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Section 8.1
Plane Curves and Parametric
Equations
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Def. (2HERIEE)
Let / be an interval. A plane curve C is often defined by the graph
of the parametric equations (#7512 %)

x=Fft) and y=g(t) Vtel,

where fand g are conti. functions of t, and t is a parameter (2 &]).
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Section 8.2
Parametric Equations and Calculus
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Thm 8.1 (2 RH#RAITNST)

If C is a smooth curve defined by
x=f{t) and y=g(t) Vtel,

with dx/dt = f'(t) A0 Vt € I, then
(1) the slope of C at the point (x, y) is given by

dy dy/dt g'(t)

dx  dx/dt  f/(t)

(2) the second derivative is given by

Py i(dy) _ d(dy/dx)/dt _ m'(t)
dx/dt f'(t)

dx

dx2  dx

= m(t) Vtel

Vtel
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Example 3 HU/R 2B

Y Tangent line (¢ = /2)

Tangent line (r = —7/2) 0{?@
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Thm 8.2 (Arc Length in Parametric Form)
Let C be a smooth curve defined by

x=f{t) and y=g(t) Vtel=ab.

If C does not intersect itself on /, then the arc length of C on /s
given by

s:/ab\/1+(3§ de:/b,/H yi(? ’ x /()]

b
= [ VE@P b @R = [ V@R s P
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Example 4 I7RE

—6 +

xX=5cost—cos 5¢
y =15 sin ¢t — sin 5¢ Q@\d
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Useful Formulas

Recall the following identities for the sine and cosine functions:

Q cos(a—f) = cosacos f+ sinasin

= cos o cos 8— sin asin B

Q cos(a+f) =
© sin(a—f) = sinacos f— cos asin 8
(a+p)

Q sin(a+S) = sin a cos S+ cos asin 3
w
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Section 8.3
Polar Coordinates and Polar Graphs
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Def. (BAIRHNER)
The polar coordinates (r,8) of a point P(x, y) € R? is defined by

r =directed distance from the ple (1B%4) O to P.
6 =directed angle, conterclockwise from the polar axis (15&H)
to the line OP.
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BAMERREE (A _LEE)

P=(r0)

0 = directed angle
Polar
axis
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(1) The polar coordinates of the pole is O = (0,6) for any 6 € R.
(2) The polar coordinates (r,6) and (r, 0 + 2n7) represent the
same point in R?, i.e., (r,0) = (r,0 +2n7) VneZ,
— f'f%_?mew%‘%%(n Storye——
_— = Z. - -

R

(3) If r>0, then (—r,0) = (r,0 + (2n+ 1)7) VneZ.
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Slope and Tangent Lines

Thm 8.5 (Slope in Polar Form)

If fis a diff. function of @, then the slope of the tangent line to the
graph of r= f(6) at the point (r,6) is
dy dy/dd  f(f)cosd+f'(0)sind

dx dx/d)  —f0)sin® + f'(h)cosh’
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BREL r=sind BOREE (FE_LH)

The rectangular equation for r = f(f) = sin @ is given by

rzsin@:rzzrsin9:>x2+y2:y

1 1
=X+ (y - 5)2 = (5)2'
g T
(15)
o | SR (G
. ©,0) i 0
3n : 0{?@
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Section 8.4
Area and Arc Length in Polar
Coordinates
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Consider a polar region given by
R={(rn0)|a<0<p, 0<r<Afo)}

with 0 < 8 — a < 27. If the region R is partitioned into n polar
sectors (1BAARESZ) by the rays r=0; (i=1,2,...,n) with

04500<91<92<"'<6n—1<9n557

then the area of R should be

1z 1 2
A= T, 2 SO AG:

where A0; =60;—60;_1 fori=1,2,...,n.
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Thm 8.7 (Area in Polar Coordinates)

If f{#) is conti. on [a, B] with 0 < 3 — @ < 27, then the area of the
polar region

R={(rn0)|a<0<B,0<r<AY)}

8
/ [f(6)]? df.

is given by
A=

N | =
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Arc Length in Polar Form

Thm 8.8 (Arc Length of a Polar Curve)
If f(0) and f'(0) are conti. on [«, 8] with 0 < 5 — a < 27, then the
arc length of a polar curve r = f(#) from 6§ = « to § = 3 is given by

s/ \/ 2+ de de/ VA0 (0)]2 db.
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Ef: From the proof of Thm 8.5, we know that

% = —ff)sin® + f'(0) cos® and dy

— / ]
i f(f) cos6 + f'(0) sin 6.

Then we immediately get

() +

(%)2 = [— f6) sin 0 + £'(6) cosa}2

n [f(e) cosf + F'(0) sin 9]2
= [f0)]* + [F'(0)]°.

So, the arc length of the polar curve r = () is given by

dy2 / 2
5—/ ,/ d9 ()0 = VIO do.
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Thank you for your attention!
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