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本章預定授課範圍

10.1 Vector-Valued Functions
10.2 Differentiation and Integration of Vector-Valued
Functions
10.3 Velocity and Acceleration
10.4 Tangent Vectors and Normal Vectors
10.5 Arc Length and Curvature
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Section 10.1
Vector-Valued Functions

(向量值函數)
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Def. (向量值函數的定義)
(1) A function of the form

r(t) = −→r (t) = f(t)i + g(t)j = ⟨f(t), g(t)⟩ ∈ R2

or

r(t) = −→r (t) = f(t)i + g(t)j + h(t)k = ⟨f(t), g(t), h(t)⟩ ∈ R3

is a vector-valued function, where f, g, h are real-valued
functions of parameter t.

(2) In this case, we say that f, g, h are the component functions
(分量函數) of r(t).
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向量值函數的示意圖 (承上頁)
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Example 1 的示意圖 (承上例)
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Example 2 的示意圖 (承上例)
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Example 3 的示意圖 (承上例)
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Example 4 的示意圖 (承上例)
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Limits of Vector-Valued Functions

Def. (向量值函數的極限)
Suppose that lim

t→a
f(t) , lim

t→a
g(t) and lim

t→a
h(t) both exist.

(1) For r(t) = f(r)i + g(t)j, define

lim
t→a

r(t) =
[

lim
t→a

f(t)
]
i +

[
lim
t→a

g(t)
]
j.

(2) For r(t) = f(r)i + g(t)j + h(t)k, define

lim
t→a

r(t) =
[

lim
t→a

f(t)
]
i +

[
lim
t→a

g(t)
]
j +

[
lim
t→a

h(t)
]
k.
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Continuity of Vector-Valued Functions

Def. (向量值函數的連續性)
Let r(t) be a vector-valued function defined on the interval I
containing a.
(1) r(t) is conti. at t = a if lim

t→a
r(t) = r(a).

(2) r(t) is conti. on I if it is conti. at every parameter t ∈ I.
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Thm (連續性的等價條件)
Let f(t), g(t) and h(t) be real-valued functions defined on I.

r(t) = f(t)i + g(t)j + h(t)k is conti. on I.
⇐⇒f(t), g(t) and h(t) are conti. on I.
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Section 10.2
Differentiation and Integration of

Vector-Valued Functions
(向量值函數的微分與積分)
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Differentiation of Vector-Valued Functions

Def. (向量值函數的微分)
Let r(t) be a vector-valued function defined on the open interval I.
(1) r(t) is diff. at t ∈ I if its derivative at t

r ′(t) = lim
∆t→0

r(t +∆t)− r(t)
∆t ∃.

(2) r(t) is diff. on I if it is diff. at every parameter t ∈ I.
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Thm 10.1 (微分公式)
Let f, g and h be diff. on an open interval I.

1 If r(t) = f(t)i + g(t)j ∈ R2, then

r ′(t) = f ′(t)i + g ′(t)j ∀t ∈ I.

2 If r(t) = f(t)i + g(t)j + h(t)k ∈ R3, then

r ′(t) = f ′(t)i + g ′(t)j + h ′(t) ∀t ∈ I.
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Thm 10.2 (Properties of r ′(t))
Let r(t) and u(t) be diff. vector-valued functions of t, and let w(t)
be a real-valued function of t.

1 d
dt
[
r(t)± u(t)

]
= r ′(t)± u ′(t).

2 d
dt
[
c · r(t)

]
= c · r ′(t) ∀ c ∈ R.

3 d
dt
[
w(t)−→r (t)

]
= w ′(t)−→r (t) + w(t)−→r ′(t).

4 d
dt
[
r(t) • u(t)

]
= r ′(t) • u(t) + r(t) • u ′(t).

5 d
dt
[
r(t)× u(t)

]
= r ′(t)× u(t) + r(t)× u ′(t).

6 Chain Rule: d
dt
[−→r (w(t))] = −→r ′(w(t))w ′(t).
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Smooth Curves in R3

Def. (空間中平滑曲線的定義)
A space curve C represented by the vector-valued function

r(t) = f(t)i + g(t)j + h(t)k

is smooth on an open interval I if f, g, h are conti. on I, and
r ′(t) ̸= −→

0 ∀ t ∈ I.
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Integration of Vector-Valued Functions

Def. (向量值函數的積分)
(1) If r(t) = f(t)i + g(t)j ∈ R2, define∫

r(t) dt =
[ ∫

f(t) dt
]
i +

[ ∫
g(t) dt

]
j.

∫ b

a
r(t) dt =

[ ∫ b

a
f(t) dt

]
i +

[ ∫ b

a
g(t) dt

]
j, where f and g are

integrable over [a, b].

(2) If r(t) = f(t)i + g(t)j + h(t)k ∈ R3, define∫
r(t) dt =

[ ∫
f(t) dt

]
i +

[ ∫
g(t) dt

]
j +

[ ∫
h(t) dt

]
k.

∫ b

a
r(t) dt =

[ ∫ b

a
f(t) dt

]
i +

[ ∫ b

a
g(t) dt

]
j +

[ ∫ b

a
h(t) dt

]
jk,

where f, g and h are integrable over [a, b].
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Section 10.3
Velocity and Acceleration

(速度與加速度)
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Def. (速度向量與加速度向量)
If a particle (質點) moves along a smooth curve C represented by
the vector-valued function r = r(t) ∀ t ∈ I, where I is some
interval of time instants, we define

(1) the velocity (vector) at time t: v(t) ≡ r ′(t).

(2) the acceleration (vector) at time t: a(t) ≡ v ′(t) = r ′′(t).

(3) the speed (速率) at time t: speed ≡ ∥v(t)∥ = ∥r ′(t)∥.
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Section 10.4
Tangent Vectors and Normal Vectors

(切向量與法向量)
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Tangent Vectors (切向量)

Def. (切向量的定義)
Let C : r = r(t) be a smooth curve defined on an open interval I.
(1) The first derivative of r defined by

r ′(t) = lim
∆t→0

r(t +∆t)− r(t)
∆t

is called the tangent vector (切向量) to the curve C at t.

(2) The unit tangent vector (單位切向量) at t is defined by

T(t) = −→T (t) ≡ r ′(t)
∥r ′∥ =

v(t)
∥v(t)∥ .
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Example 2 的示意圖

Hung-Yuan Fan (范洪源), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 42/69



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Hung-Yuan Fan (范洪源), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 43/69



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Hung-Yuan Fan (范洪源), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 44/69



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Recall (空間直線的參數方程式)
A straight line passing through (x0, y0, z0) ∈ R3 in the direction
−→v = a−→i + b−→j + c−→k has the parametric equations of the form

x = x0 + as, y = y0 + bs, z = z0 + cs,

for −∞ < s < ∞.
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Normal Vectors (法向量)

Def. (法向量的定義)
Let C : r = r(t) be a smooth curve defined on an open interval I.
If T ′(t) ̸= −→

0 ∀ t ∈ I, the principal unit normal vector (主單位法
向量) at t is defined by

N(t) = −→N (t) ≡ T ′(t)
∥T ′(t)∥ .
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Example 4 的示意圖
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Section 10.5
Arc Length and Curvature

(弧長與曲率)
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Thm 10.6 (空間中平滑曲線的弧長公式)
If C is a smooth curve given by

r(t) = x(t)i + y(t)j + z(t)k

on the interval I = [a, b], then the arc length of C on I is

s =
∫ b

a

√
[x ′(t)]2 + [y ′(t)]2 + [z ′(t)]2 dt =

∫ b

a
∥r ′(t)∥ dt.
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Example 1 的示意圖
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Example 2 的示意圖
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Arc Length Functions

Def. (弧長函數的定義)
Let C : r = r(t) be a smooth curve defined on the closed interval
I = [a, b]. The arc length function (弧長函數) is defined by

s = s(t) ≡
∫ t

a
∥r ′(u)∥ du ∀ t ∈ I,

where s is called the arc length parameter (弧長參數).
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弧長函數的示意圖
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Thank you for your attention!
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