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Section 12.1
Iterated Integrals and Area in the
Plane

(BE7 E¥m ERIEE)
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Iterated Integrals of f(x,y)

Type 1 : /[/f(x,y) dx] dy:/G(y) dy.
Type 2 : / [ / f(x,y) dy] dx = / F(x) dx.

[Q]: How to evaluate the functions G(y) and F(x)?
oan:/ﬁ&nw:%yﬁ%ﬁﬁﬂﬁx%ﬁ
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Area of a Plane Region

Type I: $— BT EEHEH

If g1(x), g2(x) are conti. on [a, b| and let

R={(xy) ER*|a<x< bgi(x) <y<g(x}

then the area of the plane region R is given by

b g2(x)
A:/a (/gl(x) dy)dx

b
~ [ (o0 - mt0] o (EssmmmEOERY
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Type | RR B

Region is bounded by
a<x<band
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Area of a Plane Region

Type II: FE_BYHEEEE
If h1(y), ha(y) are conti. on [c, d| and let

R={(xy) eR’|c<y<d h(y) <x< h(y)}

then the area of the plane region R is given by

d ha(y)
A:/C (/hl(y) dx)dy

d
_ / () — ()] dy. (LR EIRBHOLR)
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Type || IREE

Region is bounded by
c<y=<dand
h(y) =x=<h(y)
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Section 12.2
Double Integrals and Volume

(B ETEH L)
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Double Integrals of f(x, y)

Let f(x,y) be defined on a closed and bounded plane region
R C R2. Choose an inner partition of R as

A = {R;| R; is a small rectangle lying inside R,1 < i < n}.
o If d; = length of the diagonal of R; for i=1,2,...,n, the
norm of partition A is defined by ||A| = max di.
<i<n

@ The Riemann sum of fassociated with A'is > f(x;, y;) AA;,
i=1
where (x;,y;) € R and AA; = area(R;) for i=1,2,...,n.
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Surface:
z2=f(x,y)

Hung-Yuan Fan ( i), Dep. of Math., NTNU, Taiwan Chapter 12, Calculus B 14/124



ESEOMNREE (2/4)

Surface: z

2=f )]
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HEERBHRREE (4/4)
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Double Integrals (22E15 7))

Def. (BEESTHER)
Let R be a closed and bounded region in R?.

(1) The double integral of f(x, y) over the plane region R is

n

// fix,y)dA = lim f(xi, yi) AA;
R

[Al=0 =
for any inner partition A of R.

(2) We say that fis integrable over R if // fix,y)dA 3.
R
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Existence of Double Integrals

Thm (BEESD FEMLENT D 1RM)

If (x, y) is conti. on a closed and bounded plane region R C R?,
then fis integrable over R, i.e., the double integral

// flx,y)dA 3.
R
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Thm 12.1 (Properties of Double Intergrals; 1/2)

Suppose f and g are integrable over a closed, bounded region R.

//C fix,y)]dA = c- // XydA VceR.
/f(xy:l:gxy )] dA = /fxydA // xydA

) //f(x,y)dAZOiff(X,y)ZO V(x,y) € R.

4) / fix,y) dA > / / g(x,y) dAif fix,y) > glx,y) V(xy) € R.
R R
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Thm 12.1 (Properties of Double Integrals; 2/2)

(5) // fix,y) dA = // fix,y) dA + // e e, wlire Ty e
R R1 Ra

R2 are nonoverlapping subregions (FFE&F&IH) of R with
R =TR1URs.

R=R,UR,
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Some Questions

@ What is the relationship between double integrals and iterated
integrals?

@ Are these two integrals always equal for each function f(x,y)?

@ How to evaluate its double integral quickly when f'is
integrable over R?

@ Fubini's theorem will answer above questions partly!
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Thm 12.2 (Fubini’'s Theorem; 1/2)

Let flx, y) be conti. on a plane region R C R?.
(1) If gi(x), ga(x) are conti. on [a, b] and the region is defined by

R={(x,y) eR?|a<x< b gi(x) <y<gx}

then the double integral of fover R is given by

/ / fix,y) dA = /a ’ ( /g i(:) flx, y) dy) dx.
R
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Thm 12.2 (Fubini’s Theorem; 2/2)

(2) If hi(y), ha(y) are conti. on [c, d| and the region is defined by
R={(xy) €R’|c<y<d hm(y < x< ()},

then the double integral of fover R is given by

o ['([ )
R
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The Volume of a Solid Region (E/\[&1%)

Def. (B EERIESTE)

If f(x,y) is integrable over a closed and bounded region R, and
fix,y) >0 ¥Y(x,y) € R, then the volume of the solid region that
lies over R and below the graph of fis

v—k// fx,y) dA > 0.
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Example 3 /R EE

Base: -2<x<2

V-2 <y</@-2Dn
y

} X
i 1
_2 -
Volume:
; 2 y J» J VE-2n , , /\
4 —x2 = 2yD)dy!dx,
x V4- x2)/2( y)dy = Qg@
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Homework

Evaluate the following definite integral

™

5 4, 3T
/0 cos 0di = 6

(LA REWERIN Example 3 ] Example 5!)
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Example 4 R EE

y
Surface: S R 0<x<1
fry)= e Biorsis
al a,n
(1,0)
Ax i
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Example 5 FIRE

Paraboloid:
z=1-x2-y?

} } x
_1 1
2 2
R: 0sy<1
—Vy=y?<x</y-y?
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The Average Value of f(x, y)

Def. (2528 REHNTIE)

If f(x,y) is integrable over a closed and bounded region R, then
the average value of fover R is

areal(R)Z/ fix. y) dA.

fav

Recall (EEZE2R#MNTI9E)

The average value of an integrable function y = f(x) on [a, b] is

1 b
fav = fi .
b—a/a (x) dx .
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Example 6 FIRE

(0, 0)
1
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Section 12.3
Change of Variables: Polar
Coordinates

(BBEIR: BLE)
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Let f{x, y) be conti. on a closed and bounded region R C R2. If we
can rewrite R as a polar region defined by

R={(rn0)la<0<p3,0<g(d) <r<gd)},
then consider an inner partition of R as

A = {R;| Ri is a polar sector lying insise R,1 < i < n}.

gy 6 Rp e Secto

(B L)

polar awg
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@ Foreach i=1,2,...,nand any (r;,0;) € R;, the area of R; is

1+ 300 o~ 5900

(2r)(AR)AG; = ri - Ari - AD;.

N =N =

@ The Riemann sum of f associated with A is given by

Z f(xi, yi) AA; = Z f(ricos 0, risin0;)r; - Ar; - A,

i=1 i=1
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Thm 12.3 (EALRESBRBHELIRED)

If g1(0), g2(0) are conti. on [a, 8] with 0 < 8 — o < 27, and f(x, y)
is conti. on the polar region

R={(rn0)|a<0<3,0<g(0)<r<gl0)}

then the double integral of fover R is given by

n
// fix,y) dA = ILm Z fxi, yi)AA
i i=1

= nlgIolc Z f(rjcos 0;, risin 0;) riArAb;

g2(9
:/ / f(rcos O, rsin@)rdrdf.
gi( 5

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 12, Calculus B 48/124



) %ﬂ/hﬁ‘ tuduq g, n\é (7<2+\g)(x\A )

{ ) 1 : !
wlhovg ', & ta anv\u\cw m()\Tm \nd,wm\ two eIYc/\LQ

Myt | ad OCeY=D
//\ />,

Gl Lo oo o Yevsug Yoc ocbizy %%

Hung-Yuan Fan (32itiR), Dep. of Math., NTNU, Taiwan Chapter 12, Calculus B 49/124



Example 2 7RE
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R:1<r</5
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Example 3 /R EE

‘Surface: z2=+/16 —x2 -2 ’
z

4
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Example 4 I7RE
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Section 12.5
Surface Area
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A Question

How to evaluate the area of the surface z= f(x, y) over a closed
and bounded plane region R?

Region R in xy-plane
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Derivation of the Surface Area (1/3)

Given a real-valued function f(x, y) s.t. f, and f, are conti. on a
closed and bounded region R. Choose an inner partition of R as

A = {R;| R; is a small rectangle lying inside R,1 < i< n}.

Recall (MZ=RREERTTHERETR)

The area of the parallelogram (*F1TIU3EH2) generated by two
vectors u and v in R? is

A=|luxv|]|=|vxul.
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Derivation of the Surface Area (2/3)

Assume that the area of R;is AA; = Ax;- Ay;fori=1,2,... n. If
we choose (xj, yi) € R;, the ith surface area of fover R; is
ASi~ AT; = |lux v
= || {Ax;, 0, fulxi, yi) Axi) % (0, Ayi, f(xi, yi) Ayi) |

i k
= || AX,' 0 &AX,' H
0  Ay; f,Ay;

= || = f(Axi) (Ay;)i — f,(Ax) (Ayi)j + (Ax;) (Ayi) k||
= || = K(AA)I — £,(AA)j+ (AA)K

= 1+ [EOa ]2 + (600 7)) (AA),

for each i=1,2,...,n. A
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Derivation of the Surface Area (3/3)

Therefore, the surface area of z= f(x,y) over R is given by

n

S= lim Y AS
NS

IIAIIAOZ VI [ )2 +

=//¢1+[fx<x,yﬂ2+[
R

<h

(xi yi)]? (AA)

<h

(x,y)]? dA.
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Example 2 R EE
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Homework
Applying the formula (2 HAEBRIAT0)

1
/se03 0 do = E(secﬁtaDH +In|secd + tanf|) + C,
and the transformation x = % tan @, we obtain

1
/\/1+2x2 dx = ﬁ/se&e,/htan?ede

1
zﬁ(xv2+4x2 +ln’\f2x+ V1 +2x2D + C,

where C is a constant of integration.
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Example 3 HUR 2Bl

Paraboloid:

2

2=l +,\‘2+',

Rix?+y2<1
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Example 4 I7RE

Hemisphere:

fy)=v25-x2-y?2
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Section 12.6
Triple Integrals and Applications
(CE/HREER)
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Triple Integrals (1/3)

Let f(x, y, z) be defined on a bounded solid region @ C R3. Choose
an inner partition A of @ defined as

A ={Q;| Q; is a small box lying entirely within Q,1 << n},

where each box Q; is of volume AVi=Ax;- Ay;j- Az Vi

2@ onded sk vog o

q

Q‘ VO\,‘AWﬁiW”i

2o /"“A v k= &N,

‘
.
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Triple Integrals (2/3)

e If d; is the length of the diagonal of Q; for i=1,2,...,n, the
norm of A is defined by [|A] = max di > 0.

@ The Riemann sum of f(x,y, z) associated with A is

fo, Vi, z)) AV, = Z f(xi, Vi, i) Ax; - Ay; - Az,

i=1 i=1

where (x;, yi, z;) € Q; is selected arbitrarily for i=1,2,...,n.
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Triple Integrals (3/3)

Def. (ZERSNES

Let f(x, y, z) be defined on a bounded solid region Q C R3.

(1) fis integrable over Q, if the triple integral of fover Q

n

f(x,y,z)dV=lim (xi, yi, z)) AV; 3
/Q// ( ) Aﬁ@; ( )

for any inner partition A of Q.

(2) The volume of Q is defined by V = ///1 dVv.
Q
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Existence of Triple Integrals

Thm (ZEFES FEMNTSEME)

If f(x, y, z) is conti. on a bounded solid region @ C R?, then fis
integrable over @, i.e., the triple integral

/// fix,y,z)dV 3.
Q
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Thm (Properties of Triple Integrals)

Suppose that f(x, y, z) and g(x, y, z) are integrable over a bounded
solid region @ C R3.

1) // [c~f(x,y,z)]dV:c~// fix,y,2)dV YceR.
o e sscnnor= o) [ o)
) [t Yo
) /Q// flx,y,2) dV > /// 800y, D dVf flx 1, 2) > g v,2) V(% %2 € Q)
// fx,y,2) dV = // fxy,z)dv+///f(xy, dV, where @y and Qs are

nonoverlapplng solid subreglons of Q W|th Q=Q1UQ2.
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Main Question

How to evaluate // f(x, y,z) dV via some iterated integrals?
Q

z

Projection onto xy-plane
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Thm 12.4 (Fubini’s Theorem)

Suppose that f(x, y, z) is conti. on a bounded solid region Q, and
that hy, ho, g1, go are conti. functions.

(1) f Q={(xy2) eR}[a<x<bm(x) <y< (806 <z< g6}

then
Il b rha(x)  re2(xy)
(U ﬁmddwi// / f(x, v, z) dz dy dx.
a Jhi(x) Jg1(xy)
Q
(2) f @={(xy,2) eR¥|c<y<d hm(y) <x< ha(y),1(xy) <2< g2(x )},

then
d rha(y) rez2(xy)
///f(x,y,z)dV:/ / / f(x, y, z) dz dx dy.
5 c Jhi(y) (%)
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Homework

Applying the I.B.P. formula to evaluate

/XBede:eX(><3—3x2+6x—6)+C,

where C is a constant of integration.
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Example 2 R EE

0<z<2v4—x>—y? y <x<2
<y<vd-y?
T~
1__
i X
1 2
Ellipsoid: 4x2 + 4y + z2 = 16
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Example 3 /R EE
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Example 4(a) BU/RE
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Example 4(c) BFIRE=
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Section 12.7
Triple Integrals in Other Coordinates

(EE MR EMN=E1E%7)

A%
Ya
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Main Goal

In this section, we will transform the triple integral

/// f(x,y,z) dV in the rectangular coordinates to some iterated
Q

integral in other coordinate systems.

Type |: Change of Variables in Cylindrical Coordinates

Type II: Change of Variables in Spherical Coordinates
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Type |: Cylindrical Coordinates

Thm (FREARRMNEHEENR)

If f(x,y, z) is conti. on a solid region defined, in the cylindrical
coordinates, as

Q={(rn0,2)]01 <0<02,0<g1(0) <r<g20),hi(r,0) <z< ha(r,0)},

where g1, g2, h1, ho are conti. functions, then

02 rg2(0) rha(r.0)
// fix,y,2) dV = / / / f(rcos @, rsin 0, z)rdz drdf.
o 01 Jg1(0) Jhi(r0)
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Example 1 N/REE

Sphere:
x2+y?+z2=4

Cylinder:
r=2sin 6
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If we consider the solid subregion of @ defined by

Qi ={(r0,2)]0<0 < — To<r< 2sinf, —\/4 — P < z< V4 —r?},

2’

then the volume of the solid region Q is

V=2 volume(Q;) =2 ///1dV
2sin 6
= / / / rdzdrd9
Va—r2

2sin @
2/ / 2rv4 — 2 drdf

2/02(—32)(4 ,2)3/2’1‘—251110

r=0
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Since 1 — sin? 6 = cos? 6, it follows that

us

V:2/2(_32)(8005 0 —8)do

:/ 1—005 0) do
0

3

3

2 30
33 0 —sin@ + st )0
3

(
LR

(Check!)
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Type |I: Spherical Coordinates

If A(x,y, z) is conti. on a solid region defined, in the spherical
coordinates, as

Q=A{(p,0,0)|p1 <p<p2,01 <O<L 02,01 << o}y

where p1 >0, 0< 60y —0; <27 and 0 < ¢1 < 9 < m, then

// f(x,y,z)dV = / / / f(psin<f>cos@,psin¢sin@,pcos@)pQsin¢dpd¢d¢9.
01 Jo1 Jp1
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Example 4 R EE

Upper nappe
of cone:
z2?2=x2+ 32

2 )
x24y2 4 22=9

Sphere: ’
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Section 12.8
Change of Variables: Jacobians

(BRI F5elh)

A%
Ya
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Def. (Jacobian T5ITNHIES; 1/2)

(1) If x= g(u,v) and y = h(u, v) have conti. first partial
derivatives, the Jacobian of x and y w.r.t. u and v is defined by

d(x,y) g—x %X
= = €V — RSB
d(u,v) _' oy oy ‘ (ZP&1751=01B)
_xdy_oxdy
~ Qudv  ovou
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Def. (Jacobian T5ITNHIESR; 2/2)

(2) If x=g(u,v,w), y= h(u,v,w) and z= k(u, v, w) have conti.
first partial derivatives, the Jacobian (determinant) of x, y and
zw.r.t. u, vand wis defined by

Ox Ox Ox
a( ) du Ov Ow
XY:Z) _ | oy oy 0y —pEAT S
0P = 9 9y Oy —PE1TAIE
a(u7 v, W) du Ov Ow ( )
9z 0z 0Oz
du Ov Ow
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Example 1 (&4£4RA9 Jacobian 1T5IT)

The Jacobian of the polar coordinate transformation
x=rcosf and y=rsinf

w.r.t. rand 6 is given by

ax 9
Axy) _ ar o0 | cos@ —rsinf _,
o(r,0) %y %’ | sinf  rcosf |
r
for any r# 0.
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Example (BXEIAERY Jacobian 1T751I)

The Jacobian of the spherical coordinate transformation
x= psingcos, y=psingsing, z= pcoso

w.r.t. p, 6 and ¢ is given by

a( ) dp 00 0¢
X, Y, Z dy 8y 8 2 .
S0 =| % % B |=semsz0
A 872 iz Q
(')p 00 ¢

for 0 < ¢ < 7. (Check!)
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The Coordinate Transformations (22155 3)

Def. (LIZFEMEVER; 1/2)

(1) Let R be a closed and bounded region in the xy-plane, and S
be a closed and bounded region in the uv-plane. A function
T:S — R is called a coordinate transformation if 3 two
conti. functions x = g(u, v) and y = h(u, v) defined on S s.t.

T(U, V) = (Xv }/) = (g(u7 V)? h(”? V))

is one-to-one on S.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 12, Calculus B 111/124



The Coordinate Transformations (22155 3)

Def. (MMREEIRNER; 2/2)

(2) Let Q be a solid region in the (x, y, z)-space, and S be a solid
region in the (u, v, w)-space. A function T:S — Q is called a
coordinate transformation if 3 conti. functions x = g(u, v, w),
y = h(u,v,w) and z = k(u, v, w) defined on S s.t.

T(u,v,w) = (x,y,2) = (g(u, v, w), h(u, v, w), k(u, v, w))

is one-to-one on S. )

112/124
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Thm 12.5 (Change of Variables for Double Integrals)

Suppose that T(u, v) = (x,y) = (g(u, v), h(u, v)) is one-to-one on
S, where g and h have conti. first partial derivatives. If f(x,y) is
conti. on R and SL’YV)) #0 V(u,v) €S, then

(u,

// fx, y) dxdy=5//f(g(u, v), h(u, V))‘gézi)\//;

R

dudv.
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Thm (Change of Variables for Triple Integrals)

Suppose T(u, v, w) = (x,y, z) = (g(u, v, w), h(u, v, w), k(u, v, w)) is
one-to-one on S, where g, h and k have conti first partial

derivatives. If f(x,y, z) is conti. on Q and 3 Xyz ; # 0, then

UVW

///f(xy, dxdydz—///f(gu v, w), h(u, v, w), k(u, VW)‘S(: i,w )dudvdw.
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Thank you for your attention!
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