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Section 9.0
Definitions and Preliminaries
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Vectors in the Plane (*FEIEE)

Two-Dimensional Euclidean (Vector) Space

RQ = {(Vl, VQ) ’ Vi, Vg € R}

= {v={(vi,w)|vis a vector (A1€)}
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Definitions and Notations (1/2)

o Vector Addition (BIZENNX):
v+ u=(v,va) + (u,u) ={vi + un1,va + a) Vvue R2.
e Scalar Multiplication (AE£3E)%):
cv=clvi,v) = (cvi,cv) VYceR and ve R

o Length or Norm (£2£]) of a Vector:

IVl = v vl = /B + B3>0 VveR2

o v R? is a unit vector (BAIME) if ||v|| = 1.
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Definitions and Notations (2/2)

e If i=(1,0) and j = (0,1) are standard unit vectors in R?, then
v=(vi,w) =vii+wj YveR>
e If vis represented by the directed line segment from P(p1, p2)
to Q(q1, g2), then it has the component form (£ R)

V= <V17 V2> = <q1 — P1,q2 — P2> c R2

oGy
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Vectors in Space (BT E)

Three-Dimensional Euclidean (Vector) Space

R’ = {(vi,v2,v3) | vi,v2, 3 € R}

= {v=(v1, v, v3) | vis a vector in space}
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Vectors in Space

xz-plane

Hung-Yuan Fan
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Definitions in R? (1/2)

e Vector Addition ([AIENX):

v+ u=(vi,va,v3) + (u1, Uz, us)

= +u,vw+u,vs+us) Vvue R3.
e Scalar Multiplication (AE£3E)%):
cv = clvi, va, v3) = (cvi, cva, cv3) Yc e R and ve R3,

@ Length or Norm of a Vector:

IVl = v, vevsdll = /B + 34320 Vve R

e v R3 is a unit vector if ||v]| = 1. A
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Definitions in R? (2/2)

e If i=(1,0,0), j=(0,1,0) and k= (0,0, 1) are standard unit
vectors in R3, then

v=(vi,vo,3) = vii+ wj+ sk VYveR3

@ If vis represented by the directed line segment from
P(p1, p2, p3) to Q(q1, g2, g3), then it has the component form

v=(vi,va,v3) = (q1 — p1,G2 — P2, G3 — p3) € R>.
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The Dot Product of Vectors ([AERE)

Def. (HRABIEE)

(1) The dot product of u= (uy, u2) and v= (vi, va) is

uev=uvi+ usvp € R.
(2) The dot product of u= (uy, us, us) and v= (v, v, v3) is
uev=u1vi + usvo + ugvy € R.

(3) In some textbooks, the dot product is also called the inner
product of vectors.
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Some Special Vectors

Let v and v be vectors in R? or R3.

° ”i is the unit vector in the direction of v # 0.

vi

|
(5% v HENEURE)

@ u and v are parallel vectors (*FATMEE) if 3c€ R s.t. u=cv.

@ v and v are orthogonal vectors (EEME) if ue v= 0.
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Cross Product of Vectors in R?

Def. (Z=REBEISNE)

The cross product of u = (uy, ug, u3) and v= (vi, v, v3) is

i j  k
UXv=|u uy u3 (HE—BUETTHIBEFE!)
Vi Vo Vv3
_ us us I up us _/ + up U9 k.
Vo V3 Vi V3 Vi W
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@ u X vis a vector in R?, but ue vis a scalar.

@ (uxv)jeu=0=(uxv)evy,ie., the vector ux vis
orthogonal to u and v, respectively.

@ vx u= —(uxv), ie., they are parallel vectors, but in the
opposite directions.
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SMERIRER (R LEE)

uxv k=ixj

xy-plane

Plane determined
by u and v
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Section 9.6
Surfaces in Space
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Type I: Cylindrical Surfaces (13ikBIEI sk 1EEH)

If the line L is not parallel to the plane containing a curve C, then

S ={{|/is a line parallel to L and intersecting C}

is a cylindrical surface, or simply a cylinder.

@ Cis the generating curve of S.

@ The lines parallel to L are rulings.
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HENRER (K LH)

Generating
z curve C

Rulings intersect C
and are parallel to L.
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Example
The right circular cylinder (ElI#£E) with radius a > 0 is defined by

S={(xy,2 e R+ = a’}.

Then the generating curve of the cylinder S lying in the xy-plane is
C: X +y =2

v
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B @A REE (K LEE)

Right circular cylinder:

2 v AL
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Example 1 FIRE

Generating curve C
lies in yz-plane

Generating curve C
lies in xz-plane

2.

Cylinder: z =y
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Type 1l: Quadratic Surfaces (—_REMH)

The general equation of a quadratic surface is

A + By? + CZ + Dxy + Exz+ Fyz+ Gx+ Hy + Iz+ J =0,

where the coefficients A, B, - - - , J are real numbers.
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Type ll: Quadratic Surfaces

(1) Ellipsoid: (#f5[EIHHE)

X2+ﬁ+i:1 with a, b,c > 0.
L2

22

Them the xy-trace, xz-trace and yztrace of the surface are

S e Nz
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Ellipsoid I/ REE (1K L&)
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Example 4 R EE

x—2)2 +D? (z—1)? _
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Type ll: Quadratic Surfaces
(2) Hyperboloid of One Sheet: (57 €€ HiH)

S

?4_?—?:1 with a, b, c > 0.

Them the xy-trace, xz-trace and yztrace of the surface are

I R g2
22 ﬁz:l’ ?—gzl and ?—gzl
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Hyperboloid of One Sheet IR R [E]
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Type ll: Quadratic Surfaces

(3) Hyperboloid of Two Sheets: (% 5 €HH)

fffff =1 with a,b,¢> 0.

Them the xz-trace and yz-trace of the surface are

8 2 2 P
g—?:l and g—?zl,

but no xy-trace!
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Hyperboloid of Two Sheets F/R = &

xy-plane
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Example 2 R EE
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(4) Elliptic Cone: (H5EIH#MH)
2y 2

—l—b2 C—O with a, b, ¢ > 0.

Them the xy-trace, xz-trace and yztrace of the surface are

S

Z—i———k for some k> 0,
a

2

X 2 0= 2=+ xand
a2 2 a

% c
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Elliptic Cone FNRE

<
xz-lrace

xy-trace
(one point)

y

parallel to
xy-plane

\\4 yz-trace
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Type ll: Quadratic Surfaces

(5) Elliptic Paraboloid: (H#5EI#4E)

2,7
T

z= with a, b > 0.

Them the xy-trace, xz-trace and yztrace of the surface are

2
X2+‘Zz—k for some k > 0, z:? and z:};.
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Elliptic Paraboloid FI7R =

parallel to
xy-plane

xy-trace
(one point)
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Example 3 /R EE

Elliptic paraboloid:

x=y? +4z2 ’ Z

A%
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Type ll: Quadratic Surfaces

(6) Hyperbolic Paraboloid: (£HE#l4H)
zZ= bQ_;i with a, b > 0.

Them the xy-trace, xz-trace and yztrace of the surface are

y2

y::tgx, z:—? and z:?,
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Hyperbolic Paraboloid F/R = [E

parallel to
xy-plane
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Section 9.7
Cylindrical and Spherical Coordinates

(HE A E B ALE)
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Def. (A EAIEZH)

In the cylindrical coordinate system, a point P(x,y, z) € R3 is
represented by an ordered triple (r, 0, z) with

@ (r,0) is the polar coordinates of the (orthogonal) projection
Po(x, y,0) of P in the xy -plane.

@ zis the directed distance from Py to P.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 9, Calculus B 49/60



HEMERRER (A LE)

Cylindrical coordinates:
T P2 x2 4 g2

Rectangular y
: .. tan 6= =
coordinates: ¥
x=rcos@ z=g
y=rsinf
Z=2 " (%, ¥.-2)
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Def. (BREALIEZH)

In the spherical coordinate system, a point P(x, y,z) € R? is
represented by an ordered triple (p, 6, ¢) with

o p=|0OP|=/x2+y>+22>0.

@ 0 is the directed angle from the positive x-axis to OPg, where
Po(x, y,0) is the (orthogonal) projection of P in the xy -plane.

@ ¢ is the directed angle from the positive z-axis to OP.
(0<¢<m)
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BREAMZMRRE (R LE)
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r=psin ¢= vx2+y2}
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Solutions of Example 5

(a) Since p? = x> +y*+ 22 and z=pcos¢ for 0 < ¢ < 7, it
follows that

Xty =2= (C+y+2)-22=0
— p? —2p%cos’p=0=1—2cos’¢p=0

1 3
= Ccosp=F— = ¢ = or gbzzw.

V2

(b) Since p?> = x> +y? + 2% and z = pcos ¢, it follows that

N

4y +2—4z=0= p?> —4dpcos¢ =0

= p(p—4cos¢p) =0

= p=14cos¢ for()g(j)gz.
S

DA

>
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Example 5 /R EE

Z

Rectangular: Spherical:
x2+y2+2z2-4z=0 p=4cos ¢

d
L4
\ i
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Thank you for your attention!
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