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Topic: Factoring quadratic polynomials

The vocabulary we use in this topic

quadratic, squared - = , square root B $2%5, polynomial, polynomial identity = %
7%, GCF=greatest common factor, factoring polynomial %];% %4 %, factoring out #
2 F]5% (%), grouping 4 %2, expand, expression, binomial = 78 % 78 7%, trinomial

Z 78 % 7 3%, leading coefficient, constant term
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We are going to talk about factoring quadratic polynomials in this class. So what is
factoring quadratic polynomials? Generally speaking, factoring a polynomial is
expressing the polynomial as a product of two or more factors; it is basically the

reverse process of multiplying.
R S SR S LT A 1 e SR

- AR RS S AR e i v B A

Let’s look at some examples
Ex1: 2 times the quantity of x plus 5

2(x+5) We expand the expression by using the
distributive property of multiplication

and get

2timesx + 10

=2x+10
These two expressions are equivalent.
They mean the same thing.
When we work from top to bottom, we
2(x+5) say we are expanding this polynomial.
expahding factdgring And when we work from bottom to top,
we say we are factoring this polynomial.
=2x+10

Ex2:




Remember we learned polynomial

identities? For instance:
The difference of two squares
factoring
——
a%-b%=(a+b)(a-b)
——

expanding

Please review all the polynomial
identities we learned before. We are
going to use some of them when we
factor polynomials.

a squared minus b squared is equal to
parentheses a plus b times parentheses
aminus b

But normally we skip the word
parentheses. For when we teach, we
talk and write on the chalkboard at the
same time. Students will listen to us and
watch us to write. It’s easy for them to
understand what we mean. But if you
want to play safe, you can write down
all the details when you work on your
teaching plan.
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We now introduce factoring binomials and trinomials respectively in this lesson. Let’s
start with factoring binomials.

Ex3: Factor the following binomials:
1. 4x-8 4 times x minus 8
The GCF of 4 and 8 is 4, factor out 4
We get

4x-8 4 times x minus 8 is equal to 4 times

whole x minus 2

And after factoring out 4, we write
down the remaining term. In
=4(x-2)4 parentheses, the first term would be 4x
] \ divided by 4, so we have x as the first
term. And the second term is 8 divided
ax 8 by 4, which is 2. The operation sign

4 4 “minus” remains.
Then factoring this binomial 4x-8 is

completed.

We can check the reverse process by
using the distributive property

' 4

4(x-2)

(P
=4x-8 Please keep it in mind that from now

on, before you do any polynomial
This is called the GCF method. factoring, you need to look into the
common factors of the coefficients and
variables in the polynomials you work

on first.




2. x2-3x

x2-3x

=X(x-3) #

3. x%-25

x2-25

= x2- 52

=(x+5)(x-5) #

We see there is a common variable x
from this binomial. So we factor out x

from both terms
x squared minus 3 times x

We can see the common variable in

both terms is x. We factor out x and get

X times x minus 3

x squared minus 25

This binomial has 2 squared terms. It

reminds us of the polynomial identity

DIFFERENCE OF TWO SQUARES
a%-b?=(a+b)(a-b)

So we transform it to

x squared minus 5 squared

According to the polynomial identity

mentioned above, we get

x plus 5 times x minus 5




Now we are going to introduce factoring trinomials. Before we do that, let us review

another polynomial identity we always use when factoring trinomials-

PERFECT SQUARE TRINOMIAL
(atb)?=a’+2ab+b?

Let’s see some examples here.

ATTENTION: no matter what methods we use to factor polynomials, we always,
always check the GCF method first.

Ex 4: factoring the following trinomials

1. x246x+9
x24+6x+9
x2 32

Corresponding to the identity
(a+b)?=a%+2ab+b?
We have a=x and b=3.
2ab
=2 (x)(3)
=6Xx
That is
X2+6x+9
=x2+2 (x)(3)+ 32

=(X+3) 2,

x squared plus 6 times x plus 9

The trinomial we have here has no GCF
from all terms other than 1. So we don’t
use the GCF method here.

It has two perfect squares x squared
and9

9 equals 3 squared

Replace a with x and b with 3, we get

2 times a times b is equal to 2 times x

times 3 and equals to 6 times x




2. 49x%-70x+25

This trinomial also has two perfect
squares 49x? and 25

49x2-70x+25
(7x)? >\52
Corresponding to the identity
(a-b)?=a%-2ab+b?
We have a=7x and b=5.
2ab

=2 (7x)(5)

=70x
So

49x2-70x+25

= (7x)2-2 (7x)(5)+52

=(7x-5) %4

49 times x squared minus 70 times x
plus 25

49 times x squared equals 7x whole

squared

25 equals 5 squared

Replace a with 7x and b with 5 we get

2 times a times b is equal to 2 times 7x

times 5 and equal to 70 times x




The second method to factor trinomials is GROUPING. The general form of a

quadratic trinomial is like ax>+bx+c, we can set a, b, and c are whole numbers. We

will show you how to factor trinomials by grouping them in terms of a=1 and a=1

respectively.

Ex5: Factoring the trinomials ax?+bx+c

when a=1

1. x2+3x+2

X2+3x+2
We copy the process of
x2+bx+c
=(x+m)(x+m)
= x2+(m+n)x+mn

= x2+mx+nx+mn
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When a=1, the general form of a

trinomial is like x2+bx+c

We assume that after factoring, the

general form would be like

x2+bx+c

=(x+m)(x+m)
(m,and n are whole numbers)
Expand the final expression, we get
x2+bx+c

=(x+m)(x+m)

= x?+(m+n)x+mn

= x> +mx+nx+mn

That means we simply split the x term
bx to mx plus nx, and grouping will be

done easily.
X squared plus b times x plus c equals
X plus m times x plus n

and

equals

x squared plus m times x plus n times x

plus m times n




We first need to find out m and n by
factoring the constant term 2.

2=1-2=(-1)(-2)
Then m=1, n=2 or m=-1, n=-2
But m+n needs to be 3
or =(-1)+(-2)

or -3

So m=1 and n=2 meet the requirement
of the x term 3x.

Rewrite the trinomial
X2+3x+2
= X24X+2X+2

Then GROUPING and factoring out the
GCF in each group

=( x%+x)+( 2x+2)

=X(x+1)+2(x+1)

The last step would be
X24+3x+2
= X24X+2X+2
=( x24+x)+( 2x+2)
=X(x+1)+2(x+1)

=(x+1) (x+2) &

2 equals 1 times 2

Equals negative 1 times negative 2

Split the middle term 3x to x plus 2x

After grouping, factor out the common
factor x from the first parentheses and
2 from the second parentheses(using
the GCF method)

After factoring out the common factor
x from the first parentheses, the
remains in parentheses are x squared
divided by x is x and x divided by x is 1

2x divided by 2 is x and 2 divided by 2
isl

These two terms have a common
factor (x+1). Factor out the common
factor (x+1), the remains in the

parentheses are (x+2)




2. x2-5x-24

-24=mn and need m+n=-5

m12ﬂ4681224

n -24:12 W-s 4 -3 -2 -1

So we choose m=3 and n=-8
Then the trinomial can be written as
x2-5x-24
= x2+3x-8x-24
=(x?+3x)+(-8x-24)
=(x-x+3-x)+[(-8)-x+(-8) -3]
=x(x+3)+(-8)(x+3)

=(x+3)(x-8) #
3. 3x249x-84

3x2+9x-84

=3(x*+3x-28)

_28=1(-28)=2('14)=4("7)

=14(-1)=28(-1)
=3(x2+7x-4x-28)
=3[(x2+7x)+(-4x-28)]

=3[x(x+7)-4(x+7)]

=3(x+7)(x-4) #

Factor the constant term -24 first.

We need to have m and n which satisfy

m plus n equals negative 5

Grouping
Factor out the GCF

Factor out the GCF (x+3)

3 x squared plus 3x minus 84

There is a GCF 3 in this trinomial, we
will factor out the GCF first.

Then we factor the constant term

negative 28

We need m,n that mn=-28, m+n=3

So m equals 7 and n equals negatived
4

Grouping and factoring GCF x from the
first parentheses and negative 4 from

the second parentheses.

Factoring the common term x plus 7,




Now we are going to factor the trinomials ax?+bx+c when a=1. As we said before, we
can factor out the negative GCF when a is negative. So we simply consider a>1.
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We first introduce ac METHOD.
For any trinomial ax?>+bx+c, a>0
If ax’+bx+c

=(mx+n)(rx+s)
Expand the expression

ax’+bx+c

=(mx+n)(rx+s)

=mrx+(ms+nr)x+rs
We have

ac=mnrs and b=ms+nr
we need to find out two numbers in which the product of these two numbers
equals ac and the sum of these two numbers equals b
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Ex6:: Factoring the trinomials ax?+bx+c

when a>1
1. 2x>+5x+3 2 times x squared plus 5 times x plus 3
2:3=6
=1-6=Q2-3=(-1)(-6)=(-2)(-3) atimescis 2 times 3is 6
And 2x+3x=5x and 2x plus 3x equals the middle term
So 2x%+5x+3 5x

So we split 5x to 2x+3x

=2x2+2x+3x+3 Grouping and factoring the GCF
=[(2x%+2x) + ( 3x+3)] Factor the GCF (x+1)
=[2x(x+)+3(x+1)]

=(x+1) (2x+3) #




2. 20x%-6x-2 20 x squared minus 6x minus 1

20x2-6x-2 We see all the coefficients are even
=2(10x-3x-1) numbers, we can first factor out the
GCF 2.
10(-1)=-10
=1(—10)=@5(—2)=10(—1) The middle term is negative 3x
-3x=2x+(-5x) So we choose 2 and negative 5 such

that negative 3x equals 2x plus

negative 5x
Then 20x?-6x-2
=2(10x?-3x-1)
=2(10x%+2x-5x-1)
=2[(10x%+2x)+( -5x-1)]
=2[2x(5x+1)+(-1)(5x+1)] Grouping and factoring out each GCF
=2(5x+1)(2x-1) & Factor out (5x+1)

We are going to introduce the CROSS method we generally use in our class.
Somewhat it’s not quite the same as they use in some other countries.
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Let’s explain our CROSS method in a general way.

Let
ax’+bx+c a>0
=(mx+n)(rx+s)
=mrx?+(ms+nr)x+rs
We have

a=mn, b=ms+nr, c=rs

The process of multiplying (mx+n) and (rx+s) is

/T><T\

rmx rnx smx sn

When we do the polynomial factoring, we reverse the process of the multipling

above. That is:




We need two numbers n and s of which their product is ¢
two numbers m and r of which their product is a

the sum of the two cross products smand rnis b
For instance, if we want to factor the polynomial
2x2+5x+3

We first factor the leading coefficient 2=1-2=(-1)(-2). However, we don’t consider
negative leading coefficients, so we always have positive factors for the leading
coefficient.

Then we factor the constant term 3=1-3=(-1)(-3)= 3-1=(-3)(-1)

The reverse process would be like this:

Fix the x2 terms first 2x2

!

2X
X

The constant term would have many choices
2x? 3

Zix 1 -1/3 \3
X >< 3 3|1 Xl
AR

7x  -7x\ 5x/ -5x

When 3=3-1, the result of the cross product is 5x. Please notify students that when
we write down the answer, we need to do it from left to right, not from top to

bottom.
2x2 3
(2x+3) —» 2x 1 -1 /3 \3
(x+1) —> X ><3 301 -
7x  -7x\ 5x/ -5x
We get

2x2+5x+3=(2x+3) (x+1) #




One more example:

Factoring the polynomial 6x2-x-12

We factor the leading term 6x2 and the constant term -12 together.

6x2 -12

| 2
2x 1 2 3 4 6 12
3)>< -12-6 -4 -3 -2 -1

Or
6x2 -12

3x>< 1 2 3/4)\6 12
2X -12-6 4\-3) -2 -1
S

-Ox+8x=-X

We found that when -12=3(-4), the cross product -9x+8x=-x is what we need.

So we can write down the factoring result right away.

6x? -12

(3x+4) —>3x>< 1 2 3/4\6 12
(2x-3) ——> 2x 126 -4 \-3/-2 -1

NS

6x2-x-12=(3x+4)(2x-3) #
Check:

Expand the expression (3x+4)(2x-3), we get

N

~~ N
(3x+4)(2x-3)=6x2-9x+8x-12

-’

___# =6x*-x-12

Doing more practice will make you an expert!
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