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Combinations

Material Vocabulary

1. combination (% £ ), 2. permutation (£ 71), 3.

fEn ERREYPRIE AE (0<k<n) BEEHE

GRS

Mo « | column (1), 4. arrange (< #t), 5. convention (¥ *),
6. reasonable (& 32), 7. committee (% £ ¢ ), 8.
membership (€ f ), 9. applicant (¥ 3+ ), 10.

express (% i£), 11. general (- 4£).

Translations

of n Things Taken k at a Time

The number of possible combinations if k items are taken fromn (n>k ) items is

n!
Cl=—o.
“ ki(n—k)!

Note:

III

(1) n!is read “n factoria

n
(2) C; canalso be writtenas ,C, , "C, or (k} is read as “n choose k.”

(3) P : The number of as n distinct objects taken k at a time; is read as “n pick k”,

“n permutes k” or more precisely “permutation of n elements taken k at a time.”

lllustrations

A Formula for Combinations

In the previous chapter we have learned that the notation P means the number of
permutations of n things taken k at a time. Similarly, the notation C; means the number of
combinations of n things taken katatime. (X s e &2 P e S EFRFIP S n B R
Bk B ERPAIFE N o g QR A nBAPR Bk B o)

We can develop a formula for C; by comparing permutations and combinations. Consider

the letters A, B, C, and D. The number of permutations of these four letters taken three at a time

41 4l

(4—3)!_1_!_24'

. 4_
Is P =
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PB3BFE BRI P = =)
(4-3)1 1
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Here are the 24 permutations:

ABC ABD ACD BCD
ACB ADB ADC BDC
BAC BAD DAC DBC
BCA BDA DCA DCB
CAB DAB CAD CBD
CBA DBA CDA CDB

This column contains only This column contains only This column contains only This column contains only

one combination, ABC. one combination, ABD. one combination, ACD. one combination, BCD.

We can see that every contains only one combination. The reason is the order of

items makes no difference in determining combinations, each column of six permutations
represents one combination. There is a total of four combinations:
ABC, ABD, ACD, BCD.

TH 24BN APT UFERE-FRG - Ao FL e AL FHEIE
BRaE - ook y niii- B FIU R 4888

Thus, C;‘ =4 :The number of combinations of 4 things taken 3 at a time is 4. With 24
permutations and only four combinations, there are 6, or 3!, times as many permutations as
there are combinations.

Flt 0 Ci=4 1A BB E-3Behe Ll 4 ABREFTAB3B > G 247
B r g Afde i HEHs 6(3) B £k

41
4_/9_3“_(4—3)!_4_!_
31 31 1131

In general, k objects can be chosen from n different objects in P ways, and k objects can be

in k! ways. So, the number of combinations of n different objects taken k at a time is:

n

C, =% (substitute: P/ :(ni—!k)!)
n!

_(n—k)!_ nl

okt (n—k)lk!

S

EEP o n BARR S P Bk BREAFPAE A kBT KRR S AT




n!

Notes
By , 0! is defined to be 1. Thus, C; =C] =1. We also take C] to be equalto 0

when either i<0 or i>n.
O T & % 1 F13 Co=Cr=1° Emi<0& Ei>n > CIHBR LKL 0
It might seem that the number of ways to choose 0 things from n is 0 (none).
However, there actually is 1 way to choose 0 out of n things.
Hn BB 0B 5 0> Z e FICEOB LT 2 - fEEH - Ko >
Bz s 14 TP
n!
ki(n—k)!'

n! n!
Cn: = :1
° ol(n-0)! 1-n!

We can define C; by formula C; =

Examples

A four-person is to be elected from an organization’s of 10
students. How many different committees are possible?
(a) How many ways are there to form a 4-person committee?
(b) How many ways are there to form a 6-person committee?
G I0BEREN AL EL R € o UT IR SAER
(Q)E N 4BY 54
(b)iE 41 6 ¥ 4 o
Solution
The order of chosen students does not matter. Use the combination formula. (] % iX 3 "8
B2l o A e e 5N o)
(a)

[
C, =" Substitute: n=10and k=4
(n—k)lk!

© 10! 10! 10-9-8-7

= =—= 210
(10-4)14! 6l4! 4.3.2.1

4




A committee of 4 students can be chosen in 210 ways.

(b)
n!
C, =———— Substitute:tn=10and k=6
(n—k)lk!
10 10! 10! 10.9-8-7

C = = = =210
(10-6)i6! 46! 4-3-2-1

A committee of 6 students can be chosen in 210 ways.

In this example, the answers to parts a and b are the same. This is because the number of
ways of choosing 4 students from 10 students is the same as the number of ways of choosing 6
students (that is, not choosing the other 4 students) from 10 students.

ipBolF+ Y o P @B ()R- CAFLEL4TL D 38 BE6

BA(TFAELEEL)IPR o

This relationship can be in terms. (B 2V 00— dr N A iE o)
n n: .
C, =———— replace k with n—k
(n—k)lk!
n! n! n!
C’ .

= = = :C

ok (n—(n—k))!(n—k)! (n—n+k)i(n—k)! ki(n—k)! ‘

**The number of ways of choosing k objects from a set of n objects is the same as the number of
ways of not choosing k objects from a set of n objects. (f&_n f&4p £ 47 & k fd ™ 2 Fer F 30

7 ke i e )

Material Vocabulary
i @ 12. debate (54 ), 13. elect (:£ 1), 14. counting
FRAALAY 3 (7534 B0 2 i Lo AL MR 2 B I = A RISHAR LLAE - SRS A

A5 BT —HE - R . . > 5 . . . -
SR I3 XA S 107 principle (3* #/m ), 15. distinguish (% 4 ), 16.
(%]
:;?Aww%z{xﬁx’km‘mﬂ'/}& 2R 1Ak A TR 24 separate (/w\ %’B\,)' 17. a deck Of(’* E]]J(%i ;U J-'llg? ))' 18_ A
DM2B14%, t A2BEH2F R 1% - B3 AEELRMT -

4 (C3x CT)x 31 =36 46 -

full house (# ).

B1BR 2% A3 AL BT
2 F A (O] X C)x 31 = 1848 ¢

R ik RS AL E @RI 36+ 18 = 5448 -

Translations

A club consists of 3 boys and 2 girls. They need to 3 members to be the first
speaker, the second speaker and the third speaker of an Oregon-Style Debate. The team has to

include at least one boy and one girl. Find the number of ways of selecting a team.




Solution
We have two possibilities to select 3 members with at least 1 boy and 1 girl.
First possibility: 2 boys and 1 girl.
We select 2 boys out of 3 boys and 1 girl out of 2 girls, and arrange 3 people in a row.
The number of ways to arrange the team is: (CZ3 fo)xS! =36.
Second possibility: 1 boy and 2 girls.
We select 1 boy out of 3 boys and all 2 girls out of 2 girls, and arrange 3 people in a row.

The number of ways to arrange the team is: (Cl3 XCZZ)X3! =18.

By the rule of sum, the team can be selected in 36 +18 =54 ways.

lllustrations

When solving problems involving , you need to among the
various counting principles to determine which is necessary to solve the problem.
1. If the order of the elements matters, then use permutation.
2. If the order of the elements doesn’t matters, then use combination.
3. If the problem involves two or more events, then use the fundamental counting
principle first.

FALP R R AR BRIERE > RRAFED A BOR PR TE o fRAE

1F 30 25 R F o Pl * 7o
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Examples

You are dealt five cards from a standard 52 playing cards. In how many ways can
you get: (a) (b) A five-card combination containing two jacks and three aces?

(rentig 5 8- R 525F M9 B-dlen5 3k > T HRG B2 238 (QF L (b)s 5%
JZ3&A-)
Solution

A standard deck of cards has 13 ordinal cards (Ace, 2-10, Jack, Queen, King) - 1 of each
ordinal in each of 4 suits (spades, clubs, hearts, diamonds), and so there are 4x13 =52 cards.

- REREELRF AT R T e s P H e B F 13K DA 2-
10~J~Q~K-




(a) consists of three of one kind and two of another.
Pick a card type: C;> =13 ways
Pick 3 out of the 4 cards: C =4
Pick a 2" card type: ;> =12 ways
Pick 2 of the 4 cards: C, =6
Total 13x4x12x6=3744 ways.
(b) For the number of hands we can draw getting specifically , we have
Pick 2 jacks out of the 4 cards: C, =6
Pick 3 aces of the 4 cards: C; =4

Total 6x4 =24 ways.

Material Vocabulary

[ @ 19. quad room (= % %), 20. double room (& * %),

W56 ADEMEEA BREBM - ABE4A - BIEE2 A - £HS S
o 21. accommodate (% ), 22. correspond (% /&), 23.
(]

- distinguishable permutations (1p & 3~ £t 1), 24.

RHOAPESAAEAS A CLHEL  HTFO2AMEB S > 4 C)

s s division (4 fiz), 25. league (¥ B ), 26. irrelevant (2 B
),
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Translations
Arrange People in Rooms
How many ways can 6 people be assigned to A and B.

Solution 1: Combination
There are C; ways of choosing 4 people to live in room A. There are C; ways of choosing 2

people to live in room B.

2

By the Fundamental Counting Principle, there are C; -C; =15-1=15 ways can 6 people be
in 2 rooms.
Solution 2: Permutation
First, we fix the position of 6 people. Arrange 4 “A” and 2 “B” in a row beneath, so people

to rooms, as figure 1 shown. For instance:




E’bf‘i”r\la

A A B A A B

Figure 1
The person corresponding to letter “A” stays in room A. The person corresponding to letter

“B” stays in room B. Hence, every permutation represents one way to arrange these 6 people. By
the formula, we have
!

6!
—— =15 ways.
2141

Examples

and Distribution of distinct objects
(a) Ten children are to be divided into an A team and a B team of 5 each. The A team will play in
one and the B team in another. How many different divisions are possible?
(b) In order to play a game of basketball, 10 children at a playground divide themselves into two
teams of 5 each. How many different divisions are possible?
WAL Eok
(@10 B - ATATABAE > 54 s ABA LA FAEE - § SEA
() 7 R4y ExF > B P T Ahdw, § BEAE?

Solution
10! . o
(a) There areﬁ:252 possible divisions.

(b) Note that this example is different from Example (a) because now the order of the two teams
is . That is, there is no A and B team, but just a division consisting of 2 groups of 5
10!

each. Hence, the desired answer is % =126.

10! _
(a) 3 ——=2527 i

5I51
(b) LA BALE 2 > AR BRENEVER AL ABE S REA S o T
10!
ERS 5;5!:126 °




Material Vocabulary

AL o AME#EA A Tebil - RV IEE ¢

27. scenario (3% ), 28. subset (% &), 29.element(~
%)

il = BT LA
(NEO<k<nh§: (‘L:F:’k °
QEI1<k<n-18: Cl=C; '+C} | °
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Translations

Taking “choose 4 people out of 9 people” as an example, to illustrate two identities.

(1) The way of choosing 4 people out of 9 people, is the same as not choosing 5 people out of 9
people. Thatis C; =C;.
(2) Let A be 1 of 9 people. We want to know how many ways of choosing 4 people out of 9

people. There are two : Ais chosen and A is not chosen.
Ais chosen: we can select 3 people out of 8 people, C38 ways.

Ais not chosen: we can select 4 people out of 8 people, C; ways
By the fundamental counting principle, we know C; =C; +C; .

In general, we obtained

Combinatorial identity
(1) When 0<k<n, C/ =C",.

(2) When 1<k<n-1, C]=C] | +C} ™.

illustrations

We begin by asking a question, and answering the question in two ways: How many
of size k are there from a set of sizen ?”
TR-BRE O MAFE 2T ELFNE - BEFT B AR AR AkBAZOSE
Answer 1: There are C, subsets. (n & k B+ & > 3 C/#8>i% <)
Answer 2: Pick any of the set. That element is either included in a subset, or it is not.

(EEi-Bakepmrg pAi? Las PRI ot A2 )

(i) How many subsets contain this element? We will be picking from the remaining n—1

elements. Since we want the subsets to have k elements, but we already have one of them, we




have a total of C; subsets. (F+ & 2% >3 3 "B+ 2N PHRFITchn-13~

2

APEPRF R FIIAPRBEKBAFNFREE L EP

c &n»ﬁ pL ;L,.% G ) N

FCOLRTEE )
(ii) How many subsets do not contain this element? We will be picking from the remaining n—1
elements. Since we want the subsets to have k elements, we have C;* such subsets. (¥ + £

T -1 AF Y ERS R L FLAPRE K

LRSS I B A I N
Brgad FE P FREPRFLAFT AR PF AT EE )

Thus, there are C, ] +C;™* subsets of k elements from a set of n elements.

Because each answer counted the same objects, but in two different ways, those answers

must be the same. Therefore,
C/=C] +C .
T B BAABE LY 4 kBAFDT B LG IO

 F o (i)~ ()3 fRE FEAH A e Fhh o TS Bl koo B Cl=C +C) T e

Examples

Prove that C!""=C,C" +C/C", +---+C'C, . (Hint: Consider a group of n men and m women.)

How many groups of size r are possible?

S CTT=CICT A CICT 4+ CCT R S B BT A mBA A s e ERE B

SRR T LT

Solution

Consider a group of n men and m women.

The number of ways in which we can choose a group of r people from this group of n+m
peopleis C"™" ...(1).

TR BIAmBLE L e

BrexntmBAENrBA- 3285 C o

But if we look at it differently, we can choose k men and r —k women for every k for which

0<k<r.Forafixedk, there are

C.,C", possible choices for k men and r —k women.




FRAPKT - B2 APTUEFABI A Er—kBAE AR LT A
O<k<r e {iZ- B k>ENF kBT 2 Er—kpL2CCr B> 280
This is obtained by multiplying the number of possible choices for men C,; and for women

C" ., by the fundamental counting principle.
B A AT HRID I CICT, 2E N kBT 4 2 EE N r—k BA 2 i ddp

% o
So the total number of choices (for every k=0,1,---,r) is:

C,C"+C/C" +---+C]Cy ...(2).

1%r-1

As (1) and (2) are the solutions to the same problem, they are equal:

C'"=C,C" +C/C", +---+C'C

17r-1
FTILET PTG (F B k=0,1,-,r) 5 ¢

C,C"+C/C" +---+C]CY

F 5 ()R (25 5 L RAENE % > st S kA %

C'"=C,C" +C/C", +---+C'C]
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