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Section 10.1
Parametrizations of Plane Curves

(FHEHHZIISEN)
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Parametric Curves

Def (2EHZRNTER)
Let / be an interval. A plane curve C is often defined by the graph
of the parametric equations (%%U?’T‘iﬁ)

x=Fft) and y=g(t) vVtel,

where fand g are conti. functions of t, and t is a parameter (£

£{). In this case, C is called a parametric curve (2 2IH4R).
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Example 1 (2 EHIARRV/EE)

Sketch the curve defined by the parametric equations

t
x = f{t) :sin%, y=g(t)=t

when t varies freom 0 to 6.
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Solution of Example 1

TABLE 10.1 Values of x = sin zt/2

(0, 6)
and y = ¢ for selected PRGBS
y 6'\
values of ¢. -
5 (1, 5)
t X y t=2>5
44~
0 0 0
/ \(0 a)
] ! l (—1,3) 3 3=
2 0 g ¥#=3 golzz)
3 - 3 \2"(
4 0 & 1}l an
5 5 (0, 0) t=1
t= 0[\ i .
6 O 6 —1 0 1 0{?\0
Y
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Example 3 (BRI 2IHR 4R EIT)

Graph the parametric curves
(a) x=cost, y=sint, 0<t<2m.

(b) x=acost, y=asint, 0<t<2m.
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Solution of Example 3

(b) For a # 0, it is easily seen that
X2 —i—y2 = a’cos’ t+ a’sin® t = 2%,

and hence the graph of the parametric curve is a circle
centered at (0,0) with radius |a| > 0. It starts from (a,0) at
t = 0 and traces the circle once counterclockwise, returning to
(a,0) at t = 2 finally.

(a) This is just a special case of Part (b) with a = 1.
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Example 3a WRERE

xZ + }72 =1
S| P(cost, sinf)

/:E:: T J t=0

0 (1, 0)

3

f:7

FIGURE 10.4 The equations x = cos f

and y = sin ¢ describe motion on the circle

x> + y? = 1. The arrow shows the direc- A\
tion of increasing ¢ (Example 3). :

10/73

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B



Example 7 (S BIEHRRIAE D XEIT)

Sketch and identify the graph of the parametric curve

t—l—l t 1
X = —_ — - —
i Y t

for f> 0. In this case, note that x > 0 for all t > 0.
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Solution of Example 7

For any t > 0, we first notice that

2
xty=2t, x—y=7,

and hence the poiint (x,y) lying on the given curve satisfies
(x+y)(x—y) =(2t)(2/t) =4 = x —y2 =4 and x> 0.

So, the graph of the parametric curve is the right-hand branch of
the hyperbola (2H4R) x> — )* = 4.
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Example 7 R RE

TABLE 10.3 Values of x = t + (1/t)
and y =t = (1/t) for
selected values of t.

t 1/t % y
0.1 10.0 10.1 =99
0.2 5.0 5.2 —438
0.4 2.5 29 =21
1.0 1.0 2.0 0.0
2.0 0.5 2:5 1.5
5.0 0.2 52 4.8
10.0 0.1 10.1 99

3
=10
(10.1,9.9)

10

(10.1, —9.9)
—10F \

t=0.1

FIGURE 10.7 The curve for
x=t+ /0, y=1t—(1/0,t>0
in Example 7. (The part shown is for 7
0.1 =t=10.) Q\a
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Section 10.2
Calculus with Parametric Curves

(S EHRRYTE D)
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Differentiation of a Parametric Curve

Thm (SEHRTS)
If C is a smooth curve defined by
x=ft) and y=g(t) Vtel,
with dx/dt = f'(t) A0 Vte I, then
(1) the slope of C at the point (x, y) is given by

dy _dy/dt _g'(t) _

dx  dx/dt  f'(t)

(2) the second derivative is given by

dy _ d(dy/dx)/dt _ m'(t)

4y _ Viel
& dx/dt iy L€

m(t) Vtel

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 15/73




Proof of above Thm

(1) From the Def. of dy/dx at the point (x(t), y(r)), we see that
ﬂ/ = lim g/ = lim —<t+ h) — ¥(1)
dx  Ax=0 Ax b0 x(t+ h) — x(t)
_ i YD) =010y (1)
h—0 [x(t+ h) — x(t)]/h — x'(t)

(2) Since y' = dy/dx is a function of t, it follows from (1) that

dry d(dy) d(y’)/dt
2 dx\dx/  dx/dt

AR
sy

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 16/73



Example 1 CKZ BIHHARAYL]I4R)

Fincd the tangent line to the parametric curve

—T U
x=sect, y=tant, 5 <t < 5

at the point (v/2,1), where t = g
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Example 1 RRE

IV

X =sect y = tant,

T T
2 2

FIGURE 10.14 The curve in Example 1
is the right-hand branch of the hyperbola A
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Solution of Example 1

Since the slope of the curve at t = 7/4 is given by

m— dy _ dy/dt o osec’t
Cdxle=z  dx/dtle=7  secttantle==
_ sect _ Q _ 3

tan tle== 1

the equation of the tangent line to the given curve at (v/2,1) is

y—1=v2(x—+v2) or y=+2x—1.
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Example 2 (GTEZSH SRR _EER)

o
Find Té/ as a function of t if the parametric equations are
X
x=t—t and y=t—t,

1
where t € R is a parameter satisfying 1 — 2t ## 0 or t # 3"
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Solution of Example 2

Notice that the first derivative is given by

, dy dy/dt 1-3¢

Y = dx T dx/dt . 12t

Next, differentiating y’ w.r.t. t gives

dy’  (=6t)(1—2t) — (1 —3)(-2) 6t —6t+2
dr (1—21)2 (1 -202

and thus the second derivative of the parametric equations is

dy dy! dy'/dt dy//dt 6t —6t+2
dx®  dx  dx/dt 1-2t  (1-2t)3
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Smoothness of Parametric Curves

@ A plane curve C defined parametrically by
x=ft) and y=g(t)

is smooth on /= [a, b] if f’, g’ are conti. and not
simultaneously zero on /.

o Let A = {tx]|0 < k < n} be a partition of /= [a, b] with
a=ty<t; <---<<t,=b. Then the length of C on
[tk—1, tx] is approximately evaluated by

ALk == /[f(tx) — Atx—1)]? + [g(tx) — g(ts—1)]?

foreach k=1,2,...,n.
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Approximation to Arc Length of C

@ For each k> 1, from M.V.T. 3¢}, t;* € [ty—1, ti] s.t.

AL = \/IF (E) A6 + [/ (67) A,
where Aty (=t —ty_1 >0for k=1,2,...,n.

@ So, the (arc) length of C from t = a to t = b is approximate to

La Y AL= Y IR + [ (57))2 (At).
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Length of a Parametric Curve

Def (2BEBRHIEE)

Let C be a smooth curve defined parametrically by

x=ft) and y=g(t) Vtel=a b

If C does not intersect itself on /, then the (arc) length of C on /is

HAH%Z¢ ()P (At
/ VIF(t '(1)]2 dt > 0.

.
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Example 5 (Gt &IM&EHIHIF)

Find the length of the astroid (2/Z#R) C defined by
x = cos® t, y= sin® t

from t=0to t = 27.
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Example 5 R RE

FIGURE 10.15 The astroid
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Solution of Example 5 (1/2)

If we let C1 = {(x(t),y(t)) 0<t< w/2}, then

L(C) = 4- L(Cy) —4/ VR OE L (02 dt

Since x/(t) = —3cos? t sint and y/(t) = 3sin? tcos t, we see that

VIOP + (O] = \/(~3cos? t sin )2 + (3sin? tcos £)?

= \/ 9 cos? tsin? t(cos? t + sin’ t) = 3cos tsin t

forall te [:= [0, g} because sint > 0 and cost > 0 for t € |.
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Solution of Example 5 (2/2)

Therefore, the length of the cureve C is

w/2 w/2
L(C) = 4/ 3cos tsin tdt = 12/ sin t d(sin t)
0 0

w/2

= (6sin?t) . = 6(1% — 0%) = 6.
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Useful Formulas
Recall the following identities for the sine and cosine functions:

Q@ cos(a—[3) = cos acos -+ sin asin 5

= cos acos B— sin asin 8

9 cos(a+

B) =
sin(a— ) = sin a.cos f— cos asin 3
)

(
Q sin(a+pf) = sinacos 5+ cos asin
.

Chapter 10, Calculus B 29/73
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Section 10.3
Polar Coordinates

(FRALE)
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Introduction to Polar Coordinates

Def ({BAMEROE S

The polar coordinates (r,8) of a point P(x, y) € R? is defined by

r =directed distance from the ple (1B%4) O to P.

6 =directed angle, conterclockwise from the polar axis (151#H)
to the line OP.
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BAMERREE (1/4)

0 = directed angle

, Polar
axis L
st

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 32/73



BAZRREE (2/4)
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WBAMZHIREIE (3/4)
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Remarks on Polar Coordinates

Remarks (fEAtRALRAEREIR)

(1) The polar coordinates of the pole is O = (0, 0) for any 6 € R.

(2) The polar coordinates (r,8) and (r, 6 + 2nm) represent the
same point in R?, i.e., (r,0) = (r,0 + 2n7) Vne€Z.

(3) If r>0, then (—r,0) = <r,9 + (2n+ 1)7?) VnezZ,ie.,
(r,0) and (—r,8) are symmetric w.r.t. the pole O.
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Polar Coordinates vs. Cartesian Coordinates

@ Polar to Cartesian (r,0) — (x,y):

x=rcosf, y=rsinb.

e Cartesian to Polar (x,y) — (r,6):

P =x+y, tanH:X.
X
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Polar Equations

Notes (1B41E572 2t AOLEEL)

o Explicit Form (F2T{): r= f(0) or 6 = g(r).

e Implicit Form (B&Z0): F(r,0) = 0, where F is a nonlinear
function (FFARMELEKEL) of rand 0, e.g.,

F(r,0) := * — 4rcos = 0.
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Example 2 (BIEAE ARV AT TTIZT)

(a) r=1and r= —1 are polar equations for the circle of radius 1
centered at O, since we know that

r=tl=r=1=x+y =1

7 -5
(b) 6= % 0 = —W and 0 = Tﬂ are polar equations for the line
(tan $)x = =
= (tan - )x = —=x.
y G 7
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Example 2b 7R R

— > X
Initial ray

~57/6
FIGURE 10.23 The point P(2, 7/6) N
has infinitely many polar coordinate pairs O%O
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Example 3 (BAAZE 12 9B F)

Graph the following polar regions.
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Example 5 CKE BB AR T2 T)

Find a polar equation for the circle
4+ (y—3)2=9

expressed as a Cartesian equation (EAMIZEHFET).
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Example 5 R RE

.}1
A x2+(y

-3)%=9
or

r==6snf

A%

FIGURE 10.27 The circle in Example 5. gaty
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Solution of Example 5

Let x = rcos and y = rsinf. Then ¥ = x> + y* > 0 and thus the
given Cartesian equation becomes

CH(y=32=9=x>4+y —6y=0=—="r —6rsinf =0
= r(r—6sinf) =0 = r=6sin6

for0<0<n. (AZ20<0< 2 &)
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Example 6 CKHEALIRTE)

Find a Cartesian equation for each polar equation.
(a) rcosh = —4.

(b) r? = 4rcos¥.

(c) r= —4
"~ 2cosf —sinf’
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Solution of Example 6

Let x = rcosf and y = rsinf. Then » = x> + ).

(a) rcos® = —4 = x= —4 is a vertical line intersecting the
x-axis at the point (—4,0).

(b) P =drcost = X+ Yy =dx= X —dx+4+y =4 =
(x—2)2+y? =4 is a circle of radius 2 centered at (2,0).

4

(c) r= 2cosf —sin 6
— y = 2x— 4 is a straight line of slope 2 passing through

the points (0, —4) and (2,0), respectively.

= 2rcosf —rsinf =4 = 2x—y=4
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Section 10.4
Graphing Polar Coordinate Equations

(HEBALRFEANER)
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Slope in Polar Form

Thm (BAERREREAT)
If fis a diff. function of , then the slope of the tangent line to the
graph of r= () at the point (r,0) is

dy _dy/d0 () cosf + f'(0)sind

dx  dx/dd  —f(0)sinf + f'(0)cos
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Proof of above Thm

Note that x and y can be expressed in terms of 6 by

x=rcosf = f(0) cos b,
y=rsinf = f(0)sin6.

Thus, differentiating x and y w.r.t. the parameter 8, we obtain

dy dy/dd  f'(0)sin6 + () cos b

dx  dx/df  f'(f)cos® — f(f)sinf’
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Example 1 (/UM 4R V4G E])

Sketch the graph of the cardioid (/0\FE4R)
r=f0)=1-—cosf

when 6 varies from 0 to 27. Note that we have the following table:

T | | 27w A7 | 3w | 5w
TITer Sl L IR
A N N N
A EIKEAERER
Sl 2 el 21| =
r0‘2“2 2 5 | °
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Example 1 RRE

E-]

r=1— cos@

3 wlf pn owa oo

—_ R= O

LSS ST

(a)

(3_ 21) ¥

Hung-Yuan Fan

(b)

w

, Dep. of Math., NTNU, Taiwan

r=1-cosf T
'2
1
(m2) 2 0
9
2 3 1 37
> 2
(c)

: ?) FIGURE 10.29 The steps in graphing the
X
cardioid r = 1 — cos 6 (Example 1). The

AR

arrow shows the direction of increasing 0. \¢BY
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Graphs of Rose Curves

A rose curve (BUIR4R) is described by the polar equation

r=f0) =acos(nf) or r=f6H)= asin(ndh)

’

where a > 0 and n € N.
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Example (Z¥RBURAR; HFTRE)

Graph a 3-leaf (or 3-petalled) rose curve of the polar equation
r=Af0)=2cos(36), 0<6<m.

For some specific values of 6, we have the following table:
2m | 5w
— | = | 7
3 6

2 0

| -2

o>l
ool
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Section 10.5
Areas and Lengths in Polar
Coordinates

(HRAAMR AV EREIR)
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Partitions of a Polar Region

Consider a polar region given by
R = {(r,9)|a§9§5, 0<r< f(e)}

with 0 <  — a < 27. Let the region R be partitioned into n polar
sectors (TBAAARESY) by the rays r=0; (i=10,1,2,...,n) with

a:=0p <01 <0< ---<0,_1<80,:=0.
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BAMERE I EIRREE (1/2)
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BAMEE I EIRREE (2/2)
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Area of a Polar Region

Therefore, the area of the polar region R should be

n n
1 1
A= i *f,'QA,'*— li *f,’zA,’
HAIHIHO 2 2[ (0)]°A0 Jlim izgl 2[ (0)]A0;,

where A#;:=0;—60;_1 >0fori=1,2,...,n.
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Area in Polar Coordinates

Thm (FBAREHNEEAR)

If f(0) is conti. on [a, B] with 0 < 3 — v < 27, then the area of the
polar region R = {(r, 0)|a<0<pB,0<r< f(ﬁ)} is given by

.
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Example 1 (CKARAATR (& IR EITR)

Find the area of the region enclosed by the cardioid
r=1f0)=2(1+cosf), 0<6<2m.
That is, find the area of the polar region defined by

R:{uﬁnogegzmogrgﬂm}
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Example 1 RRE

-}!
A r=2(1 + cos 0)
AP P(r. 6)
-
6 =0, 2
> X
0 4

—2
FIGURE 10.34 The cardioid in S
Example 1. N7

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 10, Calculus B 65/73



Solution of Example 1

The area of the region enclosed by the cardioid is

1 B 5 1 2 )
« 0

2
2/ (1 +2cosf + cos®6) df
0

2 1 20
2/ (1—1—26039—1—&)%’
0

2

27
/ (3 +4cosb + cos20) df
0

sin 20
2

27
:<36+4sin9+ )‘0 — 61— 0 = 6.
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Arc Length in Polar Form

Thm (BARBLWIMRATR)

If f(0) and f'(0) are conti. on [, 5] with 0 <  — o < 27, then
the (arc) length of a polar curve r= f(f) from = a to 0 = is

dH/ VI8 6)]2 dé.

.
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Proof of above Thm

From the proof of the slope of a polar curve r = f(#), we know that

% = —f0)sinf + f'() cosf and % = f{0)) cos 0 + f'(0) sin 6.

Then we immediately get

() +

(%)2 = {— f0)sin® + ' (0) COSH}2

+ [f(&) cosf + f'() sin 9] ’
=[A0) + [f'(0)]>.  (Check!)

So, the arc length of the polar curve r = () is given by

dy
L_/ mde_/ VA0 0)]2 dé. g%g
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Example 4 (FTELOMEANRE)

Find the (arc) length of the cardioid
r=f0)=1-—cosb

from 6 =0 to 0 = 2.
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Example 4 R RE

y
r=1—cosf
P(r, 0)
r 1
NG
> X

2 0

FIGURE 10.38 Calculating the length AN

of a cardioid (Example 4).
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Solution of Example 4

The length of the given cardioid is

L= /ﬁ V2 + (r’)2d(9:/027r V(1 — cos )2 + (sin )2 do

21 21
= \/1—20059+00529—|—sin29d9: V2 —2cosfdf
0

0
21 21 0 21 0
= \/2(1—c050)d0:/ 4sin2d9:/ 2sin — df
0 0 2 0 2
2

_ (_40083)‘0 —4(1+1) =8.
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Useful Half-Angle Formulas

Recall (¥AAI)

90 1—cosf
@ sin“-=——— or

2sin“ — =1 — cosf.
2 2 2
0 1 0 0

e cos® — ﬂ or 2cos® = =1+ cosé.
2 2 2
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Thank you for your attention!
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