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Topic: The centroid of a triangle

The teaching materials for introducing circles in our textbooks have been changed
quite a bit due to the 108 syllabus. Therefore, the content here is based on the
official textbooks-NANI, KANG HSUAN and HANLIN.
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Vocabulary

centroid, median, vertex, vertices, congruent, equidistant,

Before we start introducing this new lesson, we want to introduce a new word

median.

As shown in the figure on the right, in AABC, point M
is the midpoint of segment AB. Then AM is a median.
We can easily prove that

B M

The area of AABM=the area of AACMzgthe area of AABC

For teachers’ reference (students can try to prove it themselves)
Pf:

In AABC, AHLBC and AH intersects BC at point H, as shown in figure 1.

The area of AABC= lﬁxm A
2
The area of AABM=1WXE
2
The area of AACM= lC_Mxm
2 C
B M H
Since point M is a midpoint of segment BC Figure 1
BM=CM=1BC




We get

The area of AABM=1WXE=EB_CXE=§the area of AABC
2 4

The area of AACM= lC_MXm= lB_me%the area of AABC
2 4

That is:

The area of AABM=the area of AACM=§the area of AABC

So the statement is true.y

Now let’s learn what the centroid of a triangle is.

Centroid:

Figure 1 shows that BE and CD are two medians in AAB

and they intersect each other at point G.

Figure 1

As we mention in the beginning, BE is a median of AABC, then
the area of AABE =the area of ACBE., this means the center of gravity (center of

mass)of this triangle must lie on BE. CD is also a median of AABC. Therefore,

we know that the intersection point G is the center of gravity of AABC.




We have learned that in a triangle, three perpendicular bisectors of three sides will
intersect at one point, and three angle bisectors of three interior angles will intersect
at one point. If we construct the third median in AABC, will these three medians also

intersect at one point?

Connect DE as shown In figure 2. A

By midsegment theorem, DE//BC andﬁ=lB_C
2
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In ADEG and ACBG, Figure 2

/DEG=/CBG (ﬁ//ﬁ, the alternate interior angles are equal)

Z/DGE=ZCGB(the vertical angles are equal)
(of course you can use the same reason as the first one with ZEDG=£/BCG )
We get ADEG~ ACBG (AA) A
Then DG:CG=EG:BG=DE:BC=1:2 (DE=1BC)

2
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In figure 3, connect AF where point F D
. . == -— C
is the midpoint of BC. And assume AF 8 "
intersects BE at a point G'.
Similarly, EG:BG'=1:2, but EG:BG=1:2 Figure 3

Point G and point G’ are both on segment BE
Therefore, Point G and point G’ must be the same point

That means the third median AF also passes through the centroid

We get the conclusion that

Three medians of a triangle will intersect at one point, centroid.




We can see in figure 4 that no matter what kind of triangle it is, the centroid of the

triangle always stays inside the triangle.
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Figure 4

From the discussion above, we get a very important result that

AG=2FG, BG=2EG, and CG=2DG:

Now let’s talk about some important properties concerning centroids of
triangles

In figure 1 on the right side, point G is the centroid A

of AABC, connect E, ﬁ, and CG.

Then the area of AAGB= the area of ABGC = the area of ACGA Figure 1

=§ ( the area of AABC) A

Pf: in figure 2, construct /Td, and AG intersects

BC at point D. And construct BB'1AG ¢ C

and intersects AG at point B’,

construct CC' LAG and intersects AG at point C’.




In ABB’D and ACC’D,
/BB'D=/CC’'D=90° (BB’ 1AG,CC 1AG) Figure 2

Z BDB'=ZCDC’ (vertical angles are equal)

BD=CD (point G is the centroid, so point D is the midpoint of

segment BC.)
Then  ABB’D=ACC’'D (AAS)

BB'=CC’ (corresponding segments are congruent)

In AABG, the area of AABG%-E-ﬁ

and in AACG, the area of AACG%E-

the area of AABG= the area of AACG (same base and congruent height)
Similarly, we can get the conclusion that
the area of AABG= the area of AACG= the area of ABCG
*the area of AABC
=the area of AABG+the area of AACG+the area of ABCG
We get the area of AABG= the area of AACG= the area of ABCG

=§ (the area of AABC)«

You can have lots of methods to get the result above, please try your best to
think and enjoy the process.

ficy #5 2FRS poatt



If we construct three medians of a triangle,

A
we can get the result as follows:
In figure 3, E, ﬁ, and CFare medians of AABC. E

F
Let the area of AAFG=a, ABFG=b, ABDG-=c,
ACDG=d, ACEG=e, and AAEG=f, ¢
then a=b=c=d=e=f B D
Pf:
Figure 3

In figure 4, construct GHLBC andintersects BC at point H.

Then c=§-ﬁ-G_H=§-C_D-G_H=d (BD=CD)

With the similar process, we get
a=b=c=d=e=f;

Figure 4




Let’s do some examples here.

Ex 1:
Point G is the centroid of right triangle ABC. Point D is the midpoint of
A

segment BC, E=10, BC=6.
Please find out:

(1)the length of AG

(2)the area of AABG B

Sol:

T7_270_2 |78% L BnRl
(1) AG==AD=Z-,|AB + BD
3 3

By Pythagorean theorem
—2 — 2 _2
AB =AC -BC =10%-6%=64

BD=1BC=t6=3
2 2

AG=27AD=2 |AB" +BD =264 ¥ 9=2V73
3 3 3 3

(2) the area of AABG=§the area of AABC




Ex 2:

Two diagonals in rhombus ABCD AC and BD

intersect each other at point O. Point E is the . o
midpoint of segment CD.

EF=2, CF=4.Please find out:

(1)the length of segment BF

(2) the length of segment OF

(3) the length of segment BO

(4) the area of ACEF

(5) the area of rhombus ABCD

Sol:

The two diagonals of a rhombus are perpendicular and bisect each other.

Point O is the midpoint of BD and point E is the midpoint of CD.
(1) BF=2EF=2-2=4  (property of centroid)

(2) OF=1CF=t4=2
2 2

(3) apply the Pythagorean theorem,

—2 —2 —2
OB =BF -OF =4%-22=12

0B=2+/3

(4) the area of ACEF= the area of AOBF

-0B-0

N |-

=%.2\/§.2
=23

(5) the area of rhombus ABCD=12-the area of AOBF

=12-24/3=24+/3.




Let’s wrap up the key information as follows:

TYPE CIRCUMCENTER INCENTER CENTROID
FEATURES
INTERSECTION PERPENDICULAR | ANGLE BISECTORS | THREE MEDIANS
POINT OF BISECTORS OF OF THREE
THREE SIDES INTERIOR ANGLES
ACUTE A
INTERIOR OF A
RIGHT A
POSITION ON THE MIDPOINT ALWAYS ALWAYS
OF HYPOTENUSE INTERIOR OF A INTERIOR OF A
OBTUSE A
EXTERIOR OF A
EQUIDISTANT TO THREE VERTICES THREE SIDES X
CENTER OF CIRCUMCIRCLE INCIRCLE X

There is so much to learn in this lesson. Please review it thoroughly. And do more

practice is a must.

Watch and enjoy: Center of gravity
https://youtu.be/R8wWKVOUQtlo
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https://youtu.be/R8wKV0UQtlo

