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Section 10.1
Vector-Valued Functions

(REEERE)
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Def. (AEEREBNTER)

(1) A function of the form

r(t) = 7 (1) = Ae)i+ g(8)j = (1), g(2)) € R?

r(t) = 7 (1) = Ae)i+ g(t)j + h()k = (1), g(2), h(t)) € R?

is a vector-valued function, where f, g, h are real-valued
functions of parameter t.
(2) In this case, we say that f, g, h are the component functions
/

I
(HEBER) of r(t).
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B EERHRINEE (K LEB)

Curve in space

r(r,) é

Curve in a plane
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Example 1 B9/~ E2E (3 _LH)

y
A
2 -l
1 sl
f f x
-3 3
[r(t)=2cos ti — 3 sin tj] Q@\Q
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Example 2 BIREE (K LAl)

. Cylinder:
x2+y2=16

r(f)=4costi+4sintj+rk
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Example 3 BO7REE (& LHI)
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Example 4 B9/~ 2E (7 _LH)

G k=1
,
y=r

2

P Ty
/(6+f‘)(4—[“)
v 6
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Limits of Vector-Valued Functions

Def. (RIEEREAIEIR)

Suppose that ll_rg flt), %1_rgg(t) and ll_rg h(t) both exist.
(1) For r(t) = f(r)i+ g(t)j, define

lim r(£) = [ lim )| i+ [ lim g(8)] .

t—a t—a

(2) For r(t) = f(r)i+ g(t)j+ h(t)k, define

lim r(£) = [ lim A(8)|i+ | lim g(8)]j+ | Lim h(#) | k.

t—a t—a t—a

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 15/69



Continuity of Vector-Valued Functions

Def. ([AEEREBRVEF )

Let r(t) be a vector-valued function defined on the interval /
containing a.

(1) r(t) is conti. at t = a if ,1_»1_{% r(t) = r(a).

(2) r(t) is conti. on [/ if it is conti. at every parameter t € |.
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Thm (GEEMNEFERNY)

Let f(t), g(t) and h(t) be real-valued functions defined on /.

r(t) = f(t)i+ g(t)j+ h(t)k is conti. on /.
<=1(t), g(t) and h(t) are conti. on I.
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Section 10.2
Differentiation and Integration of
Vector-Valued Functions

(MEERRBIM D ELTE D)
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Differentiation of Vector-Valued Functions

Def. (RIEEREAIS)

Let r(t) be a vector-valued function defined on the open interval /.
(1) r(¢) is diff. at t € [if its derivative at t

3.

TN r(t+ At) — r(t)
N~

(2) r(t) is diff. on ['if it is diff. at every parameter t € |.
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Thm 10.1 (45 A=)
Let f, g and h be diff. on an open interval /.
Q If r(t) = A(t)i+ g(t)j € R?, then

r'(t)=rFf'(t)i+g'(t)j Vtel

Q If r(t) = A(t)i+ g(t)j+ h(t)k € R3, then

r'(t)=f'(t)i+g'(t)j+h'(t) Vtel
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Thm 10.2 (Properties of r'(t))

Let r(t) and u(t) be diff. vector-valued functions of t, and let w(t)
be a real-valued function of t.

o4 :r(t) T u(t)] = r() £ u'(1).

o4 .. r(t)} =c-r'(t) VceR.
0 L[mOT ()] =w(®F )+ w7,

(%) d% :r(t) ° u(t)} = r'(t) o u(t) + r(t) ® u'(t).

o4 :r(t) x u(t)] = F(8) x u(t) + r(t) x u'(D).
@ Chain Rule: dit[?(w(t))] — 7' (W))W (). -
ay
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Smooth Curves in R3

=
||

Def. (ZRI BB

A space curve C represented by the vector-valued function

r(t) = f(t)i+ g(t)j+ h(t)k

is smooth on an open interval [ if f, g, h are conti. on /, and
r'(t) # T vtel
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Integration of Vector-Valued Functions

Def. (RIEEREAITES)

(1) If r(t) = A(t)i+ g(t)j € R?, define

/ (t) dt = /f(t dt i+ /
° br(t) dt = bf(t) dt|i+ bg(t) dt|j, where fand g are
= Ao ] st

integrable over [a, b].

(2) If r(t) = ()i + g(t)j+ h(t)k € R3, deflne

t) dt = ft) dt i+ dt_H- h(t) dt| k.
 [rooe=[ [ roadia[ a0 ads [ f oo
o/abr(t)dt{/abf(t)dt}i+[/abg(t)dt}j+[/abh(t)dt]jk, -

where f, g and h are integrable over [a, b].
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Section 10.3
Velocity and Acceleration
(EEBENIEE)
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Def. GREREAMEEEE)

If a particle (B ®5) moves along a smooth curve C represented by
the vector-valued function r= r(t) VYVt €& I, where | is some
interval of time instants, we define

(1) the velocity (vector) at time t: v(t) = r/(

~

).

(2) the acceleration (vector) at time t: a(t) = v/(t) = r"(t).

(3) the speed (ZRZE) at time t: speed = ||V(t)| = ||r'(t)]].
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Section 10.4
Tangent Vectors and Normal Vectors

G AR
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Tangent Vectors (tJ[E=)

Def. (VIOEMER)

Let C : r= r(t) be a smooth curve defined on an open interval /.
(1) The first derivative of r defined by

row o Mt A — (1)
(0 = fm ——x;

is called the tangent vector (PJ[@2) to the curve C at t.

(2) The unit tangent vector (EEfJJ[EE) at t is defined by

ISR
™) = 70 = 17 = o
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Example 2 R EE

Curve:
r(t)=2cos ti+ 2 sin tj + tk
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Recall (ZBERWNSHHEN)

A straight line paSS|_§ through (xo, ¥0,20) € R? in the direction
V= 37 + b_j + ¢ k has the parametric equations of the form

X=xp+as, y=ww+bs, z=2z5+ cs,

for —o0o < s < o0.
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Normal Vectors ((ABI=)

Def. CAMEMER

Let C: r:_r>(t) be a smooth curve defined on an open interval /.
If T'(t) # 0 ¥V t€ I, the principal unit normal vector (EEALA
[M&) at tis defined by

(1)
I @I

N(t) = N(t) =
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Example 4 I7RE

Helix:
r(z)=2cosri+ 2sinzrj+rk
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Section 10.5
Arc Length and Curvature
(M EREHZR)
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Thm 10.6 (ZRE B HARMRAI)

If C is a smooth curve given by

r(t) = x(t)i+ y(t)j + z(t)k

on the interval /= [a, b], then the arc length of C on /is

s—/ Vi P + er—/ I (o) d.
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Example 1 7RE

{r(r) = ti+ 36372 + %tsz
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Example 2 FIRE

Curve:
r(t)=bcosti+bsinzj+1— b2 1k

Z

t=2xm

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 58/69



Arc Length Functions

Def. (IREBMESR

Let C : r= r(t) be a smooth curve defined on the closed interval
I = [a, b]. The arc length function (SIRLEKE]) is defined by

t
s=st)= [ IP@ldu Vrel

where s is called the arc length parameter (JIRZ ).
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Thank you for your attention!

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 69/69



