BT LMY 4 & sgkH): F-2(Fe & - % 4)
Topic: Introducing circles-2 (central angle, inscribed angle)

(central angle, inscribed angle, and distance from center to chord)

The teaching materials for introducing circles in our textbooks have been changed
quite a bit due to the 108 syllabus. Therefore, the content of introducing circles here
is based on the official textbooks-NANI, KANG HSUAN and HANLIN.
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The vocabulary we will use in this topic

Center of a circle, circumference, radius, diameter, arc, major /minor arc /% 5%,
chord, sector, segment in a circle, semicircle, tangent, secant, central angle, inscribed
angle, area, perimeter, bisector, perpendicular, perpendicular bisector * -4, right
angle ® %, intersect 4p %, external, internal, point of tangency *~ &k, subtend,
congruent, congruence, exterior angle, interior angle, , semicircle, supplementary

angle, cyclic quadrilateral,

We are going to introduce some angles in a circle and some angle properties.

Including central angles, inscribed angles, and cyclic quadrilaterals.

We first look at the central angles and the subtending arcs in a circle.

See the given circle O, the-angle 0

(the pronunciation is / th-e-ta /,
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is formed by two radii 0A and OB and the vertex of y B
the angle is at the center of the circle O. It’s called

the central angle. 0°<0<360°. A round angle is 360°. A S

AB is an arc subtended by the central angle 6,

AB represents the degree of arc AB and also the length of arc AB.

We put two protractors together and form a circle.
We can see that the circle is divided into 360 even parts.

Each part of the circumference is an arc. Each arc

subtends the angle at the center is %ﬂ".




And the measure of this arc is also defined as 1°.
So the measure of an arc is the degree of its subtending central angle.

Example:

The radius of the given circle O is 10.

The central angle AOB is 30°.

Find the measure of AB and the length of AB \V 5
Sol: %
Since ZAOB=30°., the measure of 1@=30°. A

The length of @=(%)2n-10 (2m-10 is the length of the

circumference)

@:(g)n

In the same circle, when z@=@, it means the measure of two arcs c
AB and CD is the same or the length of these two arcs is equal. 4‘
' |
A

We can see from the given circle O, when 1@=@,
the corresponding chords with the same end points

seem to be equal.
So the question is, when @=@, if AB=CD?

Let students think it over, it’s not hard reasoning though. Give students a hint to do

the reasoning by using triangle congruence if they have no idea.



To teachers

AB=CD in the given circle O. c

Prove that AB=CD /
Pf: D

In circle O, AB=CD ‘v
Then ZAOB=ZCOD (subtending central angles

respectively)

And 0A=0B=0C=0D (the same radius of circle O
Thus AAOB =ACOD (SAS)

We get AB=CD (the corresponding line segments are equal)

B

A

Therefore, we get the conclusion that in the same circle, the equal arcs subtend

equal chords; and the-equal chords subtend equal arcs correspondingly.

There’s one more important angle in a circle we will introduce before we start to talk
about the properties of angles in a circle.

As shown in the figure, an inscribed angle ZP is formed

by two chords PA and PB in circle O and its vertex
is at a point P on the circle.

We will now introduce the very important angle property in a circle.

Angle property:
The measure of the central angle ZAOB subtended by AB is
twice the measure of the inscribed angle ZAPB subtended by

N
the same arc AB.

That is, 4APB=§4AOB

We will prove the property based on three different conditions:
1. the center O is on the side PB of AAPB

2. the center O is inside AAPB

3. the center O is outside AAPB.




1. the center O is on the side PB

In circle O shown in the figure, the
central angle ZAOB is subtended by
@,and ZAPB, the inscribed angle with
its vertex P on the circumference, is also

subtended by the same arc AB.
Prove that

ZAPB%LAOB

Pf:
Let ZAPB=a, ZAOB=f

Since 0A=0P-= the radius of circle O
AAOP is an isosceles triangle.
So ZOAP=Z/0PA=q,
The exterior angle ZAOB of AAOP is the
sum of two opposite interior angles of
AAOP.

ZAOB=Z0AP+/0PA

B=2a

1
Or OL—EB

That is AAPB%AAOB#

(angle AOB equals angle OAP plus angle
OPA)

(angle APB is half of angle AOB)

2. the center O is inside AAPB

In circle O shown in figure 1, the central
angle ZAOB is subtended by ;l??, and
ZAPB, the inscribed angle with its
vertex P on the circumference, is also

subtended by the same arc AB.

Prove that AAPB%AAOB

Pf:

Connect PO and point D is onPOas
shown in figure 1.
Let Z0PA=y, ZOPB=x

Figure 1




/DOA=f, ZDOB=qa.
Connect OA and OB
0A=0B=0P
(all are radii in circle O)
We have isosceles triangles
APOA and APOB
Thus Z0OAP =/0PA=y
Z0BP=/0PB=x
In APOA
The exterior angle ZDOA is the sum of
two opposite interior angels
Z0OAP and ZOPA
That is B=y+y=2y
And OL=X+X=2X
We get
ZAOB=0+f
=2x+2y
=2(x+y)
=2(LOPA+£0PB)
= /APB

Same as 4APB=%4AOB#

Figure 2

3. the center O is outside AAPB

In circle O shown in figure 1, the central
angle ZAOB is subtended by @,and
ZAPB, the inscribed angle with its
vertex P on the circumference, is also

subtended by the same arc AB.
Prove that

LAPB%AAOB

"~

A

Figure 1




Pf:
In figure 2, connectP_O), and
POintersects circle O at point C.

Connect radii OA and OB.
From the conclusion of situation 1,

)

ZAPC = — ABC=0+f and

= N

ZBPC = EBC:B Therefore A

ZAPB=/APC-/BPC Figure 2

Central angles subtended by ABC and
BC respectively.

=%LAOC-%A BOC

=%4AOB#

Let’s see an example.

Ex:

As the figure shown, point A, B, and C are on circle O. ' ¢
BC=60°, ZACB=80°. Then ZAOC=? B

Sol:

We can solve this problem in two ways:

Using the measure of arcs or the measure of angles c
(1) measure of arcs
Since ZACB=80°, the measure of AB=160°
The measure of the arc of a round circle is 360°,
AC=360°-60°-160°=140°, Z/AOC=140°
(2) measure of angles
BC=60°, so Z/BAC=30°
The sum of interior angles of a triangle is 180°,
ZABC=180°-30°-80°=70°
Then
ZA0C=70°x2=140° (the central angle subtended by the same arc)




What if an inscribed angle is subtended by a semicircle?

In circle O, AC is a diameter. ZABC is an inscribed angle A
subtended by a semicircle. What is the measure of ZABC?

(Because the measure of semicircle AC is 180°
From the conclusion we get from the previous discussion B N
1~ 1 C
ZABC= E AC—=Ex180°=90°)
So remember this from now on that

Any inscribed angle subtended by a semicircle is a right angle.

Let’s look at an example.

Ex:

As the figure shows, AB is a diameter of circle O.
ZACB is an inscribed angle, 0B=5and BC=6.
The red area is a semicircle with the diameter AC.
Find out the area of the red semicircle.

Sol:

C
/ °
A
AB=20B=10

ZABC is an inscribed angle subtended by the semicircle of circle O,
ZABC=90° A ABC is a right triangle
By the Pythagorean Theorem, we get

—2 —2 —2

AC =AB -BC
=102-6
=64

AC=8
The radius of red semicircle is 8/2=4

The area of the red semicircle=§n-42=8n#

Next we will introduce an important topic related to inscribed angles—

cyclic quadrilateral.



When a quadrilateral stays inside a circle and its four vertices are on the circle, it’s a
cyclic quadrilateral. A
For instance, in figure 1

Quadrilateral ABCD is inside circle O, and its four vertices

A,B,C, and D are on the circumference. Quadrilateral ABCD B \ D
is a cyclic quadrilateral. We will discuss some important c
properties here. Figure 1

First, there are many inscribed angles : ZABC, ZBCD, ZCDA, and ZBAD.
Are they related to each other? Yes!
ZABC is subtended by ADC and ZADC is subtended by ABC as shown in figure 2.

1 — 1 —
Therefore, ZABC= EADC and ZADC= EABC A
ADC and ABC form a complete circumference

—l —_ B b
Then ZABC+/ADC= (ADC+ABC) T

=1x360°
2

=180°
Same reason, Z/BCD +/BAD=180°
So we get the conclusion
Opposite angles in a cyclic quadrilateral are supplementary to each other.

It’s true in any inscribed quadrilaterals.



Let’s do another example together.

Ex:
In figure 1, trapezoid ABCD is inscribed in circle O. A ‘ D
AD//BC, ZABC=110°, then
(1) /BAD=?
(2) Z/BCD=?
(3)Any result do you get from (1) and (2)? B— — ¢
(4) Is it true that AB=CD? Figure 1

Sol:
(1) ZBAD+/ABC=180°  (AD//BC, /BAD and ZABC
are interior angles on the same side)
.. ZBAD=180°-ZABC
=180°-110°
=70°
(2) £BAD +/BCD =180° (trapezoid ABCD is a cyclic quadrilateral)
Z/BCD =180°-70°
=110°
(3) From (1) and (2), we get
ZABC=110°=£BCD
That means trapezoid ABCD is an isosceles quadrilateral, that is
AB=CD
(4)yes, AB=CD then AB=CDy

Actually, we have a direct proof to the statement:

In a circle, parallel chords(or secants) intercept equal arcs.
In the circle, point A, B, C, and D are on the circumference.
AD and BC are chords and AD//BC

Prove that AB=CD

Pf:

Connect AC

We can apply the property of parallel lines

ZBCA=ZCAD (the alternate interior angles)
Thus, AB=CD (subtending arcs )#
Let’s do the last example.




Ex:
Quadrilateral ABCD is a cyclic quadrilateral
in circle 0. AD is a diameter. DC intersects
AB at point E, and DA intersects CB at point F.
ZADC=50°, ZAED=60°
Please find the measure of the following angles.
(1) ZBCE
(2) ZAFB
Sol:
(1)in AADE, ZADC+~£AED+~£BAD=180°

Z/BAD=180°-50°-60°

=70°

quadrilateral ABCD is a cyclic quadrilateral,

/BCD+~/BAD=180°

.. ZBCD=180°-£ZBAD

=180°-70°
=110°
ZBCE+Z/BCD=180° (they are straight angles)

.. ZBCE=70°

The measure of ZBCE is the same as Z/BAD, we use this convenient result a lot.

That is, the measure of an exterior angle of a cyclic quadrilateral is g
equal to its opposite interior angle in the cyclic quadrilateral. ’
The proving is pretty simple, please do it yourself. '/

(2)there are many ways to get the measure of ZAFB,
| share one with you, and ask students to discuss
others with their classmates.
in ACDF, ZCFD=180°-ZCDF-ZDCF
(the sum of interior angles in a triangle equals 180°)
Z/AFB =/CFD=180°-50°-110°=20°

There are so many terms and properties of circles in what we introduced here. Please
be patient with yourself and you’ll get used to everything. You'll find it’s not that
hard after all.
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