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Section 6.1
Linear Systems of Equations

(FRIERMR; AEBUFREAR)
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To solve a system of n linear equations with n unknowns:

E;: ayixi + aexe + -+ ainxy, = by
E,: ag1X|) + agexg + -+ + agpXxp = bo 1)
E,: anmXx1 + anaXe + -+ + appXn = bp.

Definition

The vector x = [x1,x2, -+ ,x,] T € R" is called a solution to the
linear system (1).
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Matrix-Vector Forms (ZE[#E-@=EAZT)

The linear system (1) can be rewritten as the followg matrix-vector
form:

Ax = b,

where coefficient matrix A € R"*" and right-hand side vector
b € R" are defined by

ailr a2 - ain by

ay axp - an bo
A == b —

dnl dn2 " dnn bn

Assumption: The matrix A is nonsingular throughout the

context. Q@Q
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The Linear Solvers (#R14 Z2AREE T A)

@ Direct Methods: (BE5%)
e Used for solving small- or medium-sized linear systems with
full and dense coefficient matrices. (MM KERP/NERM £
#)
o Floating-point operation count (R flop) ~ O(n?).
o Gaussian Elimination (SHTEZ% - % GE) is an efficient
and stable algorithm for solving this type of linear systems.

@ lterative Methods: ((£f{)%)
e Used for solving large and sparse linear systems with problem
size n > 101, (BRTKERBUBEAR 14 Z47)
o flop = O(n) per iteration if A is a sparse matrix.
e Jacobi, Gauss-Seidel, SOR and CG-based methods,. . ..
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Y

Elementary Row Operations (EA5ES)

Three Row Operations

In order to simplify linear system (1), we use
O (AE;) — (E;): eq. E;is replaced by A - E; for any A # 0.

Q (E; + \E;) — (E;): eq. Ej is multiplied by any A € R and
added to eq. E;.

© (E;) <> (E;): exchange egs. E; and Ej for i # j.
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Gaussian Elimination (GE)

The Procedure of GE

Given a linear system Ax = b with A € R"*" and b € R".
© Form the augmented matrix A() = [A| b] € R™<(H1),

@ Applying row operations continuously, we obtain a finite
sequence of augmented matrices, i.e.,

A(l) — A(2) —5 .. 3 A(n)’

where A(" is upper triangular. (==E0)
© Use backward substitution (A& .A) to obtain

Xny Xp—1, " 5, X2, X].
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From A% to A2

o From the augmented matrix A1) = [A| b] = [a,(jl)], we have

- (1 1 1) -
351) 3(12) T 3(1,,)7+1
. 1 1 1
A — 351) agz) ag,r)H—l
1 1 1:
_3571) 3512) T 32,2;+1_
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From A to A® (Conti'd)

)
olfal’) £0,do (E— 2 E ) — (E)fori=2,3,....,n=
11 aD
- (1 1 1) A
351) 352) T ag,r)ﬁl
. 2 2
A2 = | 0 352) aé,l)ﬂ-l
: : 2:
L 0 3572) aEJ,r)rJrl_
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From A® to AG)

(2)
o Next, if al2) # 0, do (E,-— %Eg) s (E) for i=3,4,...,n
:> 22

r (1 1 1 1) 7
351) 3%2) 353) T ag,r)ﬂrl
2 2 2
0 3&2) 353) T ag,r)ﬂrl
AB) = | 3 3
: 0 a:(33) T aZ(S,r)erl
00 | ey e Al
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From A1 to /z\(k), k> 2

For each k > 2, suppose augmented matrix AK=1) has the form

r.(1) (1) (1) (1) (1) (1) T
a1 d12 A k—2 A k-1 Ak 1 ,n+1
(2) (2) (2) (2) (2)
0 dao a5 k—2 a3 k-1 Ak T 4 n+1
0
(k—2) (k—2) (k—2) (k—2)
(k1) —2k-2  Fk—2k-1 -2k 7 Fk—2,n+1
A = 0 (k—1) (k—1) (k—1)
A _1,k-1 1,k T 1041
(k—1) (k—1) (k—1)
A k—1 Ak T Fn+1
' i ' (k=1) (k=1) (k=1)
L 0 0 e 0 an,kfl an,k T A+l
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From A=Y to AW, k> 2 (Conti'd)

(k—1)
k-1 a;,_ .
If al(<—1,1)<—1 #0, do (E,- — (k’fl)l Ekfl) — (Ej) for k<i<n=
A 1 k-1
r (1 1 1 1 1 1 -
agl) 352) 35,272 a(1,/271 a(lk) ag,l)ﬂrl
(2) (2) (2) (2) (2)
0 ay - 2,k—2 9, k—1 Ak 2,n+1
0
: : ) (k—2) (k—2) (k—2) (k—2)
S () : : © Fk—2k-2  Fk—2k-1 Fp—2,k F—2,n+1
A = 0 (k—1) (k—1) (k—1)
A _1,k-1 A1,k 1,041
(k) (k)
0 3 k nt+1
L O 0 0 0 affi 3571,(,)14-1 J
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At Final Stage of GE

When k = n, the GE will produce an augmented matrix in upper
triangular form, i.e., (Bl&HA _L1ZECTR)

ajx a2 - ai,n—1 ain | ai,n+1
0 agy --- az n—1 an | agnt1
AN = 0 : |
An—1n-1 dn—1,n | dn—1,n+1
| 0 0 ce 0 Ann ‘ an,n+1 |

Note: Entries aj; # 0 are called pivot elements (¥f7T) for

1<i<n.
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Backward Substitution ([EI&{LA)

From the special form of A", we obtain the solution x to linear
system (1) as follows:
o Firstly, compute x, = ap n+1/ann.

@ Then compute x,_1,Xp—2,- - , X1 successively by

n
intl = D Ay
J=it+1 .
Xj = , i=n—1,n—2...,1.
dji

Note: This process is called the backward substitution of GE.
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Backward Substitution with n =3
Applying Backward Substitution for the 3 x 3 linear system

aiixiy + aiexe + aizxs = by
ageXo + aggx3 = by

as3xg = bz,

the unique solution to above linear system is computed via

x3 = b3/ az3,

by —axxs
Xg = ——7,
a2
b3 — aj2x0 — a13x3
X1 =

a11
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Will GE break down? (1/2)

Example 2, p. 363 (GE #E#THIBIF)

Use GE to find the solution of the linear system

Ei: x1—x042x3 — x4 = —8,
E>:  2x1 —2x9 4+ 3x3 — 3x4 = —20,
Es: x1+xo+x3=-2,

Ei: x1—xo+4x3+ 3x4 = 4.

Sol: Form the augmented matrix A as

1 -1 2 -1 | -8

an_ |2 23 =3 | -2
Tt 11 0 | -2
1 -1 4 3 | 4
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Will GE break down? (2/2)

@ Since a(lll) =1, do (Ei— a,(-ll)El) — Ej for i=2,3,4, we have
1 -1 2 -1 | -8
o _ |0 0 —1 -1 | —4
0 2 -1 1 | 6
00 2 4 | 12

@ Because a(222) = 0, GE will break down here and STOP!
@ How to fix it? Partial Pivoting Strategy!
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Partial Pivoting (1/2)

o If we do (E2) +> (E3), then A®) becomes

1 -1 2 -1 | -8
Ao _ 0 2 -1 1 | 6
0 0 —1 -1 | —4
00 2 4 | 12
o Applying (E4 + 2E3) — (Ey) =
1 -1 2 -1 | -8
an_ 0 2 -1 1 | 6
0 0 -1 -1 | —4
00 0 2 | 4
AT
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Partial Pivoting (2/2)

@ Use backward substitution =

4
Xy = 5 =2
o — [_4__(1_1)X4] =2
o — [6 — (—12)x;z, — x4 _3
8= (—1)xo —2x3 — (—1)xa] _7
X] = 1 N '

@ It seems that GE with partial pivoting works well in this case!
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Pseudocode of Gaussian Elimination

To solve the n x n linear system (1).

Algorithm 6.1: GE with Backward Substitution

INPUT dimension n; augmented matrix A = [a;] € R™(n+1),

OUTPUT solution x1, x9, -« , Xp.
Step 1l Fori=1,...,n—1 do Steps 2—4
Step 2 Find smallest i < p < ns.t. ap; # 0.
If not, OUTPUT(‘No unique solution exists."); STOP.
Step 3 If p # i, perform (Ep) <> (E;).
Step 4 For j=i+1,...,n do Steps 5-6
Step 5 Set mj; = aj,-/a,-,-.
Step 6 Perform (E; — m;iE;) — (Ej).

Step 7 If apn = 0, OUTPUT('No unique solution exists.'); STOP.

Step 8 Set x, = apnt1/ann. (Start backward substitution.)

Step9 Fori=n—1,...,1set xi = [ajnt1 — D11 2]/ air
Step 10 OUTPUT (x1,x2,- - ,x,); STOP.
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Operation Counts in Steps 5 and 6

e Multiplications/Divisions:

n—1 n—1
D=+ (n=in—i+ 1] =Y (n—i)(n—i+2)
i=1 i=1
n—1 3 2 _
:Z(n2—2ni—|—i2+2n—2i):2n +36n 5n'
i=1
e Additions/Subtractions:
n—1 n—1 n3 —n
d(n—in—i+1)=> (n*=2ni+P+n—i)= .
i=1 i=1 3
LEN
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Operation Counts in Steps 8 and 9

e Multiplications/Divisions:

n2+n

n—1 n—1
L+ [n=n+1 =143 (n=)+(n-1) = —
i=1 i=1

e Additions/Subtractions:

n—1 n—1 2

SNln—i-n+1=Y(n—)="2 2‘“.

i=1 i=1
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Tota Number of Arithmetic Operations

e Muiltiplications/Divisions:

2n3+3n2—5n+n2+n:n73+n2_3.
6 2 3 3

e Additions/Subtractions:

3—n_i_n2—n_n3_i_n2 5n
3 2 3 2 6’

o Total flop of GE ~ O(2n%) (as n — 0).
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Section 6.2
Pivoting Strategies
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Occurrence of Small Pivot Elements (1/2)

Example 1, p. 372

Apply GE to solve the linear system

Ei: 0.003000x; + 59.14x5 = 59.17
E>: 5.291x1 — 6.130x0 = 46.78,

using 4-digit rounding arithmetic and the exact solution is
x1 = 10.00 and x2 = 1.000.

<

Sol: Note that mgy = fl(52255) = f(1763.66) = 1764. Then do

(Ez — m1E1) — (BE2) =
AI(—6.130 + fI(—1764 - 59.14))xz = AI(46.78 + f(—1764 - 59.17))

or —104300x; = —104400 and hence x5 ~ 1.001. 20
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Occurrence of Small Pivot Elements (2/2)

Substituting xo = 1.001 into E;, we obtain

59.17 — (59.14)(1.001)
0.003000

X A f/( ) — ~10.00,

which gives a totally wrong answer for x;! Why?
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Partial Pivoting (3372 % #i7T)

For each i=1,2,...,n—1, find smallest integer p > is.t.
\a ]— max\ ]
i<j<n

Then perform the row operation
(Ei) <> (Ep) ifp#i.

This strategy is also called maximal column pivoting.
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Improvement of Accuracy for Example 1

Example 2, p. 373 (UERIE 1 BIGTEIEE)

Apply GE with partial pivoting to solve the linear system

Ei: 0.003000x; + 59.14x5 = 59.17
E>: 5.291x1 —6.130x9 = 46.78,

using 4-digit rounding arithmetic.

Sol: Since |a11| < |a21], we first perform (E;) <> (E2):

Ei: 5.291x; —6.130x; = 46.78
Es : 0.003000x; + 59.14x = 59.17.

Then my; = fI(22%900) = 0.0005670. Do

(Ey — mp1Ey) — (E3) = 59.14x; ~ 59.14 and hence x5 = 1.000.
Moreover, x; = 10.00 is correct now! %y
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To solve the n x n linear system (1).

Algorithm 6.2: GE with Partial Pivoting

INPUT dimension n; augmented matrix A = [a;] € R™(n+1),

OUTPUT solution x1, X9, -« , Xp.
Step 1 Fori=1,...,n—1 do Steps 2-5
Step 2 Find smallest i < p < ns.t. |a,]| = maxi<j<n |aji.
Step 3 If a5 = 0, OUTPUT(‘No unique solution exists.); STOP.
Step 4 If p # i, perform (E,) < (Ej).
Step 5 For j=i+1,...,n do Steps 6-7
Step 6 Set mj = aj,-/a,-,-.
Step 7 Perform (E; — m;iE) — (Ej).

Step 8 If apn = 0, OUTPUT('No unique solution exists.'); STOP.

Step 9 Set x, = apnt1/ann. (Start backward substitution.)
n

Step 10 For i=n—1,...,1set x; = [ajnt1 — DL ;11 2]/ i
Step 11 OUTPUT(xy, x2,- -+ ,xn); STOP.

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 6, Numerical Analysis (1) 29/100



Occurrence of Coefficients of Large Magnitude

Example 1’

Apply GE with partial pivoting to solve the linear system

E;: 30.00x; + 591400x; = 591700
Es:  5.291x1 —6.130x2 = 46.78,

using 4-digit rounding arithmetic. Exact solution is x; = 10.00
and xo = 1.000.

Sol: Note that
5.291

30.00

Perform (E2 — Mmooy El) — (EQ) = —104300x2 ~ —104400. Hence,
X2 &~ 1.001 and x; &~ —10.00! Why? AR

mo1 = f/( ) =0.1764.
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Scaled Partial Pivoting

@ At the start of GE, compute n scale factors once as follows.

S; = max |aj; i=1,2,...,n.
1 ISj§n|lj|7 ) < 9

@ Foreachi=1,2,...,n—1, find smallest integer p > i s.t.

() ()
|api| ~ max |aji ‘
Sp i<j<n Sj

o If i p, perform (E;) « (Ep).
o This strategy is also called scaled-column pivoting.
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Example 2’
Apply GE with scaled partial pivoting to solve the linear system

E;: 30.00x; + 591400x; = 591700
Ex: 5.291x1 —6.130x0 = 46.78,

using 4-digit rounding arithmetic.

v

Sol: First compute scale factors s; = 591400 and ss, = 6.130. For
i=1, we see that

. 291
ol _ g 3000y g 073 x 104 < 122] _ 229

2y = 0.8631.
s1 591400 s 6.130

So, perform (Ez) <+ (E1) = we obtain the correct solution
x1 = 10.00 and x; = 1.000! A%
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To solve the n x n linear system (1).

Algorithm 6.3: GE with Scaled Partial Pivoting

INPUT dimension n; augmented matrix A = [a;] € R"™(n+1),
OUTPUT solution x1, X9, -« , Xp.
Step 1 Fori=1,...,nset s; = maxi<j<n|ajj;
If s; =0, OUTPUT('No unique solution exists."); STOP.
Step2 Fori=1,...,n—1 do Steps 3-6

Step 3 Find smallest i < p < n s.t. % = maXj<j<n ‘Z"l.
Step 4 If ap; = 0, OUTPUT(‘No unique solution exists.); STOP.
Step 5 If p # i, perform (E,) < (E)).
Step 6 For j=i+1,...,n do Steps 7-8

Step 7 Set mj; = aj,-/a,-,-.

Step 8 Perform (E; — m;iE;) — (Ej).

Step 9 If apn, = 0, OUTPUT(‘No unique solution exists.'); STOP.

Step 10 Set x, = apn+1/ann. (Start backward substitution.)

Step 11 Fori=n—1,...,1 set x; = [3jn+1 — ZJ'-’:,-H ajjxjl/ aii.
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Complete Pivoting

@ Foreach k=1,2,...,n—1, find integers k < p,q < ns.t.

(k)| _ (K)
[3pq | = max |aj"].

e If p=#ior g# i row and/or column interchanges are
performed to bring a,(glz,) to the pivot position ag(i).
@ This strategy is also called the maximal pivoting at the kth

step.
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Section 6.5
Matrix Factorization

(FEFE 7 %)
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@ For solving a linear system Ax = b, it requires O(%n:j)
arithmetic operations to determine x € R”".

o If the right-hand vector b € R is changed to another vector b
(and coeff. matrix A is unchanged), how can we solve this
linear system efficiently using some matrix factorization of A
generated from GE?

@ In fact, if A has been factored into the triangular form
A= LU,

where L is lower triangular and U is upper triangular, then the
operation counts can be reduced to O(2n?)!
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Comparison of Arithmetic Calculations

The relative rate of reduction of the operation counts O(2n?)
compared with O(%n3) becomes larger and larger for n = 10, 102
and 103, respectively. The results are shown in the following table.
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The 1st Step of GE

Let A = A e R™" and b)) = b € R” for a linear system.

olfa(l);é()do(E- '(11)5)—>(E-)for/:23 n=
1,1 ' la(li I 93y ey

1

r (1 1 1 r
IR
2
A(Q) _ 0 aé?% . aé?z ’ b(g) - bg )
L 0 an?% T ag"- -b572)_

@ The corresponding multipliers are given by

A
mj1 = 2’11), i=2,3,...,n.
ajy A%

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 6, Numerical Analysis (1) 38/100



The 1st Step of GE (Conti'd)

o This is equivalent to
AP = MO AL and b = MO pD)

where the first Gaussian transformation matrix
M) e R"™" is defined by

1 0 -+ - 0]
—my, 1 0 --- 0
(1) —
M = —ms 1 0
: : . -0
| —Mp1 o - 0 1]
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At the kth Step of GE, 2 < k< n-—1

(k+1)
bl

b(k+1) _ b(2k+l)

p{k1)

(k)
k a; .
o Ifafy #0,do (£~ S5 6) > (E) for k+1<i<n=
’ ap k
ES S A AT
0
X k 3 k
A(k+1) _ . al<(,1)< 312,24-1 al(<,r)1
k+1 k+1)
0 31(<+1,1)<+1 ‘91(<+1,n
T ikﬁf Ay ]

@ The corresponding multipliers are given by

i=k+t1,k+2,...

, N
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At the kth Step of GE, 2 < k< n—1 (Conti'd)

@ This is equivalent to
AKED = MW AR and pEtD) = Mk pk)

where the kth Gaussian transformation matrix
M) ¢ R is defined by

10 07
0
ik — : 1 0
— M1,k 1
: 0
L0 Mk 1 7
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The Inverse Matrix of M®¥

It is easily seen that the inverse matrix of M®¥) is given by

1 0 N 0]
0
L0 _ [/\/I(k>]’1 _ : 1 0 : )
: Mit1,k 1
: 0
_0 Mp k 1_

foreach k=1,2,...,n—1.

MRLRO =1 or LOMK =

where [ denotes the n x n identity matrix.
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LU Factorization (LU 73 %)

Assume the GE is performed without row interchanges —-

(1)

U= A = pin=1 o@D A = a5y
)

ann

is an n X n upper triangular matrix. So, we obtain the LU
factorization of A as

A = MO M@~ min= D)y
— W@, =Dy

L (1)

1 11 ’ a1n
mo1 1 O AN )
_ 22 2n — LU
GO @ A
()
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Matrix Product of L) [(2)[ ()

For example, when n = 4, it follows from (2) that

1 0 0 01 O 00O
(1) (2) (3) _ mo1 1 00 0 1 0 0 (3)
LoLTL ms1 01 0 0 msg 1 0 L
| M41 0 0 1 0 my 0 1
[ 1 0O 0 0lfr 0 0 O
. ma1 1 0 O 0 1 0 0
o ms31 ms2 10 0 0 1 0
_m41 may9 0 1 0 O mus 1
[ 1 0 0 O
o mo1 1 0 0 =1
o ms31  Msg 1 0 -
my1 my2 my3 1

- A%

= L is a lower triangular matrix with 1s on the main diagonal.
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Thm 6.19 (45FE A &9 LU 5 )

If the GE can be performed on Ax = b without row
interchanges, then A € R™" can be factored as A = LU, where

mp1

and U=

1

W D]

i An
(2) (2)
doo 1 Aoy
(n)
ann i

are lower triangular and upper triangular matrices, respectively.
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General Form of LU Factorization

Observe each entry of matrix factorization A= LU € R"™", i.e.,

a1 -+ din hi 0 up -+ Uip
A= | = S| = LU

anl e ann /nl e /nn 0 Unn

Q 211 = hiu11 = determine /1 and uq;.

@ determine the 1st row of U: uy; = alj//n, and the 1st column
of L: [ = aj/uii for j=2,3,...,n.

©Q Fori=223,...,n—1, we have

i—1
e a; = Z lyeuyi + liju;; = determine [; and u;; .

k=1
o determine the ith row of U: u;j = (a;j—---)/l; for
j=i+1,....n.
o determine the ith column of L: [;; = (aj; —---)/uj for
j=i+1,...,n.
n—1 QE;?\G
Q amn = > lklkn + lnntn, = determine /,, and ), .

k=1
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Algorithm 6.4: LU Factorization
INPUT dim. n, A= [aU] € Ran; I]_]_ R /nn = 1,
upp = -+ = Upp = 1.

OUTPUT lower triangular L = [/;j] and upper triangular U = [u;].

Step 1 Select /1 and wy; satisfying hiui1 = a11. If hiiupr = 0 then
OUTPUT('Factorization impossible'); STOP.
Step 2 For j=2,...,nset uyj = alj/ln; /ﬂ = ajl/uu.
Step 3 For i=2,...,n— 1 do Steps 4-5
Step 4 Select /; and uj; satisfying l;u; = aji — Z;::ll lixugi. I liu; =0
then OUTPUT('Factorization impossible'); STOP.
Step 5 Forj:i—|—1 ,n set

uj =1 [au Zk_ kukj} (ith row of U)
li= [aj, Zk:l ijk,‘:|. (fth column of L)

Step 6 Select I, and u,, satisfying lnntupn, = apn — Z;% Ik U
Step 7 OUTPUT(L and U); STOP. 5
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In Algorithm 6.4 (LU Factorization), three methods are condidered
for choosing the diagonal entries of L and U.

The Choices of /; and u; (1 < i< n)

@ Doolittle’s method: /; = 1 are required for i=1,2,..., n.
@ Crout’s method: u; = 1 are required for i=1,2,...,n.

© Cholesky’s method: /;; = uj; are required for i=1,2,...,n.

Note: Doolittle’'s method is the same as the LU factorization
given in Thm 6.19! The entries of L and U satisfy

/,-j:m,-j, 1§j<i§n

and
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Example 2 (a), p. 404

Apply the Doolittle’s method to determine the LU factorization
for A in the 4 x 4 linear system Ax = b with

1 1 0 3 1
2 1 -1 1 1
A=ls 1 1 2| M b=
-1 2 3 -1 4
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Solution of Part (a)

e Do (E, = m,-1E1) — (E;), i=2,3,4 with mgp = 2, m3; = 3,
my1 = —1. Then

1 1 0 3
@) _ 0 -1 -1 -5
A 0 -4 -1 -7

0 3 3 2
e Do (E, = m,‘QEQ) — (E,'), i= 3,4 with mgs =4 and mye = —3.
Then
1 1 0 3
@) _ 0 -1 -1 =5|_
A 0 0 3 13 | v
0 0 0 -—13
YaV
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Solution of Part (a)-Conti’'d

@ Now, if we let the lower triangular matrix L as

1 0 0 0
[ = 2 1 0 0

3 4 1 0|’

-1 -3 0 1

then it follows from Thm 6.19 that

1 0O 0 0 1 1 0 3
2 1 0 0 0O -1 —1 =5
A= 3 4 1 0 0 O 3 13 = Lk (3)
-1 -3 0 1 0 O 0 —13
0N
Ve
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Question

Suppose that A € R"" has been factored into its LU factorization
A = LU, where L and U are lower and upper triangular matrices,
respectively. How can we solve the linear system

Ax=b, xeR"

within O(2n?) arithmetic operations for any right-hand b € R"?

Ans: may utilize the triangular forms of L and U!
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Two-Step Process for Solving Ax= b
Since A = LU, we see taht

Ax= (LU)x=L(Ux) = b, xeR"

O Firstly, solve the lower-triangular system
Ly=5»b

for the solution y € R".
@ Next, solve the upper-triangular system

Ux=y

for the solution x € R” to the original linear system Ax=b. |g
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Procedures of Numerical Solutions

For any right-hand vector

b= [b17b27"' 7bn]T€Rn7

we shall apply
@ Forward Substitution ([@ATXA): y; = by/h1 and

i—1
1
yi= (b= Y l)s =280
n _j:l

@ Backward Substitution (B A): x, = y,/u,, and

1 . .
X":uT,-,-(y’_,Z upg), i=n—1n=2,..1,
Jj=i+1
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Amount of Floating-Point Arithmetic Operations

e Operation counts for the forward substitution ~ O(n*).
o Operation counts for the backward substitution ~ O(n?).

@ Thus, total operation counts for solving n x n linear systems
with different right-hand vectors can be reduced to O(2n%)!
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Example 2 (b), p. 404

Use part (a) of Example 2 to solve the 4 x 4 linear system Ax = b,
where the coefficient matrix A is unchanged, but the right-hand

vector
1 8
1] . = 7
b= _g| s changed to b = 14
4 i

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 6, Numerical Analysis (1) 56,/100



Solution of Part (b)

From Eq. (3) in part (a), we have

1 0 0 Off|1 1 O 3
2 1 000 -1 -1 -5

A= 3 4 1 0[]0 0 3 13 = LU
-1 -3 0 1|0 0 O -13

(1) Apply forward substitution to solve Ly = b for the vector y:

1 0 0 Of (v 8
]2 10 Of [yof | 7] 7
by=1ls 4 1 0| |y| = 4| =P
-1 -3 0 1f (wa =7
Theny1:8,y2:7—2y1:—9,y3:14—3y1—4y2:26 T
and yg = =7+ y1 + 3y = —26. 59
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Solution of Part (b)—Conti’d

(2) Solve the upper-triangular system Ux = y for the sol. x:
1 1 0 3 X1 8
Uee [0 1 =1 =5 | be| _ | -9 _
“lo 0o 3 13| |xs| |26|
0 0 0 —13| [x4 —26
Finally, we obtain x4 =2, x3 =0, xo = —1 and x; = 3 by
using the backward substitution.
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Permutation Matrices

@ The LU factorization in Thm6.19 holds when the GE is
performed without row interchanges.

@ When row interchanges are required in practical computation,
the LU factorization of A € R"*" will be modified by applying
the permutation matrices (E%EE).

e A permutation matrix P = [p;] € R"*" is a matrix obtained
rearranging rows of the identity matrix / (or /).

@ A permutation matrix is a matrix with precisely one nonzero
entry in each row and in each column, and each nonzero entry

is 1. (BAIMBTR—EFRETE  HZIFBETES 1) 7
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Two Useful Properties

If ki, ks, ..., kpis a permutation of integers 1,2,..., n and the
permutation matrix P = [p;] € R"*" is defined by

(1, ifj=k
Pij = 0, otherwise

fori,j=1,2,...,n, then
(1) PA permutes the rows of A, i.e.,

akl,l ak1,2 Tt akl,n
ka1 Fkp2 " dkgyn
PA = . ]
Ak, 1 dk,2 ° dkyn
(2) P! exists and P~' = PT  i.e., permutation matrices are A
orthogonal matrices.
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Modification of Gaussian Elimination

@ Suppose that a permutation matrix P € R"*" is known in
advance s.t. the linear system

PAx = Pb

can be solved by the GE without row interchanges.

e From Thm 6.19 = 3 (unit) lower triangular L € R"*" and
upper triangular U € R™" s.t.

PA=LU.
@ So, the coefficient matrix A € R" " can be factored into
A=PlLU=(PTL)U= LU,

where L = PTL is NOT a lower triangular matrix! Ve
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Thm (LU Factorization for GE with Partial Pivoting)

If GE with partial pivoting is used to compute the upper
triangularization

Mr=Yp o MOPA=U

with P; being the interchange permutation involving row i/ and row
w(>i)fori=1,2,...,n—1, then

PA = LU,

where P = P, 1 --- Py is a permutation matrix and L is a unit
lower triangular matrix with |/;] < 1.

See Thm 3.4.1 (p. 113) in Matrix Computations written by G.
Golub and C. F. Van Loan, 3rd ed., The Johns Hopkins University
Press, 1996. 4
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Example 3, p. 408
Determine a factorization in the form

PA=LU or A= (PTL)U

for the matrix

0O 0 -1 1
1 1 -1 2
A= -1 -1 2 0
1 2 0 2

Sol:
@ Since a1; =0, do (E;) ¢ (Ez), followed by (Esz + E1) — (Es)
and (Ey — £) — (E4) =

11 -1 2

@ (00 11

A 00 1 2 20
01 1 0
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e Equivalently, if we let

010 1
P, = (1) and MY = (1)

S O =

OO O =
= o O o
O O = O
o~ O O
—_ o o o

0

then we see that MV P, A = A2,
o Next, (E2) <+ (E4), followed by (E4 + E3) — (E4), gives that

-1

11 -1 2
@p,a@_ |01 1 0p e _
M3 P, A 0 1 ol =AY=U
00 0 3
where permutation P> and unit lower triangular M®) are
1000 100 0
~loo o0 1 @ _ 0100
P2=1o 010" M =Tloo1 o A%
0100 001 1
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@ Because M P A = A®) and MB)P,A2) = U, we obtain
M (PaMY Py)(PaP1)A = MB) P,AR) = U, (4)

@ Matrices P = P,P; and M) = PQM(I)PQ are computed as

0100 1 00 0
o001 T4 |[-1 100
P=loo 1 ofr M= 010

1000 0 00 1

Then the desired lower triangular matrix L is given by

1 0 0 0
~ _ 1 1 .0 0
L=MIIMIT = g g
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e From (4), we immediately obtain the factorization

1 0 0 0]f1r 1 —1 2

1 1 0 0jf0 1 1 0

PA=LU= -1 0 1 0|0 0 1 2

0 0 -1 10 0 0 3

@ Since P is a permutation matrix, it follows that
0O 0 —1 11 1 -1 2
T 11 0 0o OJf0O1 1 O
A=(POU= -1 0 1 0]l]0 0 1 2
1 1 0 0[]0 0O O 3
L2
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Section 6.6
Special Types of Matrices
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Introduction

Three Types of Matrices

In practical applications, we often encounter the following types of
matrices:

@ Diagonally dominant matrices. (¥1E15{EFEE)

@ Positive definite matrices. (IEEXEPE)
© Band matrices. (ETXEME; THiAZRME)
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Diagonally Dominant Matrices

Def 6.20, p. 412

Let A= [a;] be an n x n matrix.
e A s called diagonally dominant (¥{E1418) if

n
|aji| > Z lagj| fori=1,2,...,n.
j=1

JFi

e A s called strictly diagonally dominant (B8 ¥ B1L1E) if

n
|aji| > Z laj| fori=1,2,...,n.
j=1
i
\E
0~
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[llustration

Two Examples

72 0
@ The nonsymmetric matrix A= [3 5 —1]| is strictly
0 5 —6
diagonally dominant. i
6 4 =3
@ The symmetric matrix B= | 4 -2 0 | is NOT
-3 0 1
diagonally dominant. i
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GE with Strictly Diagonally Dominant Matrices

Thm 6.21 (ER1EHAGEEIMEE)

Let A € R™" be strictly diagonally dominant. Then

(i) Ais nonsingular.

(i) The GE process can be performed on Ax = b to obtain its
unique solution without row or column interchanges.

(iii) The GE is stable with respect to the growth of round-off
errors in this case.
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Proof of Part (i)

Claim: Ax=0 VxeR"= x=0.
If x#0, 31 < k<nst 0<|x] = max |xj|. Since Ax=10, we
1<j<n

see from the kth row of Ax that

n n
O:E aijj or  aXk = — E ag;jXj.

_j:l ji=1
itk

Then we obtain

- \X!
Jakkl Xl < D lawlbgl or fa] < Z |a_/| : Z |akl

j=1 j=1
J# K J# K oy
which gives rise to a contradiction! T
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Proof of Part (ii) (1/3)

o Since A = A is strictly diagonally dominant, |a§11)| > 0 and
hence A®) is generated by GE without row interchanges.

@ For i=2,...,n, GE produces

e
3512) =0, 3,('12) = a,(.jl) ~ UL for 9 <j<n
7

Taking the absolute values on both sides —

n n n (1)
AL AL DI Gl G

(1)
ji=2 j=2 j=2 Eltd
i A IE3
&
28
Ve
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Proof of Part (ii) (2/3)

o Since A= AW is strictly diagonally dominant, we see that

n n

1 1 1 1
O A= B, S EE < A1) @
j=2 j=2

J#i i#i

e Combining (5) with (6) =

n (1)
2 1 1 lan’l 1
> 18] < 1ail = lal + A5 (lafy | = 1a(])
i=2 il
VENI
1,1 1) _(1
oo BN o del @
= |a; | 0 < |aj; 1) = lag"|,
|aiy| a1
for i=2,3,...,n. Hence, A® is strictly diagonally W
dominant.
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Proof of Part (ii) (3/3)

@ This implies that \a,(,-z)| >0fori=1,2,...,n.

@ Continue this process inductively = the upper triangular
matrix A" is also strictly diagonally dominant with
\a,(i")] = ]a,(-,-')\ >0fori=1,2,...,n.

@ Therefore, GE can be applied to solve the linear system
Ax = b without row or column interchanges!
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Positive Definite Matrices

A € R™" is called positive definite if it is a symmetric matrix
satisfying x"Ax > 0 for all 0 # x € R".

Thm 6.23 (IEEEFERIMEFH)

If Ais an n x n positive definite matrix, then

(i) A has an inverse;
(ii

) ai>0fori=1,2,...,n;
(i) max |ag| < max |a,,|
)

1<k, j<n 1<i<

(iv) (aj)? < ajiayj for i # j.

Note: These necessary conditions are used to eliminate certain Q@\d
matrices from consideration.
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Def 6.24

A leading principal submatrix of A = [aj] is a matrix of the form

d11 412 - dilk
dg1 d22 - a2

Ac= | . . | e Rkxk
akl  adk2 o dkk

for some 1 < k < n.

|
A

Thm 6.25 (E4EMERIZES BB

A € R™" is positive definite <= det(Ax) > 0, where Ay is the kth
leading principal submatrix of A for k=1,2, ..
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GE with Positive Definite Matrices

Thm 6.26

The matrix A is positive definite <=

e GE without row interchanges can be performed on Ax = b
with all pivot elements positive.

@ Moreover, GE is stable with respect to the growth of
round-off errors in this case.
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The LDLT Factorization

A € R™" is positive definite <= A = LDL", where L € R™" is a
lower triangular matrix with 1s on its diagonal and D € R"*" is a
diagonal matrix with positive diagonal entries.

Note: The LDLT factorization requires
o in3+ n? — Zn multiplications/divisions,
° %ng’ — %n additions/subtractions,
e additional O(n?) operations to obtain the solution of Ax = b.

So, total flop ~ O(3n3).
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The 3 x 3 Case

The 3 x 3 positive definite matrix is factored as A = LDLT, i.e.,

dilp A21 Aasi 1 0 0 d1 0 0 1 /21 /31
dp1 a2 ag2| = /21 1 0 0 d2 0 0 1 /32
a3l das2 ass _/31 /32 1 0 0 d3 0 0 1

[ dy di b1 dil31
= |dih dy + di 2 dalsa + dy 1 l3;
|dils1 dibkilsy + dalsa diBy + dofiy + ds

Then the 6 unknowns can be obtained by

ajy : di =ai, agy: by =ax/di, asi:lky =as/dl,
agy: dy = agy — di 3, asay: by = (ag2 — dibil1)/dz, (7)

. _ 2 2
assg . d3 = as3 — d1/21 — d2/31.
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Pseudocode for LDLT Factorization

Algorithm 6.5: LDL" Factorization

INPUT dimension n; the matrix A = [a;] € R"™".

OUTPUT lower triangular matrix L and diagonal matrix D.
Step 1 For i=1,...,n do Steps 2-4
Step2 For j=1,...,i—1 set v; = [;d;.

i—1
Step 3 Set d; = a; — > ljv;.
j=1
i1
Step 4 For j=i+1,...,nset [ = (aj— > lxw)/d;
k=1

Step 5 OUTPUT(/jfor j=1,...,i—1land i=1,...,n);
OUTPUT(d; for i=1,...,n); STOP.
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Example 3, p. 418

Find the LDLT factorization of the positive definite matrix

4 -1 1
A= |—-1 425 275
1 275 3.5

Sol: From Egs. (7), we have

d1 = a1 = 4, /21 = 321/d1 = —1/4 = —0.25,
by = a3 /dl = 1/4 =0.25, dy = agy — di 3y = 4.25 —0.25 = 4,
/32 = (332 — d1/21/31)/d2 = 0.75, d3 = asz3 — C/ﬂ%l — C/Q/%l =1.

Hence, the matrix A can be factored as

1 0 0]f4 0 0] 1 —025 025
A=IDL"=1]1-025 1 ofl|o 4 ofl|lo 1 075 .
025 075 1|10 0o 1[0 0 1 Ve
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The LLT (or Cholesky) Factorization

Thm 6.28 (Cholesky Factorization)

A is positive definite <= A = LLT, where L is lower triangular
with nonzero diagonal entries.

Note: The Cholesky factorization requires

° %n?’ + %n2 — %n multiplications/divisions,

° %n?’ — %n additions/subtractions,

@ The operation counts of n square roots ~ O(n),

e additional O(n?) operations to obtain the solution of Ax = b.

So, total flop ~ O(%n3).

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 6, Numerical Analysis (1) 83/100



The 3 x 3 Cholesky Factorization

The 3 x 3 positive definite matrix is factored as A = LLT ie.,

ajl a1 as lisn 0 0| |lin k1 Il
axy axp agz| = |k l2a O 0 Iz ko
agy azg a3 |1 k2 133 [ O 0 33
[ B, h1h h1k1
= |hibka By + B, h1l31 + halso
\hilsi bilsy + lohy By + By + B,

Then the 6 unknowns can be obtained by

ain: h1 =+an, agi:hki=ax/h, asi:hki=as/hi,

gz : by = (agg — B2, ase: ho = (az2 — hiki1)/h2,  (8)

ass : l3 = (ags — 5, — By) /2. A
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Pseudocode of LLT Factorization

Algorithm 6.6: Cholesky Factorization

INPUT dimension n; the matrix A = [a;] € R"™".
OUTPUT lower triangular matrix L.

Step 1 Set h1 = /a11.
Step 2 For j=2,...,nset [y = aji/hi.
Step 3 Fori=2,...,n— 1 do Steps 4-5

i1
Step 4 Set Iy = (a; — > B)Y/2.
k=1

i-1
Step 5 For j=i+1,...,nset = (aj— > lli)/l.
k=1

n—1
Step 6 Set Inn = (apn — D /37,()1/2.
k=1

Step 7 OUTPUT(/j for j=1,...,iand i=1,...,n); STOP. v
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Example 4, p. 419

Find the LLT factorization of the positive definite matrix

4 -1 1
A= -1 4.25 275
1 275 3.5

Sol: From Egs. (8), we have

/11 = /a1 = 2, /21 = 221//11 = —1/2 = —0.5,

b = as1/h1 =1/2=0.5, hy= (a2 — B;)"/? =2,

lg = (a32 — hil1)/bho = 1.5, |3 = (agg — 2 — By)/? = 1.
Hence, the matrix A can be factored as

2 0 0|12 —-05 0.5

A=LLT=|-05 2 0|l |0 2 15]. A%
05 15 1/ [0 0 1
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Band Matrices (T iAKE )

Def 6.30

A = [aj] € R™" is called a band matrix if 31 < p,q < ns.t.
aj = 0 whenever p < j—jor g < i— j. The band width of A is
defined by w = p+ g — 1.

Note

@ p is the number of diagonals above, and including, the
main diagonal where nonzero entries may lie.

@ g is the number of diagonals below, and including, the
main diagonal where nonzero entries may lie.
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An lllustrative Example

The 3 x 3 matrix

7T 2 0
A=13 5 -1
0 -5 —6
is a band matrix with p = g = 2. The band width of A is
w=24+2-1=3. |
Note:

@ Band matrices with p = g = 2 are also called tridiagonal
matrices. (=¥ E#RABME)
@ p=q =2 and p=q =4 are two special cases of band

matrices that occur frequently in the boundary-value problems
of ODEs. (M%) 572k BERH)
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Crout Factorization of a 4 x 4 Tridiagonal Matrix (1/2)

The 4 x 4 tridiagoal matrix is factored as A= LU, i.e.,

ail  di2 0 0 /11 0 0 0 1 ui2 0 0
agl ax a3 0| fkby hy O O] ]0 1 w3 O
0 as2 asg asa| |0 ko kg O [0 0O 1 g
0 0 a3 au 0 0 I3 Iy 0 O 0 1
l11 hiui2 0 0
_ |21 fawa+ o lao u23 0
0 l32 l32u23 + I33 l33u34
0 0 l43 lazusg + laa
AR
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Crout Factorization of a 4 x 4 Tridiagonal Matrix (2/2)

Thus the 10 unknowns are determined by

ain: hi =an, aiz: uiz = aiz/hi,
azy : b1 = a21, agz: by = azx — hiua,
ag3 : Uz = a3/ ho, az2: lp = a3y, 9)

ag3 : l33 = as3 — latpy, asg : Uz = aga/ls3,

a43 1 i3 = a43, a4 Iy = agq — lizusg.

and i3 = a43, lia = aga — lizusg.

Hung-Yuan Fan (32#i&), Dep. of Math., NTNU, Taiwan Chap . 6, Numerical Analysis (1) 90/100



The LU Factorization of Tridiagonal Matrices

Goal: the tridiagonal A = [a;] € R"*" will be factored as

_311 aio 0 Ce e 0 7
dg1 4a22 a3
A 0 as2 ass as
0
dn—1,n
L O 0 dn,n—1 dnn |
[, 0 0] 1 we O 0 |
=10 0 =LU
0 Un—1,n Q@\Q
L 0 0 /n,n—l /nn_ _0 0 1 | vv
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Crout (or Doolittle) Method

@ (2n—1) entries of L and (n — 1) entries of U will be
determined by at most (3n — 2) nonzero entries of A.

@ With the special structures of L and U, we obtain

ay = h;
ajji—1 = lii—1, i=2,3,...,n; (off-diagonal terms of L)
aj=lij1 v+, i=2,3,...,m

ajip1 = lij-ujip1, i=1,2,...,n—1
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Solution to Tridiagonal Linear Systems

If the tridiagonal matrix A = LU, where L and U are also
tridiagonal matrices defined above, then Ax = b can solved
efficiently as follows.

@ Fist solve the lower triangular system
Lz=1b
for the vector z with O(n) operation counts.

@ Then we further solve the upper triangular system

Ux=z
for the solution x with O(n) operation counts.
20
Sy
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Pseudocode of Crout Method

Algorithm 6.7: Crpit Factorization for Tridiagonal Linear

Systems

INPUT dimension n; augmented matrix A = [a;] € R™(n+1).
OUTPUT solution x1, xa, - - - , X, to the tridiagonal linear system.

Step 1 Set 11 = a1; 12 = a12/h1; z1 = ai,p41/h1.

Step 2 Fori=2,...,n—1 set

liic1 = aiji1; i = aii — li—1ui—1i

Vi, = e /i 2 = (Ehmen = hm1Ze0)) i

Step 3 Set Inn—1 = ann—1; Inn = ann — In,n—1Un—1,n;
zp = (an,nt1 — Inn—12n—1)/Inn.

Step 4 Set x, = z,.

Step5 Fori=n—1,...,1set x; = zj — Uj it1Xis1.

Step 6 OUTPUT(x, - ,x,); STOP.
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Operation Counts for Algorithm 6.7

@ The Crout Method requires only (5n — 4) multiplications/
divisions and (3n — 3) additions/subtractions.

@ Total flop = 8n — 7 = O(n). Very cheap!

@ The Crout Factorization Alg. will break down if /; = 0 for
some 1 < /< n.
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Sufficient Conditions for /; #0 Vi

Thm 6.31

If the matrix A = [a;] € R"*" is tridiagonal with

’311’ > ’312’a ‘ann‘ > ‘an,n—l‘y
laii| > |aii—1] + |aiim1|>0 fori=2,3,...,n—1,

then A is nonsingular and Crout Factorization Algorithm produces

li#0 fori=1,2,..., n.

Note: A is strictly diagonally dominant or positive definite
= i#0 Vi Q@\a
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Proof of Thm 6.31

Since 1 = a1, |h1] = |ai1]| > |ai2] > 0 and |uy2| = % 1.

Suppose that |/;| > 0 and |ujj11| <1 for j=1,2,...,i—1. Then

[li| = |aii — li—1ui—1,i| = |aii — ajj—1ui-1,i]

> |aji| — |aj,ji—1||ui-1,i|>aii| — |aii-1] >0,

and

| = |aii+1] |ai+1]
I, |I”‘

<1
|aii| — |aii-1]

for i=2,...,n—1. Moreover, since |u,_1,, < 1, we also have
“nn‘ = ’ann_ln,n—lun—l,n| = ‘ann_an,n—lUn—l,n|>|ann|_|an,n—1| > 0.

So, det(A) = det(L)det(U) = h1 - ha---Ihnn # 0 and hence A is
nonsingul AR
gular. &
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Example 5, p. 423
Solve the tridiagonal linear system Ax = b, where

2 -1 0 0
-1 2 -1 0
o -1 2 -1|’ b=
0O 0 -1 2

A=trid(—1,2,-1) =

— O O =

using the Crout Factorization Algorithm.

Sol: From Egs. (9) and the entries of A, we obtain

h1 =2, wme=-1/2, by =-1, hy=3/2, wu3=-2/3,
by =—1, hk3=4/3, uzg=-3/4, lz=-1, lu=5/4
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So, the Crout factorization of A is given by

2 0 0 0 1 —-1/2 0 0
_|-1.3/2 0 0 0 1 -2/3 0 o
A=lo L 4/3 010 0 1 -3/4 = LU
0 0 -1 5/4] |0 0 0 1
1/2]
. N 1/3
© Solving Lz = b by forward substitution = z = 1/4
1_
1
@ Solving Ux = z by backward substitution = x = 1 )
1] Ne7
L0
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Thank you for your attention!
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