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Properties of the perpendicular bisector and angle bisector

Class: Name:
1. Perpendicular bisector
We know the perpendicular bisector must be perpendicular to the segment L
and divides the segment into two halves. That is, if L is the perpendicular
bisector of AB , and intersects AB at D, then (1) L is perpendicular to AB 4 D
(2) DA=DB.

Next, we use the congruency of triangles to learn other properties of the perpendicular bisector.

— P
Line L is the perpendicular bisector of 4B . P is an arbitrary point on L.
Prove PA=PB.
A D B
[Solution] L

In APAD and /\PBD,

(1) DA=DB (L 1s the perpendicular bisector of AB )

(2) «PDA= ~PDB=90°(L is the perpendicular bisector of AB )

3) PD=PD (Common side)

Therefore, A\PAD= /\PBD (SAS congruence postulate), and then PA=PB.

From the result above, we know that if P is on the perpendicular bisector of AB , then
PA=PB.

% The property of perpendicular bisector-1:
Any point on the perpendicular bisector of a line segment is equidistant from both endpoints

of the line segment.

Exercise 1

Line L is the perpendicular bisector of AC , and intersects AB at

P. AB=10. PB=4.Find PC= ?




From the proof above, we know that if P is an arbitrary point on the perpendicular bisector of

AB , then P is equidistant from both 4 and B. Conversely, if P is equidistant from both 4 and B, does
this mean that P is on the perpendicular bisector of AB?

P

Prove that if PA=PB , then P is on the perpendicular bisector of AB. A

[Solution]

Draw a line segment through P, which is perpendicular to AB and P
intersects AB atD. &
In ANAPD and /A\BPD,

(1) PA=PB (Given)

(2) ~PDA= ~PDB=90°(PD L AB)

3) PD=PD (Common side)

Therefore, ANAPD = /\BPD (RHS congruence postulate), and then AD=BD.

Because PD L AB and AD=BD, PD isthe perpendicular bisector of AB.
Then, P is on the perpendicular bisector of AB.

% The property of perpendicular bisector-2:
Any point which is equidistant from both endpoints of the line segment must be on the

perpendicular bisector of the line segment.

Exercise 2

In AABC, £A=90°. DE L BC and BE =CE. 4 -
AB=6. BD=5.Find AE=?
B D C
2. Angle bisector C
We know the angle bisector must divide an angle into two halves. P
That is, if AP is an angle bisector of ~ CAB, then ~ CAP= / PAB. y > B

Next, we use the congruency of triangles again to learn other properties of the angle bisector.




e

AP isan angle bisector of .~ CAB. PD 1 AB and PE 1 AC.
Prove that PD = PE .

[Solution]

In APAD and /\PAE,

(1) «PAD= ~EAP( AP isan angle bisector of . CAB)

(2) «PDA= 2 PEA=90°(Given)

3) PA=PA (Common side)

Therefore, A\PAD= /\PAE (AAS congruence postulate), and then PD=PE.

From the result above, we know that if P is on the angle bisector of .~ CAB, then P is
equidistant from two sides of .~ CAB.

% The property of angle bisector-1:

Any point on the angle bisector of an angle is equidistant from both sides of the angle.

BP isan angle bisector of ~ABC. D is on BP. DA 1 AB and
DC L BC. AB=16. DC=12.Find BD= ? D

From the proof above, we know that if P is an arbitrary point on the angle bisector of .~ CAB,
then P is equidistant from both AB and AC. Conversely, if P is equidistant from both AB and
AC , whether P is on the angle bisector of .~ CAB?



Example 4 g C
Giventhat PD | AB and PE L AC . Prove thatif PD=PE , then
P is on the angle bisector of .~ CAB.

[Solution] D

In APAD and /\PAE,

(1) PD = PE (Given)

(2) #PDA= ~ PEA=90°(Given)

3) PA=PA (Common side)

Therefore, APAD= /\PAE (RHS congruence postulate), and then £ PAD= ~ EAP.

Because .~ PAD= ./ EAP, AP isan angle bisector of 2 CAB and P is on the angle bisector of
2 CAB.

% The property of angle bisector-2:
Any point which is equidistant from both sides of the angle must be on the angle bisector of

the angle.

In AABC, /B= /AED=90°. DB=DE. ./ C=66°. C
Find ~ADB= ?




v

F
LR s BALE 12
KF2

T o RME B

AL RaATIE S A oo 2 H

FERPE A P LR AT LRI e

%ulﬁzﬁwﬂéﬁﬁlkﬁmﬁ%ﬂ?

LR RERFTOR LG
W AR EME o R R O F TR R

o X

triangle congrence postulate | °

ZEVRERFP A THET, -3 S AET > ¥ Lins

i# * criterion & rule » & ¥ % i@ * & ¥ L hpostulate — F °
. B i F i 4 THL(Hypotenuse-Leg) congrence postulate | » 2 fie & & 43k & * T RHS

ik

2

M triangle congrence postulate | > 2 #] 4

HeAGRFL R 2312

>E | - & A ¢ #HFL TRHS congruence postulate |
SERERC
) ®
v perpendicular bisector
& T & & | angle bisector
RE line segment
& angle
iR intersect
SSS > % SSS congruence postulate
SAS > % SAS congruence postulate
RHS > % RHS congruence postulate
ASA > % ASA congruence postulate
AAS > % AAS congruence postulate
kg corresponding side
Wik corresponding angle
£ 38 common side
£ 4 common angle
S EEE YR
WE o7k e
AB line segment AB
AB ray AB
AB line AB
ZA angle A
90° 90 degrees
AB¥1 L %3 line segment AB is perpendicular to L

R S
FSSS j» @ # Z & = A,

S 4= A

SRR -
r'SSS

& postulate % theorem > 7§ %



B RE R B

[ Example 1 | P

L is the perpendicular bisector of AB . Pis an arbitrary

point on L. Prove PA=PB.
Y| D B

L
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Let’s see example 1. We try to prove PA equals PB . 1t seems that
APAD and APBD are congruent, and we have to find conditions to prove our
guess.

Before our proof, we should analyze the conditions we have. L is the
perpendicular bisector of AB implies two things: (1) D is the midpoint of
AB, and (2) L is perpendicular to AB . We will use both of them in our proof.

First, D is the midpoint of AB,so DA equals DB.

Second, L is perpendicular to AB, so either ./ PDA or ./ PDB equals
90°.

Third, don’t forget some information given in the figure. PD is the
common side of these two triangles, so PD equals PD.

These three conditions can show that APAD and APBD are congruent by
the SAS congruence postulate. The corresponding sides of two congruent
triangles should be equal, so PA equals PB.

Notice that P is an arbitrary point on L, so the statement still holds if we
choose another point on L, and we can prove it through the same process.
Therefore, we can get the following conclusion: Any point on the perpendicular
bisector of a line segment is equidistant from both endpoints of the line

segment.
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Example 2 p

Prove that if PA=PB, then P is on the perpendicular
bisector of AB.

A B
To start with, we draw a line through P, which is P
perpendicular to AB and intersects AB at point D.
We try to prove P is on the perpendicular bisector of y -
AB . That is, we have to prove that PD s the D

perpendicular bisector of AB.

If we can prove that APAD is congruent to APBD, then DA equals DB.
Therefore, we get PD is the perpendicular bisector of AB . Let’s try to prove
it.

First, we know that PA equals PB from the statement above.

Second, because PD is perpendicular to E, 2/ PDA and ~/PDB are
both equal to 90°.

Third, PD is the common side of APAD and APBD, so PD equals
PD.

From these three conditions above, we can show that APAD and APBD
are congruent by the RHS congruence postulate. The corresponding sides of
two congruent triangles should be equal, so DA equals DB.

We can see that PD is not only perpendicular to E, but also divides
AB into two halves, so PD is the perpendicular bisector of AB . In other
words, P is on the perpendicular bisector of AB.

From the proof above, we can get another conclusion: Any point which is
equidistant from both endpoints of the line segment must be on the

perpendicular bisector of the line segment.
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