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Section 1.1
Review of Calculus
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A fuction f: X — R has the limit L at xp, denoted by

lim fix) =L,

X—>X0

ifVe>0,30>0st xeX,0<|x—x0] <d=|f(x)—L|l<e.
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Continuity (ZE#EMH)

Def 1.2

e

@ A fuction f: X — R is continuous (BI5: conti.) at xp € X if
lim f(x) = fixp).

X—rX0

@ fis conti. on X if it is conti. at each point of X.

© C(X) = {f|fis conti. on X} denotes the set of all conti.
functions defined on X.

Note: if X = [a, b], (a, b), [a, b) or (a, b] with a < b, write C[a, b],
C(a, b), Cla, b) or C(a, b], respectively.
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Limits of Sequences

Def 1.3
A sequence (f5: seq.) of real numbers {x,}5, converges (& %:

conv.) to the limit x, written

lim x, =x, or Xx, — xasn— o,
n—o0

ifVe>0 3 Ne)eNst.n>Ne) = |xp—x <e.

Thm 1.4 (FF5IEEE LRI %)

Let f be a real-valued function defined on ) # X C R and xp € X.
The followings are equivalent:

a. fis conti. at xg.

b. V seq. {x,}°°; C X with nILn;O G = 2 nll>ngo f(xn) = f(x0). =
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Differentiability (O] {73 t4)

Def 1.5

@ A fuction f: X — R is differentiable (% diffi.) at xp € X if
flx) — fixg flxo + h) — fixo)

) = lim .
X—X0 X — X0 h—0 h

@ fis cdiff. on X if it is cdiffy6t. at each point of X.

© C"(X) denotes the set of all functions having n conti.
derivatives on X.

© C°(X) denotes the set of functions having derivatives of all
orders on X.

6/61
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Continuity v.s. Differentiability

Let f be a real-valued function defined on X and xp € X. Then

fis diff. at xp = fis conti. at xg.
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Rolle’s Theorem

Thm 1.7 (Rolle’s Thm)

fe Cla, b] and fis diff. on (a, b). If f(a) = f(b), then 3 c € (a, b)
st. f(c)=0.
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Generalized Rolle’s Theorem

Thm 1.10 (Generalized Rolle’s Thm)

fe Cla, b] is n times diff. on (a, b). If f{x;) = 0 for some n+1
distinct numbers a < xp < x1 < -+ < x5 < b, then
3 c€ (x0,xn) C [a, b] s.t. £7)(c) = 0.
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Mean Value Theorem (B5: MVT, 13{EEE)

fe Cla, b] and fis diff. on (a, b). Then 3 c € (a, b) s.t.

f'(c) = f(bl))—f(a) or flb) —fla) = f'(c)(b— a).
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Extreme Value Theorem (f5: EVT, METEIE)

If fe C[a, b], then 3 c1, ¢ € [a, b] s.t.

flar) < fix) < flea) VYV x€ [a, bl
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Intermediate Value Theorem (B5: IVT, FEEEIE)

fe Cla, b], Kis any number between f(a) and f(b)
= Jce (ab)st. flc) = K
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Taylor Polynomials and Series

Thm 1.14 (Taylor's Thm, HEITEIE)

fe C"a, b, £7*1) Jon [a, b] and xg € [a, b].
=V x € [a, b], 3 £(x) between xg and x s.t. (x) = Pp(x) + Rn(x),
where

~ 4 (x) K
Pn(x) = z o (x—x0)", (the nth Taylor poly. for f)
k=0 ’

fn+1) £(x

(remainder or truncation error associated with Pp(x))

(X* Xo)n+1.
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Taylor Series (ZRENARE)

Q If lim R,(x)=0 V xe& (I interval with xy € /), then

n—oo

fix) = lim Pp(x i

(x—x0)k Vxel.
n—00 —0

We say that the Taylor series for f about xy conv. to fon /.

Q If xo = 0, the Taylor series is often called the Maclaurin
series.
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Example 3, p. 11

The second (or third) Taylor poly. for f{x) = cos x about xp = 0 is
P>(x) = P3(x) = 1 — 3x%, but their truncation errors satisfy

BN

6 )
(o Isin€( <€) < [x ¥V xeR)
[cos &0 x* _ [x*
- 24 - 24
(Sharper Bound for |x| ~ 0!)

|Ra(x)]| < =0.16 - [x*

= 0.0416 - |x]*.
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What are the goals of numerical analysis?

Two objectives of numerical analysis:
@ Find an approximation to the solution of a given problem.

@ Determine a bound for the accuracy of the approximation.
Is this error bound tight and sharp?
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Integration (1/2)

Def 1.12 (EEAHIE

@ The (Riemann) definite integral of fon [a, b] is defined by

b
/a f(x) dx = maxhgl,—»oz f(z) Ax;,

where P={a=xp < x1 < --- < x, = b} is any partition of
[a, b], zi € [xi—1,x] and Ax; = x; — x;—1 for i=1,2,...,n.

@ fis called (Riemann) integrable over [a, b] if the limit exists.

Note: fis conti. on [a, b] = fis integrable over |[a, b].
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Integration (2/2)

fis integrable over [a, b] —

b
b—a
= | fla =
[ oo n'J;OZZ =)

R Z w; - fix;) x, (w;: weighting coeff.)

with z; = x; or x;_1 for i=1,2,...,n.
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Riemann Sums (REH]) with z,=x; Vi

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 1, Numerical Analysis (1) 19/61



Weighted MVT for Definite Integrals

Thm 1.13 (EHE7HIEEIEEE)

fe Cla, b] and g is an integrable function that does not change
sign on [a, b]. Then 3 c € (a,b) s.t.

Note: When g(x) = 1, we have

1 b
flc) = b 3/a f(x) dx = fayg,

where f,,¢ is the average value of fon [a, b|.
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The Average Value of a Function
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Section 1.2
Round-off Errors and Computer
Arithmetic
(A= BBIET)
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Binary Machine Numbers (&I 1% z88F)

IEEE 754-1985 Standard (updated version: IEEE 754-2008)

@ Single Precision Format (32 bits; BIEE)

S|gn exponent (8 blts) fraction (23 bits)
R - 1562
3130 LY (bit index) 0

@ Double Precision Format (64 bits; E#5%)
exponent fraction
sign  (11bit) (52 bit
|
AR R
0 ] Q
63 52 0
© Extended Precision Format (80 bits; #EFIEE)
sign: 1 bit, exponent: 16 bits, fraction: 63 bits
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64-bit Floating-Point Representation

@ 64-bit representation is used for a real number.

e Each binary floating-point number (Z&i2]) has at least 16
decimal digits of precision.

o 1-bit sign (fF3%) s is followed by 11-bit exponent (&%) c
(characteristic, 0 < ¢ < 21 — 1 =2047) and 52-bit binary
fraction f (mantissa: E£]).
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The Normalized Forms (IERR{ERZ TSR (L2 T)

o Normalized binary floating-pint form of x € R is
fl(x) = (~1)°2° 105 (1 4 fly = <1+Zb2 N, 2,

where f= (O.ble ce bk)g.
e §={flly)|y € R} is a finite (and proper) subset of R.

e The difference between two adjacent (1H#RY) 64-bit
floating-point numbers is ey = 2752 & 2.22 x 10716,

Note: the machine precision (or epsilon) is
em=2"23~1.19 x 10~ for the single precision format.
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Some Examples

@ Since

27.56640625190 = 11011.10010001,
=1.1011100100015 x 2*, (Normalized Form)

we have s=0, c=4+ 1023 = 10271p = 100000000115 and
mantissa f=0.1011100100015. Using IEEE 754 format =

0 10000000011 10111001000100---0 (% 40 A=)
@ Note that
0.110 = 0.000115 = 1.100115 x 27,

How to store 0.11¢9 by using IEEE 754 format? AR\
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Remarks on |IEEE 754 Format

@ The smallest positive floating-point number (with s =0,
c=1and f=0)is

flmin = 271922(1 4 0) ~ 2.2 x 1073%,
@ The largest one (with s=0, c=2046 and f=1 — 2—52) is
flmax = 21023(2 — 2752) ~ 1.8 x 10%%.

Q |(X)| > flnax = overflow (LEAI) and |fI(x)| < flmin =
underflow (TNi&EfI) and reset x = 0.

Q Two zeros +0 (with s=0,c=0,f=0) and —0 (with
s=1,c¢=0,f=0) exist!

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 1, Numerical Analysis (1) 27/61



Decimal Machine Numbers (TiEAI#zRE81F)

@ Normalized decimal floating-point form of y € R is
flly) = £0.dida - - - di x 10",
where 1 <d; <9,0<d;<9(i=2,...,k)and n€ Z. In
this case, fl(y): k-digit decimal machine number.
@ The k-digit fI(y) of a normalized real number
y==20.d1d2- - didysq--- x 10"

can be obtained by terminating the mantissa of y at k
decimal digits.

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 1, Numerical Analysis (1) 28/61



Two Methods of Termination

@ Chopping: (BEEEEE)
ﬂ(y) = ﬂ:O.dldz s dk X 10",

i.e. simply chop off the digits dxi1dkia---.

@ Rounding: ([H1EH AJE)

fily) = +(0.d1dy - - dx + 107K) x 10", dyy1 > 5 (Round Up)
Y=\ 4£0.dydg---dg x 10", dis1 < 5 (Round Down)

= 40.0109 - - - § X 10" after chopping.
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Example 1, p. 20

Determine the 5-digit (a) chopping and (b) rounding values of

7 =0.31415926 - -- x 10%.

Sol:
(a) fl(r) = 0.31415 x 10! by chopping.
(b) fi(m) = (0.31415 4 107°) x 10! = 0.31416 x 10! by rounding.
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Absolute and Relative Errors (#8%]5rZ=EIEEIFRE)

Def 1.15

If p* is an approximation to p, then

© the absolute error is AE(p*) = |p* — p|.

@ the relative error is

RE(p*) = P |p_| pl, providred that p # 0.

Note: the relative error is independent of the magnitude of p, but
the absolute error might vary widely!
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Examples of Abs. and Rel. Errors

Example 2, p. 21

Find the abs. and rel. errors when approximating p by p*.
(a) p=0.3000 x 10' and p* = 0.3100 x 101.

(b) p=0.3000 x 10~3 and p* = 0.3100 x 10~3.

(c) p=10.3000 x 10% and p* = 0.3100 x 10%.

Sol:
E(p*) = 0.1 and RE(p*) = 0.3333 x 10~ L.

(a) AE(p
(b) AE(p*) = 0.1 x 10~ and RE(p*) = 0.3333 x 10~ L.
(c) AE(p

c) AE(p*) = 0.1 x 103 and RE(p*) = 0.3333 x 101,
(BB EEH 1%, BEREBYHZREZ(ERAK) &%
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Significant Digits (AU )

p* approximate p # 0 to t significant digits (or figures) if
3 largest t € NU {0} satisfying

RE(p*) = 1P |p_| Pl <5 %107,

Note: for any normalized y = 0.d1d> --- x 10" € R, its k-digit
decimal representation satisfies

RE(fl(y)) < 107+ = 10~ (1)
by using chopping (see the textbook), and
RE(fl(y)) < 0.5 x 107%1 =5 x 107%

by using rounding. (See Ex. 24, p. 31! )
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Finite-Digit Arithmetic (BRIZIFIETT)

Elementary Floating-Pont Arithmetic

For floating-point representations fI(x) and fl(y) of real numbers x
and y, assume that

x®y=f(filx)+ fily)), x®y=Ffflx)x fy)),
xOy=f(fllx)—fy), xoy=~fflx)+"f(y)).

Note: in practical computation, we usually have
flixopy) = (xopy)(1+0) with |0] < ep,

where op = +, —, X, +, and &y is the machine precision.
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Subtraction of Nearly Equal Numbers (1H1 ZHYRLZE)

Cancellation of Significant Digits

If x,y € R (x> y) have the k-digit decimal representations

ﬂ(X) = 0.d1d2 cee dpozp+1ap+2 s O X 10",
fi(y) = 0.d1dz - - - dpBpt18pt2 - - - B x 107,

then

ﬂ(X) = fl(y) = (0.ozp+1ap+2 ce Ol — O.ﬁp+1,3p+2 e ﬁk) x 10"°P
= 0.0p+10p42 - -0k X 10"7P,

i.,e. x&y = fl(fl(x) — fl(y)) has at most k — p significant digits,
with the last p digits being either 0 or randomly assigned.

<5
(O
L
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Magnification of Absolute Errors (#2¥}5=ZHITENX)

Suppose that fl(z) = z+ § with |§| being the absolute error. If
€ = 107" with n € N is a number of small magnitude, then

22~ (z+0) x 10" = Z 4+ 1075,
£
So, the absolute error in computing z/¢ is

07 - 16] = |]/.

z) 2|~
fi(e)
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Example 4, pp. 23-24 (1/2)

Given four real numbers

x= g = 0.714285, u=0.714251
v=98765.9, w=0.111111 x 10~%.

Find 5-digit chopping values of x& u, (x© u) @ w, (x© u) ® v and
udv.

<

Sol: The absolute error for x& v is
[(x=u) = (xS u)| = [(x = u) = I(FI(x) — fI(u))]
:\(g — 0.714251) — £1(0.71428 x 10° — 0.71425 x 10°)|

=(0.347143 x 1074 — 0.30000 x 10™*|
—0.47143 x 1075, A%
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Example 4, pp. 23-24 (2/2)

The relative error for x© u is given by

0.47143 x 1075
RE — —0.1358 < 0.136.
(S u) = 5517103 x 01| — 01358 = 0.136
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How to avoid the loss of accuracy?

@ Reformulation of the calculations to avoid the subtraction of
two nearly equal numbers.

(BESAE AR LIB AT HFHR)

@ Rearrangement of the calculations by the nested arithmetic.

(MRENREMRIZLUBDNRERHE)

The lesson: Think before you compute!
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[llustration of Trick 1

e Distinct real roots of ax*> + bx+ ¢ = 0 with a # 0 and
b? — 4ac > 0 are

—b++/b? —4ac N —b— Vb2 —4ac
= , 2: .

2a 2a

X1

o If b> 0 and 4ac < b2, then

o —b++b%—4ac~ 0= Loss of accuracy for computing x;!
o Rewrite the formula for x; by rationalization (A3£1E)

—2c N )
= ————— (D BAREHEEAR!
Vb —de T )

o Usexixp =< = xp = i — —b—\é@'.
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An Example for Trick 1 (1/2)

Example, pp. 25-26

Use 4-digit rounding arithmetic to determine the first root x; of
fix) = x> +62.10x+ 1 = 0.

Sol: Two real roots of f(x) = 0 are approximately

x1 = —0.01610723, x» = —62.08390.

Use 4-digit rounding =

fl(\/ b2 — 4ac) = fI(\/(62,10)2 — (4.000)(1.000)(1.000)) = 62.06,

—62.10 + 62.06
fixi) = ha — —0.02000,
2.000
with the relative error being
| — 0.01611 + 0.02000| 1 A
RE(fl(x1)) = =24x107L
(fila) |~ 0.01611] % Y
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An Example for Trick 1 (2/2)

In addition, if we use the reformulation for xq, then

fl(—2c¢) —2.000
fl = fl =fll ———— ) = -0.01610
Ga) (fl(b + VB — 4ac)> (62.10 T 62.06) ’
which has the small relative error 6.2 x 10~%.
Note: AT x; HWIBERAZE 3 EAMIE
AT
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An Example of Polynomial Evaluation (1/2)

Example 6, pp. 26-27

Evaluate the 3-digit chopping and rounding values of a poly.
fix) =x3 — 6.1x* + 3.2x+ 1.5 at x = 4.71.

of~y-are
Sol: The actual value is y = f(4.71) = —14.263899. Using 3-digit

CWWiB%fKO(l(ﬂ@mg—aﬂimaeﬁ%v@% hav.eajm 3-1igis, apSlesppiiess

fi(y) = ﬂ(((1o5. —135.) + 15.1) + 1.5) — ~13.4. (Rounding)
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An Example of Polynomial Evaluation (2/2)

Hence, the relative errors in computing fl(y) are

—14.263899 + 13.5

RE(fl(y)) = ) —14963899 ’ ~ 5.36 x 102, (Chopping)
—14.263899 + 13.4
RE(A(y)) = | _14'263;99 | ~6.06 x 1072, (Rounding)

= Only one significant digit for both chopping and rounding
values of y = f(4.71)!
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Nested Arithmetic (EARETT)

Rearrangement of Poly. Evaluation

@ Direct Computation: (4 multiplications and 3 additions)

fix) =x-(x-x)—6.1-(x-x)+32-x+1.5

@ Nested Computation: (2 multiplications and 3 additions)

flx) = ((xf 6.1) - x+ 3.2) X+ 1.5

Again, using 3-digit arithmetic with the nested form —

—14.263899 + 14.2

RE(fl(y)) = ’ —11963899 ’ ~ 4.5 x 1073, (Chopping)
—14.2 14.3
RE(A(y)) = ) 63899 + | ~25x 107, (Rounding) @8
—14.263899
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Useful Suggestion

The accuracy of an approximation can be improved if we reduce
the number of arithmetic operations.

(R UAESNEE ] MISUE SRR E!)

HW of Sec 1.2:
V 24,
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Section 1.3
Algorithms and Convergence

i SR RIE)
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Algorithms and Pseudocodes (FE#EH)

@ An algorithm is a procedure that describes a finite sequence
of steps to be performed in a specified order.

@ The objective of an algorithm is to implement a procedure for
solving a problem or approximating a solution to the
problem.

(BEEAEERKREENZ /I ZEERNBEILER)

@ Pseudocode is an informal environment-independent
description of the key principles of an algorithm.

@ It uses structural conventions of a programming language, but
is intended for human reading rather than machine reading.
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An Example of Pseudocode

To solve the root-finding problem

fix) =ax +bx+c=0 with a#0.

INPUT coefficients a, b, c.
OUTPUT approximate root x.
Step 1 Compute the discriminant D = b?> — 4ac.

Step 2 Compute approximate root x to f(x) = 0 using D.
Step 3 OUTPUT(x); STOP.
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An lllustration of Algorithm

INPUT N, x1,x0,...,%,.
OUTPUT SUM =YY x.
Step 1 SetSUM =0. (& 4o Z37441L)

Step2 Fori=1,2,...,Ndo
set SUM = SUM + x;. (e A\ F—78)

Step 3 OUTPUT (SUM);
STOP.
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Example 1, p. 33
The Nth Taylor poly. of fix) =

9= 2

i=1

Inx about xp =1 is

l+1

(x—1)".

Construct an algorithm to determine the minimal value of N s.t.

|In(1.5) — Pn(1.5)] < 107°.
Note: From the Alternating Series Thm —
piH N+1
e pa) < | GO e
fInx— Pu(x)] < [ —(x- 1)
So, the stopping criterion ({Z1E#E8l)) should be

N+1
N + 1
where TOL denotes the tolerance. (B&FiRZE)

|lant1] = ‘ (x— 1)N+1‘ < TOL,

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan

Chap . 1, Numerical Analysis (1)




Algorithm for Example 1

INPUT  x HYfE » ZETIRZE TOL » B Rk M -
OUTPUT %Rﬁl—’@(%ﬁzN'ﬂcfnu%u 15
Step 1 SetN =1;

y=x—1;

SUM = 0;

POWER = y;

TERM =y;

SIGN = —1. (JF 24 3 % JE & 5E)
Step 2 While N < M do Steps 3-5.

Step 3 Set SIGN = —SIGN;  (/F# 55 #£)
SUM = SUM + SIGN - TERM;, (& 4w & 78)
POWER = POWER - y;
TERM = POWER/(N + 1). (Gt F—28)
Step 4 If |TERM| < TOL then (#54#5/%)
OUTPUT (N);
STOP. (G HF % 2)

Step5 SetN =N+ 1. (CEHF—ki%E/K)

Step 6 OUTPUT (‘Method Failed’); (344 7 4 24) AR
STOP.
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Stability of Algorithms (JEE ARIIZTE M)

@ An algorithm is called stable if it satisfies the property that
small changes in the initial data produce correspondingly

small changes in the final results.

(MEENNMEE — FEERTEMNEIE)

@ Otherwise, the algorithm is called unstable, i.e. small changes
in the initial data produce large changes in the final results.

(MRENNMEE — FEEREEANIEEIE)

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 1, Numerical Analysis (1) 53/61



Growth of Errors

Def 1.17 (BRERZMEEFHKR)

Eg > 0: the magnitude of error at some stage in the calculations,
E,: the magnitude of error after n subsequent operations.

@ The growth of error is called linear if E, ~ CnEy, where the
constant C > 0 is independent of n.

@ The growth of error is called exponential if E, ~ C"Ej for
some C > 1.
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Example of an Unstable Algorithm (1/2)

The sequence {p,}°2, defined by
1 n n
Pn = Cl(g) + 23
is the general solution to the recursive equation (AEE51Z23)
Pn=pn1—pn2, n=203,....
@ po=1,p1 = % = c¢1 = 1,c = 0. The solution is

pr=(3)"

@ Use 5-digit rounding = po = 1.0000, p; = 0.33333 and
hence ¢; = 1.0000,¢2 = —0.12500 x 10~2. The solution is

1
Pn = 1.0000( ;)" — 0.12500 x 107°(3").
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Example of an Unstable Algorithm (2/2)

The absolute error in computing p, is
AE(pp) = pn — P = 0.12500 x 1075(3").

= An unstable procedure with exponential growth of errors!
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Rates of Convergence (W BIEEZ)

Def 1.18

Suppose that {a,}%2, and {8,}72 are two sequences with
lim o, = « and I|m Bn=0.1f 3 K>0and ng € Ns.t.

n—oo

lan —a| < K|Bs| ¥V n> no,

then we say that {a,}52, conv. to o with rate (or order) of
convergence O(/3,), and write

an=a+ 0(By). (as n— o)

Note: seq. {a,}32, is often generated by some iterative method
(3:f0)%), and it is often compared with 3, = ? for p > 0.
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Example 2, p. 37

For n > 1, consider two sequences of real numbers

n+1 N n+3
o and &, = T

n n

op =

Determine their rates of convergence.

Sol: Since
n+1 n+n 1
lap =0l = —5— < —5— =2 - =2,
n n n
. n+3 n+3n 1
|an_0‘:7§T:4'ﬁ=45n

for all n > 1, it follows that

1. 1
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Big-Oh Notation (X O F5%)

Def 1.19

Suppose that lim F(h) = L and lim G(h) =0. If 3 K> 0 and
h—0 h—0

0> 0s.t.

IF(h) — L| < K|G(h)| for 0 < |h] <&,

then we write

F(h) = L+ O(G(h)). (as h— 0)

Note: In practice, we often choose G(h) = hP for p > 0, and the
largest value of p is expected.
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Example 3, p. 38
Show that cos h+ 2h* = 1+ O(h*).

pf: From Taylor's Thm, 3 £(h) between 0 and h s.t.

1 cos&(h)
h=1—-h*+ —22ht for h#0.
cos 5 + 24 or h#0

Hence, we see that

1
(cosh+ 5h*) 1 :MW‘K /bt for h#0,

which gives the desired result by Def.
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Thank you for your attention!
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