I. Key mathematical terms

The limit of a function

Terms

Symbol

Chinese translation

right-hand limit/
left-hand limit

Continuous function

theorem

Intermediate value

location of roots theorem

Il. Definition of the limit of a function

Before we start discussing the limits of functions, let’s try an example first:

Example 1

-1
1. Draw the graph of the function f(x)=
X+1

X

and g(x)=x-1

2. Use the calculator to complete the following table:

X 0 | 09 ]099 099 | 1 |1.001| 101 | 1.1 | 2
f(x)
X 0 | 09 099099 | 1 |[1001|1.01 | 1.1 | 2
g(x)

3. Forthe result in the previous question’s table, what do you observe?
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In the previous example, you might have found that as the value of X gets closer to
-1 (where x doesn’t equal -1), the value of the function f(x) tends to the value
of g(-1)=0. Thatis to say, we can control the value of f(Xx), making it as close to
0 as we want (but not equal to 0), within a specified range of X, ensuring that the
difference between f(x) and Ois limited. Why does this conclusion arise? Let’s
take a look at the definition of the limit of a function.
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Definition of the limit of a function

Let f(x) be afunction defined on an open interval that contains X=a (but f(x)
may not be defined at x=a). Then we say that the limit of f(x) as X

approaches a is L, denoted as:

limf(x)=L

X—a
This definition means that as X gets arbitrarily close to a (but notequalto a),
the values of f(x) gets arbitrarily close to L. (Simply speaking, the limit L isthe

value the function ‘wants to be’ at that point.)

<key> If the limit of a function at a specific point exists, then the limit is unique.
(The uniqueness of the limit.)

<key> Whether the function f(x) is definedat X=a or not, we can still
discuss the limit of the function f(x) at x=a.

Example 2
There are three different functions:

3_
X3 -1 X1 x#1

a h(x)=1 x-1"
2, x=1

f(X)=x*+x+1 g(x)=

(1) Draw the graph of these three functions.

(2) With the graph you’ve drawn, find the following limits:
Iirrll f(x), Iing g(x), Iin} h(x)

<Hint>
When plotting the graphs of g(x), h(x), you can simplify first, but pay attention to

the situation at x=1.
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Example 3

|x-2]

Let f(x)= > , X # 2, find the limit Iirrg f(x)="

(You should consider the approach from the left and the approach from the right. Do
they meet at the same point, or do they have different values?)



In the previous example, you might have found that the function is defined different
around X=2.Now, we'll introduce the concept of left and right limits. The left and
right limits are definitions used to describe how a function behaves as it approached
a specific point from the left and right side. We'll use the following symbols to
represent it.

Left limit: X > a  indicates that we are approaching a from the left side of a.

lim f(x)=L, (The leftlimit of function f(x) at x=a equals L)
Right limit: X —> a” indicates that we are approaching a from the right side of a.

lim f(x)=L, (Therightlimit of function f(x) at x=a equals L,)

x—a’

Conditions for the existence of a limit

limf(x)=L < limf(x)=lim f(x)=L

X—a

The limitof f(x) at Xx=a existsif and only if the left limit and right limitat x=a

exists and the same.

Example 4
245, x>1
Let f(x)= X+ X be a piecewise function (47EZKE]), find the limits:
—X+7, x<1
(1) lim f(x) (2) lim f(x) (3)Iirq f(x)
x—1" x—1" X—
Example 5
x> —4

Let g(x)= 7 , find the limits:

@) lim f(x) (2) lim f(x) (3) lim £ (%)

X—>-2"




lll. Arithmetic of the limit of functions
Given functions f(X), g(x), if the limits of both f(x) and g(X) existsat x=a,
how about the limits of the addition, subtraction, multiplication and division of these

two functions? Do they exist? Let’s take a look at the arithmetic of limit of functions:

Arithmetic of the limit of functions

Given two functions f(x) and g(x),if limf(x)=L, limg(x)=M, then the

following holds true:

(1) im[f()xg(x)]=lim f(x)£limg(x)=L+M

(2) im[f(x)g(x)]=lim f (x)limg(x) = LM

lim f
(3) When limg(x)=M =0, Iim{f(x)}= XI_H; X9 =L
x—a Xx—a g(x) IXILT; g(X) M

Let’s apply the properties above to solve the examples.

Example 6

Let limk =k, limx=a, for a, k are constants, find the following limits:

X—a X—a

(1) limxk (2) limk? (3) limx?
(4) lim(x+1)(x-2) (5) lim2x* —x+6 (6) limx"
Example 7

Find the following limits (You should simplify the fraction before you find the limit.)

2 2
(1) Iimﬂ (2) Iimi (3) |imw
x—3 X—3 x>3 X —3 x—3 X+3




By following the same approach as in the previous problems and applying basic

properties of limits, we can obtain the following result.

The limit of polynomial functions and rational functions

Let p(x) =a X" +a, X" +..aX+a, be apolynomial with degree n.

q(x)=b, x"+b_ x""+..bx+b, be a polynomial with degree m.
Then the following properties hold true:
(1) lim p(x) = p(@), lima(x) =q(a).

(2) The rational function f(Xx) = P(X)

and any real number a,

lim f(x):limM=M if q(@=0.

X—a X—a q(x) q(a)
(If g(a)=0, then the function may or may not have any outputs.)

IV. The pinching theorem/squeeze theorem
A very useful argument used to find the limits is called the “pinching/squeeze”
theorem. It essentially said that if we can “pinch” a function’s limit between two

other limits which have a common value, then the common value is the value of the

limit we want.
Squeeze Theorem ‘f cue

Y

A

[

! We can use the value of h(x), g(x)

y=hty ! to “pinch” the value of f(X).
y=1(0) .
y=g(x) ,

o 1 »X

The pinching theorem/squeeze theorem

Let f(x), g(x), h(x) are three functions that are defined over an open interval

containing a, and satisfy the following conditions:
(1) g(x)< f(x)<h(x) (xisnear a, except possibly at a)

(2) limh(x)=L =limg(x)

Then we have limf(x)=L

X—a




Example 8
o . sinx
Use pinching theorem to prove that Ierg—
X—>! X

(Hint, you can use the graph on the left for help.)

Example 9

1
We know that X0 and the inequality —1<cos— <1 holds true.
X

. 1
Find the limit Ilr‘r(} X2 > . (Hint, you will use the pinch theorem.)
X COS X

ef

V. Definition of a continuous function
A continuous function is a kind of function where there are no changes with
jump. Alternatively, you can imagine that if an ant is crawling on a function, it
can crawl to any point on the function without obstacles. (No sudden drops or
breakpoints) Let’s take a look at the mathematical definition of “continuous”

below.

Definition of continuity at x = a

Let function f(X) is definedat X=a and satisfy the following conditions:
(1) lim f(x) exits (2) limf(x)=f(a)

Then we said that f(X) iscontinuousat X=a.




Now let’s use the definition of continuity to verify the following example.

Example 10
ﬂ X4
Let f(X)=3 x+4 '’ , determine
-8, X=-4
(1) Iim4 f(x)=? (2) The function is continuous at X=-4 or not?
X—>—

Definition of a continuous function

1. Afunction f(x) iscontinuous on an intervalif it is continuous at every number

in the interval.
2. Ifafunction f(X) iscontinuous at every points on its domain, then we said that

f (X) isa continuous function.

Properties of continuous functions

Let f(x) and g(x) be continuous functions. Then the following functions with

arithmetic operations are still continuous functions.

(1) f()+g(x) (2) f(x)-9(x)
(3) f()9(x) ) 1)
g(x)
Example 11
x?, x<-1 1+x%, x<0

Let f(X)=9 X, -1<x<1, g(x)=9 2—-X, 0<x<2 determine whether function
1/x, x=>1 (x=2)%, x>2

f(x), g(x) are continuous functions.



Intermediate Value Theorem

Let f(x) iscontinuouson [a,b] andlet k beany number between f(a) and
f (b). Then there exists a number ¢ such that
(1) a<c<b (2) f(c)=k

For more details and the proof of this theorem, you can scan the following QR code

and watch the online video.

@ Khan Academy

https://www.khanacademy.org/math/ap-

calculus-ab/ab-limits-new/ab-1-

16/v/intermediate-value-theorem

Example 12
Let f(X)=x"—4x>—x+2, prove that there exists a constant C in the interval
(-1,2) suchthat f(c)=5



https://www.khanacademy.org/math/ap-calculus-ab/ab-limits-new/ab-1-16/v/intermediate-value-theorem
https://www.khanacademy.org/math/ap-calculus-ab/ab-limits-new/ab-1-16/v/intermediate-value-theorem
https://www.khanacademy.org/math/ap-calculus-ab/ab-limits-new/ab-1-16/v/intermediate-value-theorem

<ERRIE>

1. The limit of functions
Calculus-9th-Edition-by-Ron-Larson
Calculus 9/e Metric Version-by-James-Jtewart
Edexcel as and a level further mathematics core pure mathematics
book 1/AS

2. Definition of limit of functions
https://byjus.com/maths/limits/
https://byjus.com/jee/limits-of-functions/
https://brilliant.org/wiki/limits-of-functions/
https://openstax.org/books/calculus-volume-1/pages/2-2-the-limit-
of-a-function

3. Pinching theorem/squeeze theorem
https://amsi.org.au/ESA _Senior Years/SeniorTopic3/3a/3a_3links
2.html
https://www.cuemath.com/calculus/squeeze-theorem/

4. F—ERRER T

BUFE © BOLEERTEANE S SR TS miEE


https://byjus.com/maths/limits/
https://byjus.com/jee/limits-of-functions/
https://brilliant.org/wiki/limits-of-functions/
https://openstax.org/books/calculus-volume-1/pages/2-2-the-limit-of-a-function
https://openstax.org/books/calculus-volume-1/pages/2-2-the-limit-of-a-function
https://amsi.org.au/ESA_Senior_Years/SeniorTopic3/3a/3a_3links_2.html
https://amsi.org.au/ESA_Senior_Years/SeniorTopic3/3a/3a_3links_2.html
https://www.cuemath.com/calculus/squeeze-theorem/

