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Applications of Differentiation Il
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lllustrations |

Let function f be defined on an I containing a, b, c and d.
1. See Figure 1, point B is higher than any other points nearby and it is called a
. Point Dis an and is also higher than any other points around point D.
So, point D is called endpoint maximum. The f(b)and f(d) are maxima of f
on I . Moreover, point D is the highest point of f on I, so f(d) is called the
maximum of f on /.
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2. Point C is lower than any other points nearby and it is called a relative . Point Ais an

endpoint and is also lower than any other point around point A. So, point A is called endpoint

minimum. The y-coordinates f(a) and f(c) are a minimum of f on /. Moreover, point C is
the lowest point on 7, so f(c) is called the absolute minimum of f on I.
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Figure 1

Definition of Extrema

Let function f be defined on an interval I containing a, b, ¢ and d.

1. f(a) is a maximum (or maximum ) of f on / when f(a)> f(x) for x around a in /.
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f(b) is the absolute maximum (or maximum ) of f on / when f(b)> f(x) forall x
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B (SHEBEAEL2BEAE) -

2. f(c) is a minimum (or local minimum ) of f on I when f(c)<f(x) for x around c in /.
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f(d) is the absolute minimum (or global minimum ) of f on I when f(d)< f(x) forall x
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The minimum and maximum of a function on an interval are the values, or
of the function on the interval. Extrema that at the endpoints are called

endpoint extrema.
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lllustrations Il

Extrema and Extreme Candidates

See Figure 2, for a function, a maximum occurs on a “hill” on the graph (like
point C and F); a minimum occurs in a “valley” on the graph (like point E and G). The graph has a

line at the high point (or the low point). Hence, the common characteristic

of these points is that they have horizontal tangent lines. And, the of the function at
these points is equal to zero.
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In general, the of the function is all real numbers, which is an open
interval. The extrema of a polynomial function can occur only at the numbers which the

derivative of x is zero of the function. But, when it changes the domain to a closed interval

[a,b] , the extrema can occur at the endpoints (like point A and B), where f is not

at.

AT AN SR A LT AL - B RR S U AEES €

o
|
P
B
"
e

0Bk c B FR-TERF VAP HT [0,b] & > PIEBABS § 7 it L824 EiEaE .

¢ . I@

Figure 2

Points Where Extrema Might Occur

1. The extrema (maxima and minima) of a polynomial function f(x) can occur at points where
its derivative is zero. % 78 ;% S #ikc f(x) SiRE R €3 4 il 00gk o

2. There are two types of points where extrema might occur for a polynomial function f(x) ona




closed interval [a,b]. % # % 38 ;¢ S B U P % 7 [a,b] + > B] f(x) i@ 5 7 i 3
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(1) The points where the derivative of the function is zero, denoted by f’(x) =0. ¥ #Ki 0
2. P& & f'(x)=0 gk o

(2) The endpoints of the closed interval [a,b]. B % & [a,b] sk 2k

Examples |

Find the extrema of f(x)=x’—3x+2 on the interval [-3, 3].
Solution
Begin with differentiating the function.
f'(x)=3x"-3 Differentiate.

Find all x -values for which f'(x)=0.

3x°-3=0 Set f'(x)equalto 0.
3(x—-1)(x+1)=0 Factor.
x=1v-1 Solve the equation.

By evaluating f at these two numbers and at the endpoints of [—3, 3], we can determine

that the maximum is f(3)=20 and the minimum is f(—3)=—-16, as shown in the table. The

graph of f is shown in Figure 3.

Left Endpoint f'(x)=0 f'(x)=0 Right Endpoint
Xx=-3 x=-1 x=1 x=3
f(-3)=-16 f(-1)=4 f(1)=0 f(3)=20
Minimum Maximum
(~1,4) o
(1,0)
Figure 3
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When f’(x) =0 ata point, we want to identify whether that point is an

extreme . How can we whether an extremum is a maximum or a minimum?
doir 2408 X f'(x)=0 S TizEg, L3 AFABENE? X oR B A - BRELE
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After determining the intervals on which a function is or , itis not
difficult to locate the relative extrema of the function.
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1. In Figure 4(a), f has a relative maximum at (c,f(c)) because f isincreasing immediately to
the left of x =c¢ and decreasing immediately to the right of x=c. That is f’(x) >0 to the left
of x=c,and f'(x)<0to the right of x=c.
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2. Similarly, in Figure 4(b), f has a relative minimum at (c,f(c)) because f is decreasing

immediately to the left of x =c and increasing immediately to the right of x=c. That is

f'(x)<0 totheleftof x=c,and f'(x)>0to the right of x=c.
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The First Derivative Test

Let ¢ be the number of point C where f’(c)zo for a polynomial function f(x) . The value
f(c) can be classified as follows. 3% * #- 38 5% S e f(x) @ #73 & & f'(c)=0 g C > &
feiE f(c) AT o

1. If f’(x) changes from positive to negative at ¢, then f has a relative maximum at (c,f(c)) .
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Note that if f’(x) is positive on both side of ¢ or negative on both side of c, then f(c) is
e 2 .

neither a relative minimum nor a relative maximum. % f’(x) hoX=cehi 4A PlEE TN
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Applying the First Derivative Test

Find the relative extrema of f(x)=x"-6x"+5

Solution

Note that f is continuous on the entire real number line. The derivative of f

f'(x)=4x*—12x Differentiate.
4x* —12x=0 Set f'(x) equal toO.
4x(x—\/§)(x+\/§)=0 Factor.

x=0v \/gv —\/5 Solve the equation.

The table summarizes the testing of the four intervals determined by these three numbers.

By applying the First Derivative Test, we can conclude that f has a relative minimum at the point

(—\/g,—4>, and another relative minimum at the point (@,—4), a relative maximum at the




point (0,5) , as shown in Figure 5.

Interval (—OO,—\/g) -3 (—\/5,0) 0 (0,«/5) 3 (\E,oo)

Sign of f'(x) - 0 + 0 - 0 +
Conclusion
f(x) Decreasing -4 Increasing 5 Decreasing -4 Increasing
" Figures
Material Vocabulary
25. concavity (%" = 4).

#f(x) BZEXEY  Bf'(c)=0°
(WES"(e) <0 Blf(e) REIAME
@F £"(c) >0 Al f(c) BAT/ME

lllustrations IV

The first derivative helps locate extrema by finding where a function is decreasing or
increasing. Now, we introduce another test, the second derivative test, which is used to analyze
the concavity?® of a function and determine whether a point is a relative maximum or minimum.
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When f'(c)=0,

f'(c)=0
J"(€)>0
1"(e)<0
1(€)=0
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Figure 6

1. In figure 6(a), the graph of a function f is concave downward on an open interval containing

c,and f'(c)=0,then f(c) must be a relative maximum of f. B6(a)® - & x=c ESiHiT
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2. In figure 6(b), the graph of a function f is concave upward on an open interval containing c,
and f'(c)=0, then f(c) must be a relative minimum of f. B6(b)® » & x=c T ]
A koo pE f(c) 48] & e

Second Derivative Test

Let f be a polynomial function such that f’(c) =0 and the second derivative of f exists on
an open interval containing ¢ . 3% f(x) LSSl ¥ f’(c):o sl PR BcAE S
CB R/ 3 hA-
1.1f f"(c)<0,then f has a relative maximum at (c,f(c)). # f"(c)<0 > Bl f(c)E4m+ o

2.1f f"(c)>0, then f has a relative minimum at (c,f(c)). % f"(c)>0 > Bl f(c) L4 ] & o
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Using the Second Derivative Test

Find the relative extrema of f(x)=-x"+8x"-3.

Solution

Differentiating twice produces the following.

f'(x)=-4x> +16x Find the first derivative.
f"(x)=-12x* +16 Find the second derivative.
Set f'(x)=0, then we get x=-2,0, and 2.

We apply the Second Derivative Test as shown below.

Sing of f"(x) f"(-2)<o0 f"(0)>0 f"(2)<o0

Conclusion Relative maximum Relative minimum Relative maximum

Hence, f has relative maxima at (—2,13) and (2,13), and a relative minimum at (0,-3).

The graph of f is shown in Figure 7.
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Examples IV

Using the Second Derivative Test

Find the relative extrema of f(x)=x"+4x*+2.

Solution
Differentiating twice produces the following.

f'(x)=4x*+12x* Find the first derivative.
f"(x) =12x> +24x Find the second derivative.
Set f'(x)=0, and we get x=-3and 0.

We apply the Second Derivative Test as shown below.

Point (-3,-25) (0,2)

Sing of f"(x) f"(-3)>0 f"(0)=0

Conclusion Relative minimum  Test fails

Because the Second Derivative Test fails at (0,2), we can use the First Derivative Test and

observe that f increase to the left and right of x=0.

Interval (-2-3) -3 (-30) o (0»)
Sign of f'(x) - 0 + 0 +
Conclusion

Decreasing —25 |Increasing 2 Increasing

f(x)
So, (0,2) is neither a relative minimum nor a relative maximum. The graph of f is shownin

Figure 8.




/ (0,2)
x

flz) =a* +42® + 2

Relative

M inimum

(—3,-25)

Figure 8

Thus, f has a minimum at (—3,—25) and does not have a maximum.
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