Equation of a Plane

I. Key mathematical terms

Terms Symbol Chinese translation

The general form for the

equation of a plane

Normal vector

(Cartesian) Coordinate

Il. Equation of a Plane
Before we introduce the equation of a plane, let’s review the equation of a line in
two-dimensional coordinate. Recall that the general form for the equation of a

straight line in two-dimensional coordinate is:
L:ax+by+c=0

If b=0 this equation also can be written in the form y =mx+d , where m is the
slope (gradient) and d is the y-intercept. Suppose P(X,,Y,) is a point that lies on
the line. We plug P into the equation and get:

c=—(ax, +by,)
The equation of the line can be written as:

ax+by - (ax, +by,) =0
a(x_xo)+b(y_yo) =0

Q(x,y) isan arbitrary point on the line. PO = (x— X,,Y—Y,) can be considered as
a vector on the line, then we have the following inner product:

(a,b)- (X=X, y=¥,) =0
Here we call n =(a,b) isanormal vector of the lineand T =(x—x,, y—Y,) isa

direction vector of the line. These two vectors are perpendicular to each other for

their inner product is zero. (See figure on the next page.)



L:az+by+c=0

P (0, o) i = (a,b)

P, Q are points on the line. n s the normal vector of line L.

To describe a plane, similarly, we need a fixed point P(X,, Y,,Z,) on the plane.

Suppose we have a vector n = (a,b,c) thatis orthogonal (perpendicular) to the

plane. This is the normal vector of the plane. Now, assume that Q(x,y,z) isan

arbitrary point on the plane. Finally, we can find the equation of this plane with the
following inner product:
PQ:n =(X=%,Y=Y5:2-2)-(a,b,c)=0

Hence, we can have the equation of the plane will be:

E:a(x—x,)+b(y—-y,)+c(z-2,)=0

= E rax+by +cz ax, + by, +cz,

= E:ax+by+cz=d d
i = (a,b,c)
|
a=90° Qz,y. z)

j /
P20, Y0, 20)

P, QO are points on the plane. N is the normal vector of plane E.




Equation of a plane (Scalar Form)

Plane E passes through point P(X,,Y,,Z,) with normal vector n=(a,b,c) is:

a(X_Xo)+b(y_ y0)+c(z—zo) =0

This is the scalar form of the equation of a planein R®.

Example#l
Find the equation of plane:
(1) A plane with normal vector (—2,3,—4) that contains the point (-2,3,—4).

(2) The equation of xy-plane, yx-plane and zx-plane.

Example#2
Determine the equation of the plane that contains points P(-1,2,3),Q(0,1,3) and
R(5,3,7) (Use scalar form to represent your answer.)

The general form for the equation of a plane

The general form of the equation of a planein R® is:

ax+by+cz+d =0

Where a, b, ¢ are the components of the normal vector.

Example#3

Find the normal vector of the following plane:
(1) 2x—-3y+5z-10=0

(2) 2x—y+8=0

(3) y=2



Example#4
Find the equation of the plane that passes through point A(5,—2,6) and parallel to

the plane F:x—y+2z+3=0. (Use general form to represent your answer.)

<key> Two parallel plane will have the same normal vector.

Equation of a plane (Intercept Form)

Plane E intercepts the x, y, z axis at point  A(a,0,0), B(0,b,0),C(0,0,c) and abc 0.
Then the equation of this plane can be represented by:

5+X+E:1.

a b c

a is the x-intercept, b is the y-intercept and c is the z-intercept.

Example#5
Find the equation of plane whose x,y and z intercepts are 3,-2, 4.

Example#6
Write the equation of plane E:16x+2y+8z—32=0 in intercept form.




lll. Angle between two planes

To calculate the angle between two planes, we’ll use the normal vectors of two
planes. (See figure below.)

The angle between The angle between

normal vectors. two planes.

Suppose the angle between two planesis &, then the angle between the normal

vectors of the plane will be [90°—(90°-6)]=6.

Now, we can use the inner product formula to find the angle between two planes.

Angle between two planes

Plane E :ax+by+cz=d, hasnormal vector ﬁ; =(a,,b,c).

Plane E,:a,x+b,y+c,z=d, hasnormal vector n, =(a,,b,,c,).

If the acute angle between plane E; and E, is &, then by inner product we have:

nn,

|a1a2 + b1b2 + C1C2|

cosd = =
\/af +bf+cf\/a§+b22+c22

Ny | N,

<key>
The angle between these two planes can be 6 (acute angle) or 180°—6& (obtuse
angle).
<key>

If two planes are perpendicular to each other, then their normal vectors’ inner

product will be zero. (nj- n: =0)




Example#7

Determine the angle between the following planes:
1. E:x+2y+3z=7, E,:2x-3y-z=5

2. Eix+2y+z=3, E,:x+y=2

IV. Distance between a point and a plane and Distance between two
planes

As what we’ve learned in the “applications of linear equations”. We can easily have

the formula of distance between a point and a plane and the formula of distance

between two planes.

Distance between a point and a plane
The distance between the point P(X,,Y,,Z,) andthe plane E:ax+by+cz=dis

ax, + by, +cz, —d|

Ja?+b?+c?

S

Distance between two planes
The distance between E :ax+by+cz=d , E,:a,x+b,y+c,z=d, is
|d1 _d2|

JaZ+b? +c?

d(El’ Ez) =

Example#8
Find the distance between point P(5,—-2,—4) and plane E:3x+2y+z-21=0



Example9
Find the distance between E :3x-2y+z+2=0,E,:3x-2y+z+5=0

Examplel0
The distance between E :x-2y+2z-3=0,E,:x-2y+2z—-k=0 is 2. Find the

value of k.
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