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Differentiation Il

Material Vocabulary
A 1. constant (¥ #k), 2. derivative (i #c), 3. evaluate
e o8 (=1 ), 4. point-slope form (ZE4L 74).
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lllustrations |

The rule

The of a constant function is 0. That is, if ¢ is a real number, then

!

F ¥ Bl f(x)=c > B f'(x)=0 > *F (c) =0 -
The Power Rule

If n is a natural number, then the function f(x) =x" is differentiable and
(Xn) :nxn—l

Fade f(x)=x" (n 53 84) > Bl f/(x)=nx"" > ¥ (x") =nx"" -

The Constant Multiple Rule

If f is a differentiable function and c is a real number, then cf is also differentiable and
(cf (%)) =¢f'(x).
Fadk f(x) A7 HA Sl ¢ ¥ Bk Bl of(x) 4 EF A Sk O (Cf(X))' =cf'(x) -

The Sum and Difference Rules

The sum (or difference) of two differentiable functions f and g is itself differentiable.

Moreover, the derivative of f+g (or f—g) is the sum (or difference) of the derivatives of f and

g,




F vl f(x) & g(x) L7 pes S0 B f(x)+g(x) (& f(x)-g(x)) » 27 e S

Examples |

Using the Rules

Find the derivative of the following functions

() f(x)=x (b) 9(x)=—5 () h(x)= 2\/_ (d) I(x)=2x* —3x* —5x +4

Solution
A DN U T |
(a) f(x)—dx{x }—3x =—
3x3
/ dr S 2
(b) g(x):a[x }:(—Z)X ==
(a2 dll 1 2) 51
(c) h(x)—dXLx }—2( 3]x =-—3
3x3

(d) I'(x)=2-3x"-3-2x-5=6x>—6x—5

Examples Il

Finding an Equation of a Tangent Line

Find an equation of the tangent line to the graph of f(x)=x*+1 when x=1

Solution

To find the point on the graph of f, evaluate® the original function at x=1.

(1L.£(1)=(12)
To find the slope of the graph when x =1, evaluate the derivative, f’(x) =3x%,at x=1.
Now, using the point-slope form* of the equation of a line, you can write
y—-2=3(x-1)

=>y=3x-1




See Figure 1.

Figure 1

Material Vocabulary
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6. denominator (4 # ), 7. numerator (4 =+ ), 8. the

composition of (}= /& =), 9. equivalently (F ).
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lllustrations Il

The Product Rule
The product of two functions f and g is itself differentiable. Moreover, the
derivative of fg is the first function times the derivative of the second, plus the second function

times the derivative of the first.
d ' '
S LF()g()]=£(x)g'(x)+ F(x)a(x)
F f(x) & g(x) L7 s Sl B f(x)g(x) » 27 s Sl »

(F(x)a(x)) =£(x)g'(x)+ £ (x)a(x) -

The Quotient Rule

The quotient i of two differentiable functions f and g is itself differentiable at all values

g
of x for which g(x) # 0. Moreover, the derivative of i is given by the times the
derivative of the numerator minus the times the derivative of the denominator, all

divided by the square of the denominator.




F f(x) & g(x) L7 des Sl R ;8 Bog(x)#0 a7 fies Sl 2
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The Chain Rule

If f(x) is a differentiable function of g(x) and g(x) is a differentiable function of x, then
gof(x) is a differentiable function of x and
(gof) ( :_[g f(x)]=£(a(x))g'(x)

£ f(x) & g(x) L7 s stk B & S ik (gof)(x) SR A Sl ¥
d
= Lgef(x)]=1(a(x))g'(

Note:

(1) (gof)(x) isreadas g of f of x.

(2) dif(x) canberead as d dx of f of x.
X

Examples Il

Using the Product Rule
Find the derivative of h(x)=(x* -1)(x* +x-3)
Solution
B (x)=(x ~2)2 [ +x-3]+5 [ ~1](x +x-3)
X dx
=(x* -1)(2x+1)+(2x)(x* +x-3)
=4x> +3x* -8x-1
Applying the General Power Rule
Find the derivative of h(x)=(x* +x+1)

Solution




Let f(x)=x"+x+1, g(x)=x*. Then we can see h(x) is f(x) and

g(x), or, h(x)=(g°f)(x).

By the General Power Rule, the derivative is

h'(x) :3(x2 +x+1)2di[x2 +x+1]
X

=3(x* +x+1) (2x+1)

Material Vocabulary

10. relative (4p ¥F7), 11. average (- 32), 12. Velocity

(3 R ), 13. straight (& 1), 14. neglect (£ 41), 15.

resistance (¥ #3), 16. influence (#* %¢), 17. gravity (£
4), 18. initial (%~ 45), 19. acceleration (4c i &), 20.

approximately (7 3+ 3 ).

lllustrations Il

Rate of Change

The function s(t) that gives the position ( to the origin) of an object as a function

of time t is called a position function. If over a period of time At , the object changes its position

by the amount As=s(t+At)—s(t), then

distance
Rate= ———

time
The is

Change in distance _ As

Change in time _A_t
In general, if s(t) is the position for an object moving along a line, the velocity of

the object at time t is

V(t):A'ETOS(HAAtZ_S(t)

=s'(t).
The velocity function is the derivative of the position function. The position of a free-falling

object ( air ) under the of can be represented by the

equation




s(t)= %gt2+v0t +5,

where s, is the height of the object, v, is the initial velocity of the object, and g is the
due to gravity. On Earth, the value of g is —9.8 meters per

second squared.
Higher-Order Derivatives

The derivative f’(x) of a function f(x) is a function and may have a derivative of its own.
If f’(x) is differentiable, then its derivative is denoted by f”(x) and is called second derivative
of f(x) . As long as we have differentiability, we can continue the process of differentiating to
obtain third, fourth, and even higher derivatives of f(x) . These successive derivatives are

denoted as follows.

First derivative y', f'(x)
Second derivative  y", f"(x)
Third derivative y", f"(x)

Fourth derivative vy, f(x)

nth derivative y f (x)

Examples IV

Acceleration

The velocity of an object in meters per second is v(t) =36-t°,0<t <6. Find the velocity

and acceleration of the object when t =3.

Solution
v(t)=36-t
v'(t)=-2t

substitute t =3,
v(3)=36-3"=27
v'(3)=-2x3=-6

So, when t =3 the velocity of the object is 27 meters per second, and the acceleration of

6




the object —6 meters per second squared.

Examples V

Acceleration on Earth vs. Moon

An astronaut standing on the moon throws a rock upward. The height of the rock is
27
s(t)=———=t*+27t+6
10

where s is measured in feet and t is measured in seconds.

(a) Find expressions for the velocity and acceleration of the rock.

(b) Find the time when the rock is at its highest point by finding the time when the velocity is
zero. What is the height of the rock at this time?

(c) How does the acceleration of the rock compare with the acceleration due to gravity on Earth?

Solution

(a)
We can obtain a velocity function by differentiating a position function, and an acceleration

function by differentiating a velocity function.

s'(t):v(t):-%+z7

'(t)=a(t) =2 =54

(b)

When the velocity is zero, we have v(t) =0.So,
27
v(t)z—?t+27=0:t=5
So, it’s at t =5 seconds, the rock is at its highest point. The height of the rock at t =5 is

27
s(5)=—--x5"+27x5+6=73.5 feet.
10

(c)

So, the acceleration due to gravity on the moon is —5.4 feet per second squared. Because
the acceleration due to gravity on Earth is —32 feet per second squared, the ration of Earth’s
gravitational force to the moon’s is

Earth's gravitational force 32

= ~6.0
Moon's gravitational force —-5.4




Note:

On Earth, the value of the acceleration due to gravity g is approximately —32 feet per

second squared or —9.8 meters per second squared.

Material Vocabulary

(Z) —fhEt (XHE—JGERL)

21. linear approximation (- =X s 3*), 22. magnify (3%

2L

* ), 23. portion (3% i), 24. appearance (*+ %), 25.

vicinity (*FiT).
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Local Linear Approximation?!
If a function f is differentiable at a, then a magnified?? portion?® of the graph of f
centered at the point P(a,f(a)) takes on the appearance® of a straight line segment, shown as

Figure 2. For this reason, a function that is differentiable at a is sometimes said to be locally

linear at a.
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Figure 2

The line that best approximates the graph of f in the vicinity?® of P(a,f(a)) is the tangent

line to the graph of f at a, given by the equation




y=f(a)+f'(a)(x~a).
tande f(x) & BP(a,f(0)) HiT BT ART 0B A;5 f(X) ox=a oM B
#5 y=f(a)+f(a)(x—a) -
Thus, for values of x near g we can approximate values of f(x) by
f(x)~f(a)+f'(a)(x~a)
This is called the local linear approximation of f at a.

Fob 0§ x dRiT a B f(x) £t f(a)+ f(a)(x—a) e A PAEB- N s Sk

f(x) & x=a "iTeh- X3 -

Examples VI

Approximation

Afunction f(x)=x’-10x"+24x+1
(a) Find the local linear approximation of f(x) at x=1.

(b) Use the local linear approximation obtained in part (a) to approximate f(l.Ol).

(c) Compare the approximation to the result produced directly by a calculator.

Solution
(a)

The derivative function of f(x) is f'(x)=3x"—20x+24, it follows from
f(x)=f(a)+f'(a)(x—a), the local linear approximation of f(x) ata point a is
F(x)=f(1)+ £ (2)(x-1)
Thus, the local linear approximation at a point x=1 is
f(x)=16+7(x-1)=9+7x
The graphs of f(x)=x*—10x*+24x+1 and the local linear approximation y =9+7x are

shown in Figure 3.




(1,16)

Figure 3

(b)
Applying f(x)=9+7x with x=1.01 yields

f(1.01)~9+7x1.01=16.07.
(c)
Using the calculator, we have f(1.01)= (1.01)3 -10x (1.01)2 +24x(1.01)+1=16.069301.

The approximation error from part (b) is 16.07 —16.069301 = 0.000699 .
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