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Topic: introducing parallelograms

Vocabulary

parallelogram, diagonal, inverse, converse,

CPCTC=corresponding parts of congruent triangles are congruent
midsegment, midpoint

We have learned a lot about triangles. Hope you are very familiar

with all the theorems concerning triangles because we are going to use them again
and again later in the class. In this lesson, we will focus on another important
polygon--parallelogram. Let’s get started.

A parallelogram is a quadrilateral with two pairs of parallel opposite sides. We
denoteitasOd. For example, 0 ABCD means that quadrilateral ABCD is a

parallelogram.

We can see lots of parallelogram shapes in our daily life. For instance:
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A parallelogram is in some way a symmetric shape. It has two pairs of opposite sides
and two pairs of opposite angles. It also has a pair of diagonals. Look at the pictures
above, the shape of the parallelogram looks beautiful and even. Do you agree?

Please share some examples of parallelograms in your daily life with us.

We first look at the basic theorems about sides and angles in a parallelogram.

Theorem 1:
Quadrilateral ABCD is a parallelogram as shown in Figure 1. \ \

AB//CD and BC//AD

Then Figure 1

(2) AB=CD and BC=AD

(2) zA=~Cand ~/B=~sD




Pf:

We need to use the theorems of triangles we learned before to discuss the
theorems of parallelograms. So we create triangles in Figure 1 by connecting point
B and point D as shown in Figure 2. BD isa diagonal of parallelogram ABCD.

We also label some of the angles in Figure 2.

In Figure 2, we have two triangles /AAABD and /\CDB. A 0

(1) In AABD and ACDB, 3\
Z1=,3, D 15 c
L2=24 (D) (AB//CD and BC//AD, Figure 2

alternative interior angles are congruent.

BD =BD (self reflexive theorem)
= /A\ABD=/\CDB (ASA congruence theorem)

— AB =CD and BC=AD (Corresponding sides are congruent.)

and ZA=~/C - (Corresponding angles are congruent.

CPCTC)
(2) ZABC=,1+.2
=/3+/4
=/ CDA (from (O and (2))
= /A=,C (from (@)
< ABC =2 CDA:

Conclusion:

A parallelogram can be separated into two congruent triangles by one of the
diagonals.

Two pairs of opposite sides are congruent and two pairs of opposite angles are

congruent in a parallelogram.

Following with some examples.

Ex 1: A (SX_H)OD
In OABCD, ./B=(3x+37)° and . D=(5x-11)° \ \
Find the measure of /B. pNSX37)
Sol:
The opposite angles are congruent in a parallelogram.

—=>5x-11=3x+37

= 2x=48

= x=24
So ZB=(3-24+37)° (replace x with 24)

=109° &




Ex 1-1: A 5

Given the perimeter of T ABCD is 40. \ \
N B

BC=2 AB-1. Find the measure of CD.

Sol:
Let AB be x.
The perimeter of 0 ABCD
=AB+BC+CD+AD
=X+2x-1+x+2x-1 (Both pairs of opposite side lengths are congruent. )
=40 (given)
= 6x-2=40
=  x=7 (simplifying)

So C_D=,H3 =X=73#

Can you see any relation between the two consecutive interior anglesin a
parallelogram? It’s quite obvious. Yes! Any pair of consecutive interior angles is
supplementary. Please share your results and reasons with your classmates sitting
near you.

For teachers.

Theorem 2:
Quadrilateral ABCD is a parallelogram as shown in Figure 1. \ \

AB//CD and BC//AD

Then Figure 1
A+ _B=180° and ~C+.D=180°

~ A+D=180° and /B+_.C=180°

Pf:

Because
BC//AD = .~ A+./B=180° and .~ C+. D=180°

(parallel line theorem: consecutive interior angles are supplementary)

Similarly,
AB//CD — /A+./D=180° and ~B+./C=180°+

Conclusion:
Any pair of consecutive interior angles are supplementary in a parallelogram. =




A
e D
In OABCD, /B=(x+20)° and . D=(2x-20)° Ax+201°

B C
Find the measure of ~C.

Sol:
The opposite angles in a parallelogram are congruent.
ZB=2D
x+20=2x-20 (simplifying)
x=40
/ B=x+20 (replacing x with 40)
=60

And the consecutive interior angles are supplementary in a parallelogram,
-~ C+./B=180°
Then
~C=180°-60°
=120°3#

For proving theorem 1 (2), we can also do it this way.

Theorem 1 (2): A 5
Quadrilateral ABCD is a parallelogram as shown in the figure. \ \

A_B//C_D and BC//AD

Then

(2) £zA=~Cand £B=2D

Pf:

Since Z A+ /2 B=180°
/B+~-C =180°

Then /A=180°--B

=-C
Similarly, ~B=-/Ds




From theorem 1, we found that one of the diagonals can separate a parallelogram
into two congruent triangles. There are more useful theorems of diagonals in a
parallelogram. See theorem 3.

Theorem 3: A o
In O ABCD, two diagonals AC and BD intersect each \B ° \c

other at point O as shown in Figure 1.

Then Figure 1
AAOB=ACOD and AAOD=ACOB
Pf: A D
3 2
We label the angles shown in Figure 2. \ < \
In AAOB and ACOD N 2
Figure 2
Z 1=/2
Z 3=/4 (congruent alternate interior angles)
AB=CD (The quadrilateral ABCD is o ABCD.)
= AAOB=ACOD (ASA congruence theorem)
Similarly,
AAOD=ACOB:
Conclusion:

A parallelogram can be separated into two pairs of congruent triangles by its two
diagonals.

Theorem 4:

A D
In 0O ABCD, two diagonals AC and BD intersect each \ ° \C
B

other at point O as shown in Figure 1.

Prove: AO=CO and BO=DO Figure 1
Pf: A D
3 2

Let’s label some angles in Figure. 1 as shown in Figure 2.. \ < \
In AAOB and ACOD, \2 N\

L 1=/2 Figure 2

L 3=/4 (Alternate interior angles are congruent.)

AB=CD (Quadrilateral ABCD is a parallelogram.)

= AAOB=ACOD (ASA congruence theorem)




= AO=CO and BO=DO ¢+  (Corresponding line segments are congruent.)

(Sometimes we just abbreviate the reason as
CPCTC)
Conclusion:

Two diagonals bisect each other in a parallelogram.

We will discuss one theorem in terms of area in a parallelogram.

Theorem 5:

In O ABCD, two diagonals AC and BD intersect each \ \

other at point O as shown in Figure 1.

Then: Figure 1
The area of the four triangles AAOB, ACOD, AAOD, and ACOB are equal
Pf:
AAOB=ACOD and AAOD= ACOB (theorem 3)

So the area of AAOB=the area of ACOD:--(])

the area of AAOD=the area of ACOB---(2)
We have to build a link between these two pairs of triangles.
Let’s look into AAOB and AAOD, !

These two triangles have equivalent bases ()
BO=DO (theorem 4) ® \‘H
Normally we need heights when considering the area Figure 2

of a triangle., so here we construct the height of AAOB as shown in Figure 2.

AH 1 BO And AH intersects BO at point H.

1_ _
The area of AAOB=§AH-BO

=%ﬁ|-§) (BO=DO)
=the area of AAOD ---(®)
From@), @), and (),
the area of AAOB=the area of ACOD
=the area of AAOD
=the area of ACOB=




Conclusion:
Two diagonals of a parallelogram divide the parallelogram into four triangles of

equal area.

Ex 3: A

In O ABCD, two diagonals AC and BD intersect each

B (¢
other at point O. AC | BD. If A_C=7, BD=12.
Find
(1) the area of AAOD
(2) the area of O0ABCD
Sol:
Method 1
(1) AC | ﬁ), AAOQD is a right triangle, then
1 -
the area of AAOD=E AO-DO
Two diagonals bisect each other, so
— 1= 1
AO== AC==-7 (theorem 4)
2 2
7
2
— 1 -1
DO==BD=—-12
2 2
=6 (replace with the given)
l— —< 17 . .
the area of AAOD=E AO-D =5 . E -6 (replace with the given)
21
=%
2
(2) from theorem 4, the area of four triangles AAOB, ACOD, AAOD, and ACOB are
equal
Therefore
0 ABCD=aAAOB+aACOD+aAAOD+aACOB (a stands for the area)
=4-aAAOD
21
=4. ==
2

=42




Method 2 (Consider it as a reverse proving. We have a quite good result here.)

(2) The area of O ABCD=the area of (AAOB+ACOD+AAOD+ACOB)(}#g 1% * 4 ¥4 )

-1 20.80+1c0.00+1 20 .00+ 0. 80
> 2 7 7

1 - -
=E(BO+DO)(AO+CO) (simplifying)
1— — .
=E AC-BD ---important result

1
=5 7-12=42 (replace with the given)
(1) Since the area of four triangles AAOB, ACOD, AAOD, and ACOB are equal

1
= the area of AAOD:Z -the area of O ABCD

== .42

21

=_ %

Attention

From Method 2,
1 - JE— _
The area of 0 ABCD =E AC-BD when AC 1| BD

From the process above we know: if two diagonals are perpendicular to each other

in any quadrilateral, then the area of the quadrilateral equals half of the product of

its two diagonals. It’s always true no matter what kind of quadrilaterals it is. Cool!

Theorems of a parallelogram:



Theorem of a parallelogram Diagram shown

A

1.(1) AB=CD and BC=AD

(2) £A=~Cand £B=2D

3. AAOB=ACOD and
AAOD=ACOB

2./A+B=180° and /C+.D=180° “
ZA+/D=180° and /B+./C=180°

F— T —

80° 1800

4.E=C_O and iﬁ% ; ~ 0\\ \

S >

5.aAAOB=aACOD A
=aAAOD=aACOB(a stands for area) \ A .

There are so many great theorems of parallelograms we learned above. But how do
we identify whether a quadrilateral is a parallelogram in order to use these
theorems? For instance, if a quadrilateral has two pairs of congruent opposite sides,
will it be a parallelogram? Or if a quadrilateral has two pairs of congruent opposite
angles, will it be a parallelogram? What we do here is look at a quadrilateral and
identify it as a parallelogram, so we can use all the other information we know about
parallelograms. We are going to use all the theorems identified as part of the
parallelogram in reverse to describe whether a quadrilateral is a parallelogram.
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Let’s study it together. Remember the definition of a parallelogram? That is, if both
pairs of opposite sides are parallel in a quadrilateral, it is a parallelogram. So, no
matter what information we have in hand to identify whether a quadrilateral is a
parallelogram, we always need to prove that both pairs of opposite sides in the
guadrilateral are parallel at the end. Of course, sometimes we can also end up with
the theorems we have already proved beforehand.
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Theorem 6(1) (converse of theorem 1):

If ,HB=C_D and BC=AD in a quadrilateral ABCD, then \

\

quadrilateral ABCD is a parallelogram. Figure 1

Pf:

Analysis: we need to get parallel sides. From what we learned before, the first

thing that comes to mind is the converse of parallel line property. We have many

congruent sides here. If we can turn congruent sides into congruent angles, then

we might apply the converse of parallel line property.
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So we connect BD as shown in Figure 2. \\
In AABD and ACDB, Figure 2

AB=CD and BC=AD (given)

BD=BD (reflexive property)
= AAOB=ACOD (SSS congruence theorem)
— ~/ ABD=_CDB (CPCTC)
= A_B//C_D (alternate interior angles converse)
Similarly,
BC//AD

Then quadrilateral ABCD is a parallelogram.

(Both pairs of opposite sides are parallel.)

C

A

D

Theorem 7 (converse of theorem 1(2)):
If ~A=~-C and /B=./D inaquadrilateral ABCD, then \X

N

guadrilateral ABCD is a parallelogram. B
Pf:
The sum of the interior angles of a quadrilateral is 360°.

i.e. ZA+/B+.C+..D=360°.

=2 /A+2 /B =360°. (replace £ Cwith ZAand D with /B)




<A+ B =180°.

— BC//AD (consecutive interior angles converse)
Similarly,

AB//CD

Therefore,

Quadrilateral ABCD is a parallelogram. (Both pairs of opposite sides are parallel.)

Theorem 8 (converse of theorem 3):

A D
In quadrilateral ABCD as shown in Figure 1, If AAOB=ACOD \ < \
and AAOD=ACOB, then quadrilateral ABCD is a parallelogram. c

Pf: Figure 1
Let’s label some angles first. A S D
2
In Figure 2, AAOB=ACOD \ < \
/ 1=,2 and /3=/4 (CPCTC) \ N\,
Then
A_B//C_D and B_C//A_D (alternate interior angles converse)
Therefore,

Quadrilateral ABCD is a parallelogram. (Both pairs of opposite sides are parallel.)

Theorem 9 (converse of Theorem 4):

A D
In quadrilateral ABCD as shown in Figure 1, \ < \
B C

If AO=CO and BO=DO ,then quadrilateral ABCD

is a parallelogram. Figure 1
D
pf: A 3
We label some angles as shown in Figure 2. 5 )
In AAOB and ACOD, i €
AO=CO Figure 2
BO=DO (given)
L 1=/2 (congruent vertical angles)

—AAOB=ACOD (SAS triangle congruence theorem)
=/ 3=/4 (CPCTC)

= A_B// CD (alternate interior angles converse)




Similarly,
BC//AD
Therefore,

Quadrilateral ABCD is a parallelogram. (Both pairs of opposite sides are parallel.

Note that it’s not the only way of reasoning for the proofs we discuss above.
Please take some time to try different ways of reasoning and share them with others.

Be aware that you can only use the proved theorems to do your reasoning.

The last theorem we are going to discuss is a bit different. Most of the theorems
above relate both pairs of sides or angles. But this one, we will focus on only one pair

of sides. Let’s look into it.

Theorem 10: A D
In quadrilateral ABCD as shown in Figure 1, \\ \\
B C

If A_B//C_D and AB=CD ,then quadrilateral ABCD

is a parallelogram. Figure 1
(Analysis: given a pair of parallel opposite sides already. We only need to prove if

the other pair of opposite sides is parallel. )

Pf:
A D
— 2
Connect the diagonal BD (to create triangles) as shown
1

in Figure 2. B c
In AABD and ACDB,

AB=CD (given) Figure 2

s 1=/2 ( AB //(5, congruent alternate interior angles)
BD=BD (reflexive property)

= AABD =ACDB (SAS triangle congruence theorem)
— BC=AD (CPCTC)
Then quadrilateral ABCD is a parallelogram. = (from Theorem 6(1))

Let’s work on one application of these theorems. This example is the one | love most.
There is a famous and important property named TRIANGLE MIDSEGMENT

PROPERTY.
(B R4 > g AL E T - BAEEOT Fo B a0da% o XEF P iok 2



$ B T OUHER G 0 FERL
AT L hN EapEd T e FA T 4758 0 BRI o 6 R4
BEZEMOPEGEE IRE BT L FokT o)

TRIANGLE MIDSEGMENT PROPERTY:

A
In AABC, point D and point E are midpoints of
— — — = — = E
AB and AC respectively. Thatis: AD=BD, AE=CE. P
Then B C

(1) DE//BC and (2) Ii=%,B_

It will be introduced in the ninth grade and a formal proof will be given. However,
after our discussion on the following example of parallelograms on the coordinate

plane, you will learn the property NOW without too much effort. Let’s move on.

Ex 4: y
Three points (-3,4), (-1,-2), and (3,2) are given
on a coordinate plane as shown in Figure 1. (k)

Find the fourth point engaging the given three points HREIEY

to form a parallelogram.
Sol:

The two diagonals bisect each other in a parallelogram.

This means the intersection point of the two diagonal Figuare 1
is the midpoint of the two diagonals.
And
The midpoint formula on a coordinate plane is:
The coordinates of the midpoint of segment AB is
a,+b, a, +b,
[T'T

We will have multiple choices for the fourth point. But why?

j when given A(a1, a2), B (b1, b2)

Because the given points are not labeled, we don’t need to follow apy orders as we

always do in math to join the vertices. i

(If we label the points as point A, point B, and point C,

then the fourth vertex point D has only one choice.) e { e

(& X EF > KR 4o 577 AT BRD LA b4 ﬁ"”,,; x
A, BB, frB:C, FUER AT (G fA) e

For BEBE ARG - @) IRER R
Now please plot the possible position for




the fourth point on the plane on your worksheet.. Figure 2.
Do you have similar results like mine?
Yeah!

The red points P, Q, and R in Figure 2 are

the possible positions for the fourth vertex.

Let’s look at point R(r1,r2) in Figure 3. .
If quadrilateral WDRK is a parallelogram,
then the diagonal DK and WR bisect each other. fereh { .
Let the intersection point be I(i1,i2). ] .
Point | is the midpoint of segment DK T ;1 2; if S
(143 242 unn
I(i1,i2) is ( S "5 J @
Figare 3

On the other hand,

Point | is also the midpoint of segment WR

I(ia,) is ('5”1 ,ﬂj @

2 2
-5+, 4+r.
== L=, 22 =0 (from @) and @ )
—r1=7, r=-4 (simplifying)

So we get the first possible fourth vertex is R(7, -4)

Following the same procedure, we can easily get the other two possible fourth

y

vertices (Please refer to Figure 4.). They are: . 15
PP
P(-1, 8) and Q(-9, 0) 7
The answer for the possible fourth point is 5 A

=P fp > e
]
=
w

(7,-4), (-1,8), and (-9,0)

We get the answer already. (7 £ & 3 i 427 > Qaja \3(1 2 i
FR o) o T
Now we are going to get the

TRIANGLE MIDSEGMENT PROPERTY. )

In Figure 4, quadrilateral PWDK, WQDK, and WDRK are all Figure 4

parallelograms.

In o0 WQDKand o0 WDRK,
WK //QD and WK=QD
m(//ﬁ? and WK =DR

One important fact,




QD and DR are both parallel to V\T(, and point D is the common point on both
QD and ﬁ?, so QD and DR are on the same segment QR.
The conclusion is:

In APQR, point W and point K are the midpoints of Iﬁ and ﬁ, then

(1) WK//QR,

(2) WK==,QR (WK=QD,WK=DR)

N |-

Similarly,
— = — 1 = 1 —
WD //PR, WD:E,PR,and DK //PQ, DK:E’PQ

Wala! We got the TRAINGLE MIDSEGMENT PROPERTY!
Of course, you will learn this property again in the ninth grade with a formal

introduction.

Look forward to it!

Reference:
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