ($E&S4RE]) of real numbers is of the form

o
dan=) ap=aitatazt--.
n=1

(b) For each n € N, the nth partial sum (2 n @& 2 H) of 3 a,
is defined by

n
5,,=Za;=«31+32+"'+3n-
=1
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Def. (Convergence of a Series)

(a) We say that ) a, converges if the sequence {S,} converges

with lim S, = S. In this case, S is called the sum of the
n—o00

series and write S =) aj.

(b) We say that > a, diverges if the sequence {S,} diverges.
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Two Questions for Series

Two Questions

© Does a given series converge or diverge?

@ What is the sum of a convergent series?

Note: these questions are not always easy to answer, especially

the second one. (BE B EEMEE R ZKFEMAN)
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Geometric Series (2410 ZR &)

For a # 0 and ratio (AEE) r# 0, the geometric series is given by

(o)

Zar”:a+ar+a/2+ar3+-~.

n=0

Thm 7.6 (A #RBRIULEE)

diverges if || > 1.
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Example 3 (Thm 7.6 BYf5F)

g A 3
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Thm 7.7 (Properties of Infinite Series)

Suppose that > a, = A and > b, = B are convergent series.
Q@ d(c-an=c- (Zan) =c-Aforall ce R.

Q > (an+by) = (Zan)i(xbn) = A+B.

© In general, we know that

S @nbn) # (S an) (3 bn) Z(Z);A%Z
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If >~ a, converges, then lim a, = 0.
n—o0

(WARZIZE n TRFTIZ AL RO B3 W ERBAT 1)

pf: If the series > a, = S converges, then we know that

lim S, =S= lim S,_1,
n—o0 n—oo

n

where S, = > a; is the nth partial sum of > a,. So, we
i=1

immediately obtain

lim a, = lim (S5, —S5,.1)=5S—5=0.

n—oo n—oo
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Thm 7.9 (The nth Term Test; 5 n IHHIFEDZE)

If lim a, # 0, the series > a, diverges.

(8 0 BRBIAT 0, IRBLTEE)
Note: IS Thm 7.8 FIRAUL - B RIS RBABEE -
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Divergence of Harmonic Series (7"RE

o Partial sums of a p-series withp =1

10° 10% 10 108 108 10"
7,
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Section 7.3
The Integral and Comparisons Tests

(a7 EELEBGAIEUE)

A%
Ya
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Thm 7.10 (The Integral Test; &7 &%)

If fis posmve conti. and N\, on [1,00), and a, = f(n) Vn€EN,

then Z a, and / x) dx both converge or both diverge.

Note: L#iEERMRAHRE LRGN Z2RUNEI% - BIDR AR
MEHENE!
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Def. (p-#RHBEE

= 1
(a) 21 — is called a p-series (p-#REX) with p > 0.
— 1 i
(b) If p=1, then Z s called a harmonic series (FAFIZREN).
n=1
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Thm 7.11 (p-#REBIULRLEL 2E5R)

o
1
The p-series E — converges for p > 1, and diverges for
n

0<p<1 T
Note: IEEIRRIREY p-ARERIU R - BEIEZRIEK 2R E
AU A
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a8 p-#REAIF (18] p_series.m)

p=2.7; data = [];
for k = 0:8

N = 107k;

n = 1:N;

SN = sum(1./(n."p));

data = [data;N S_N];
end
semilogx(data(:,1),data(:,2),'bo-"');
title('Partial sums of a p-series with p = 2.7');
xlabel('\bf n');
ylabel('\bf S_n');

Note: Y —- ~ 1.274265.
n=1
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Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan

Thm 7.12 (Direct Comparison Test; EIELE#RIE)

If 0 < a, < b, for all n € N, then

@ > b, converges = Y a, converges, and

Q > a, diverges = > b, diverges.

O&R:
(1) REVAREUTBIREE /) \BO AR B UL 3!
(2) /NBOAREIEE ELAREE KRR AR B 35 A
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o
N

Thm 7.13 (Limit Comparison Test; BIREEEIE)

Let ap, by >0 VneNwith lim 27 = L,

n—o0 n

Q If 0 < L < oo, then ) a, and > b, both converge or both
diverge.

@ If L =0, then > b, converges = > a, converges, and
> an diverges = > by, diverges.

@ If L = oo, then ) a, converges => ) _ b, converges, and
> by diverges = Y a,, diverges.
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Section 7.4
Other Convergence Tests

(ALt UL RCRIEE)

A%
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Alternating Series (R EEZRE)

An alternating series is of the form

co [e'9)
S= Z(—l)nJrlan = Z(_l)nflan —=ay—at+ag—as+---,
n=1 n=1

where the nth term a, > 0 for all n € N.

@ Does the alternating series always converge?

@ How to estimate the sum S of a convergent alternating series?
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Thm 7.14 (Alternating Series Test; 32 £ 4R ZUAIENE)

If the sequence of positive terms {a,} satisfies
Q@ IM>0s.t. a, > apqq forall n> M, and

Q lim a, =0,
n—o0
then the alternating series S = >"(—1)""!a, converges with the
property

|Sn — S| < apt1 VneN.
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Absolute and Conditional Convergence

Def. (Types of Convergence for a Series)
(1) 3 ap is absolutely convergent (AB¥SUARI) if > |a,| converges.

(2) 3" an is conditionally convergent (RHAULEL) if > a,
converges, but Y |a,| diverges.
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Absolute and Conditional Convergence

Def. (Types of Convergence for a Series)
(1) 3 ap is absolutely convergent (AB¥SUARI) if > |a,| converges.

(2) 3" an is conditionally convergent (RHAULEL) if > a,
converges, but Y |a,| diverges.

Thm 7.16 (4EHULRLIREERAREULE)

> |an| converges = > a,, converges.
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Example (Thm 7.16 E’Jﬁfﬁ“)

@ The series Z converges by the Alternating Series Test,

n=1
o0
but Z lan| = > % is a divergent p-series with p = 1!
n=1

@ In fact, any conditionally convergent series gives a
counterexample of Thm 7.16.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 7, Calculus B 63/135



gé Eﬁ%bg (DQWMM M@a’v\\/‘ or J\\(v‘a% Qac«\'\ Jengs,

e ' \ A WV G { fla\-lﬁ\nt
\'\l\‘\\\c\/\ % ﬁ?\/\t MNM\M)V L @A /
o WA :
by LAy 2 T
o Z' n L . n \ e L
wey 2 Uey 3 ey EV\(V‘{'\\ ,

A

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 7, Calculus B 64/135



o Z" -..,.-\_"
\
T2 T vhly,
W”d’ MAR I Y
2 oy WE D oy Tha T4 [ Absolte Uabe Tha )
AT J“”"%VS \N b Tom Tut. ¥ 20

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 7, Calculus B 65/135



/V’ akowh} Wwyrﬂ‘%‘t \

#tiR), Dep. of Math., NTNU, Taiwan Chapter 7, Calculus B 66/135



) A keilhh
l—Qﬁqw‘o V) Vhe . le/\ Ay >0 VM@M./

;VV\

A€ Au VV\G}\J a\k V}QA

S\ ._1

o, \Z@\)"‘am ZW;’ ‘\ bow. L»,A‘\v’(e/rwm%
“*’\ 7

ww*'\)

Se/(\% Tost .

T

Bt zYa“ = —-~ o\\ﬂwqgc Decauts
a\nmy

!

Om‘;>~ \neN w\ Z—- &mg ,

fol | - \.‘ - L
H@/‘(ﬂ.l “Wz\(") QV,=2_’0:-gi—\-} %] MO\*‘MM

w2 ‘
S

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 7, Calculus B 67/135



Thm 7.17 (The Ratio Test; tE{E}X)

Let a, #0 Vne Nwith p= lim a"“’.

n—oo | ap

Q p <1 =) a, converges absolutely.

@ p>1lorp=oc0= ) a, diverges.

© p = 1 = the test is inconclusive.
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Thm 7.18 (The Root Test; HRILiX)

=

Let a, #0 Vne Nwith p= lim {/|ap| = lim (\a,,])
n—o0 n—o0
Q@ p <1 =) a, converges absolutely.

Q@ p>1lorp=oc0= ) a, diverges.

© p =1 = the test is inconclusive.
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Section 7.5
Taylor Polynomials and
Approximations

(R#BZIEEALL)
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Def. (Taylor and Maclaurin Polynomials)

Suppose that f has n derivatives at ¢ € dom(f).
(1) A polynomial of the form

") (¢)

n!

=) +F(Qx= I+ + ——(x= 0

is called the nth Taylor poly. (n PEZRENZIET) for fat c.

L F90) .
(2) If c=0, then Po(x) =) T X is called the nth

k=0
Maclaurin poly. (n BERE5e55MZIET) for f.
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Def. (The Remainder of P,(x))
Let fhave (n+ 1) derivatives on an interval / containing c.

(1) Rp(x) = flx) — Pn(x) is called the remainder (FIFRIR)
associated with Pp(x).

(2) |Ra(x)| = |fix) — Pp(x)| is the error associated with P,(x).
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Thm 7.19 (Taylor's Theorem; ZE17EIE)

If fhas (n+ 1) derivatives on an interval / containing c, then
Vx € |, 3z between x and c s.t.

" FR (e
19 =3 D e 9 4 R = Pol) + Ra(),
k=0

where the Lagrange form of the remainder is given by

(n+1)(,
Rao) = o (x = g
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Section 7.6
Power Series

(BHE)
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Def. (X c MBPLORELRE)

An infinite series of the form

oo
Zan(x— )" =ap+a(x—c)+ax(x—c)?+---
n=0

is called a power series (B#REL) centered at c € R.
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SREEIWIT R

Three Types of Convergence for Power Series

[e.°]

For a power series > ap(x— ¢)", you will see that
n=0

@ it converges only at x= cor

@ it converges only for [x — ¢| < Rwith R> 0 or

© it converges for all x € R.
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Radius and Interval of Convergence

Denote

R = Radius of Convergence (WEH1),
I = Interval of Convergence (W& ).

Type | of Convergence

o)
E an(x— ¢)" converges only at x = c.
n=0

=—R=0 and [={c}.
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Type Il of Convergence

o

Z an(x— ¢)" converges absolutely for |[x — ¢| < R, and
n=0
diverges for [x — c| > R.

=—R>0 and /= (c— R c+R).
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Type |1l of Convergence

o0
E an(x— ¢)" converges for all x € R.
n=0

=R=00 and [=(—00,00).

Example 4 (Type 111 B961F)

Find the radius of convergence for the power series

%
| A\

S (_1)n n
Zo (2n + 1)!X2 .

n=
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In Section 7.8, we will further show that

o . (71),1 n+1 __ X3 X) X7
blIlX—Zsz = g—‘rg—ﬁ—k VXER
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Endpoint Convergence (JnEiUl&IHE)

Besides the interval of convergence I = (¢ — R, c+ R) in Type I,
we also have

I=[c—Rc+R), (c—Rc+R] or [c—Rc+R|

for different endpoint convergence of a power series.

| A

Example 5 (ImRaUBIaYB]F)

Find the interval of convergence of the power series

> . n 4

R R Tl M NS
— =X _ R — 500
n 273" 1

n=1
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Differentiation and Integration of Power Series

For the cases of Type Il or Type Ill, we consider a real-valued
function f defined by

o0

Z (x—0o)" Vxel,

where I = (c— R,c+ R) with R> 0, or | = (—00, ).
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Two Questions

@ Is f differentiable and integrable on the open interval I?

o If yes, what are f’(x) and /f(x) dx?
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Thm 7.21 (BREMNMIBEES AR)

Let f(x) = Z ap(x — ¢)" be well-defied on I=(c— R, c+ R).
n=0
@ Term-by-term differentiation (XIB7):

f’(x)—zoi([an(x—c)"]—z;na,,(x— )t vxel

where C is the constant of integration.
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(1) The radii of convergence of f’(x) and /f(x) dx are the same
as that of fix) = ap(x— o).

(2) But, their intervals of convergence may differ from f.

(MAFIRES BRI EE 4R - BRHEFREARE!)
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Section 7.7
Representation of Functions by Power
Series

(UBHRBERREBIRIRR)
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Geometric Power Series (Z{0E4RE)

is well-defined for x # 1.

1
@ The function f(x) = T

@ fhas a geometric power series centered at x= 0, i.e.,

f(x)zi—ix":lﬂﬂuxum

1—x
n=0

for |x| < 1.
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Operations with Power Series

Let f(x) = Z apx" and g(x Z b,x" be well-defined.

n=0 n=0
Q For any k € R, flkx) = Zan (kx)" Z(ank”)x”.
n=0
@ Forany Ne N, f Zan :Zanx”N.
n=0 =

© )+ 4 = (ianX”)i(Zb ) = 3 an kb
n=0 n=0
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Section 7.8
Taylor and Maclaurin Series

(CRENRBELFREMRE)

A%
Ya
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Thm 7.22 (The Form of a Convergent Power Series)

If fis a real-valued function defined on /= (c— R,c+ R) by

[e.°]

Z —o" Vxel,

then f has derivatives of all orders on /, and moreover, we have

VneN,

with 0! =1 and fO = £
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Def. (RENBHINE

Suppose that f has derivatives of all orders at c.

(1) A power series of the form

io: £ (¢

=flo)+f'(c)(x—c) + 5 (x—c)? +
n=0 ’
is called the Taylor series (ZRENAREL) for fat c.
f(n)( 0)
(2) If ¢ =0, a power series of the form Z ——2x" is called the

Maclaurin series (F552 55 AR E) for f
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Convergence of Taylor Series

Suppose that f has derivatives of all orders on an open interval /
containing c. It follows from Taylor's Thm (Thm 7.19) that
Vx € |, 3z between x and ¢ s.t.

" AR (e
= Z f k!( )(x— c)k+ Rn(x) = Pn(x) + Rn(x),
k=0

where the Lagrange form of the remainder is given by

f(n+1)(z)

Ro) = )y )"

(x—0o)".
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When does the Taylor series for f at ¢ always converge to f on the
open interval [?
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When does the Taylor series for f at ¢ always converge to f on the
open interval [?

Thm 7.23 (ZRERBAEIULRUE)

> £(n)
fix) = Z fT!(C)(x— €)" conv. on [<= lim R,(x)=0 Vxel

n—o0
n=0
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In order to prove that

A Ra() = lim =y

we often use the Squeeze Theorem and the following fact

|X_C|n+1

=0 V R.
n—soo (n+1)! X<
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Useful Taylor or Maclaurin Series (1/2)

1 o
(1) 1_X:;x”for—1<x< 1.

(2) lnX:iﬂ(x— 1)" for 0 < x < 2.

o X"
(3) e*:ZFfor—oo<x<oo.
n=0

. 200: (_1)n X2n+1
(4) Sin X = m for —00 < X < Q.
n=0
2%
O
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Useful Taylor or Maclaurin Series (2/2)

[e's) —_1)n
(5) cosx= Z ((Zn))' X" for —00 < x < 0.
n=0 ’
_ n+1
sin™ —nz 2”n‘ 2n+ )x2 for —1 < x < 1.
-1 - (_1),7 n+1 ] < x<
(7) tan X_nZZ:O2”+1X2 for -1 < x< 1.
(8) Binomial Series (_IEARE) with k € R:
1)

N S

X" for —1 < x< 1.
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Thank you for your attention!
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