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Division Algorithm for Polynomials

Material Note
. . & T _\: .
© smmaims Vocabulary: Polynomial ( % 7& %), Nonnegative
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Integer (2% f & #&), Subscript (T %), Superscript (_}
%), Ellipsis (#1 & % informally as dot dot dot ).
Translations:

In junior high school, we have learned that the
expressions like ax"+a,_,x"" +---+a,x+a, (asubn
times x to the power of n plus a sub n minus 1 times x
to the power of n minus 1 plus dot dot dot a sub 1
times x plus a sub 0. ) are called in x.
Where n is a positive integer or a zero (

)and a ,a,,,...,a,,3,are real numbers. A
polynomial in x is generally represented as f(x) or

g(x).

3 < Superscript

"x-sub-n cubed"

lllustrations

Vocabulary: Term (3% ), Namely (7= 7), Coefficient ( 7% #c), Constant Polynomial (% # % 78 ;1),

Zero Polynomial (% % 7% ;) , Exponent (35 #k), Variable (% #c), Degree of the Polynomial ( %

3¢ €Nt d).
In the polynomial x> +2x, the expressions x> and 2x are called the of the polyno-
mials. Similarly, the polynomial 3y’ +5y+7 has three terms, , 3y, 5y and 7.
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Each term of a polynomial has a

. S0, in —x> +4x*> +7x =2, the coefficient of x> is




—1, the coefficient of x* is 4, the coefficient of x is 7 and —2 is the coefficient of x°.
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2 is also a polynomial. 2, -5, 7, etc. are examples of . The constant

polynomial O is called the
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In the polynomial p(x)=3x"—4x° +x—9, the term with highest power of xis 3x”. The
of x in this term is 7. We call the highest power of the in a polynomial as the
. Particualrly, the degree of a non-zero constant polynomial is zero.
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Vocabulary: Operation (:& & ), Monomial (¥ g 5% ), Classify (4 #f), According to (¥244), Binomial

(= 78 5%), Trinomial (= 78 ;)

A polynomial is defined as an expression which is composed of variables, constants and
exponents that are combined using mathematical such as addition, subtraction,

multiplication and division (No division operation by a variable).
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The expressions with one term are called and the expressions with more than

Rt

one term are called polynomials.
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Polynomials are the number of terms; for instance, a has

two terms and a has three terms.
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Vocabulary: Numerical (# i ), Distributive Property
(~ fiz =), Descending Order (*% 7).
Translations:

1. To multiply two monomials, multiply their

coefficients and find the product of the

variable factors according to the laws of
exponents. (7 1 8 38 0 % 38 5% 2 K ff 5 Tadicap
Fom xS s o)
For example (ZXS)(3X4)=(2X3)X5+4 =6x’ (2
times x to the fifth, times 3 times x to the forth
equals 2 times 3 times x to the power of 5 plus 4,
which equals 6 times x to the ninth.) (5|4~ »
(ZXS)(3X4)=(2X3)X5+4 =6x’ °)
To multiply two polynomials, use the

of multiplication over addition. (7 % 78
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Note:
The answer is often written in of

the exponents, ending with the constant term.

Summaries

Vocabulary: Standard Form (2 ;%), Parentheses (Fl4& %% © ().

1. A polynomial in x is said to be in

All are removed.

Like terms are combined.

if

lll. The terms are arranged in order of descending powers of x.
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2. The degree of polynomial in x is the greatest power of x.

SN eE xBRR A e

Material

Note

()b

HAUih K

x 42 —KEUNRBRA A - Bk E

BEtcr 1 BR B2 CEMETER RS EANRERE -

Vocabulary: Dividend (7}}‘»“,% 7%, Divisor (“,% ),
Quotient (7 3), Remainder (4 5%).
Translations:

The process of dividing a polynomial is
essentially the same as dividing an integer. To show
how it works, let’s divide 2x*> +3x° +8x +5 by
x* +x+3. (The former is called the . The
latter is called the )

Put 2x on the top, because 2x* +x* =2x.

Put +1 on the top, because x> +x*=1.

Stop when the degree of remainder is less than
divisor.

We say the quotient is 2x+1, remainder is
X+ 2. This result is called the Division Algorithm for

polynomials.

lllustrations

Because x°x2x=2x>. The goal is to match 2x’and we have (x2 +x+3)><2x =2x>+2x> +6x.

We put this part below the dividend.

x> +x+3

Finally, we subtract each element. We bring down the 5.

x> +x+3

2x
2x*  3x* 48 45
2> 22X 46X
2x
2x*  3x*  +8x 45
2> 2 46X

XX +2x 45




How many times dose x* +x+3 gointo x*? 1 times. Our goal at each step is to get the same

exponent and the same coefficient as the term with the highest power. We put the +1 up top

and (+1)><(x2 +x+3):x2 +x+3 on the bottom.

2X +1

x> +x+3 | 23 3> +8x 45

2x° 2x* 46X

X +2x +5

X’ +X +3

As the second step that we subtract each term, we get x+2 at the end.

2X +1

x> +x+3 | 23 3> +8x 45

2x° 2x* +6x

x>  42x 45
X’ +X +3
X +2

The result is as follows.
2x° +3x° +8x+5:(x2 +x+3)(2x+1)+(x+2)

Dividend =Divisor x Quotient + Remainder

Material Note
Vocabulary: Divide Evenly Into/Be Divisible By (fg“,f ),
& /() B g(x) BREZAX A ¢(x) #0 » FEE " () BRBLg(x) 4 B -
o Factor ( #]4), Multiple (i #).
HA r(x) =0 B degr(x) < degg(x) » HEEF g(x) B r(x) D BITE B A EEER
= Translations:

The Division Algorithm

If f(x) and g(x) are polynomials such that
g(x)#0, when doing “divide f(x) by g(x)” there
exist unique polynomials q(x) and r(x) such that

f(x)=g(x)a(x)+r(x)
Dividend =Divisor x Quotient + Remainder

Where r(x)=0 or the degree of r(x) is less
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than the degree of g(x).

Note:

1. If the remainder r(x) is zero, g(x)
f(x). (oo 85 r(x) 22 0 g(x) i F(x) B¢
% <)
2. r(x)isa of f(x);f(x)isa of r(x).

(r(x) 2_f(x) %55 > f(x) Er(x) a2 58 o)

Material Note
s € Vocabulary: Synthetic Division (4 & ",f %), Procedure
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lllustrations
Let’s look at the for dividing polynomials by

Consider this problem: Divide x* +2x>+5x—7 by x+3

Step 1: List the coefficients of the dividend in a horizontal row. Note that the dividend does not
contain an x’-term. Remember to insert the coefficient +0 into the dividend.

1 +2 +0 +5 -7

+)

Step 2: To the right of the number, list the opposite of the constant in the divisor. The constant

in the divisor x+3 is 3. So, we take the opposite of that number which is —3.

1 +2 +0 +5 -7 -3

+)

Step 3: Drop the leading coefficient, 1, below the horizontal line.

1 +2 +0 +5 -7 -3

+)




Step 4: Multiple the number —3 by 1 and write the result (1-(—3) :—3) beneath the coefficient
(+2) and above the horizontal line.
1 +2 +0 +5 -7 -3
+) -3
1

Step 5: Add -3 and +2 (—3+2 :—1) and write the sum in the same column as those values,

below the horizontal line.

1 +2 +0 +5 -7 -3
+) -3
1 -1
Repeat the step 4 and step 5.
1 +2 +0 +5 -7 -3
+) -3 43 -9 +12
1 1 43 -4 |

Combine the numbers in the rightmost column (—7+12 :5) and write the result in the

same column, blow the horizontal line.

1 +2 +0 +5 -7 -3
+) -3 43 -9 +12
1 -1 +3 -4 +5

The number below the horizontal line represents the coefficients of the quotient and the
remainder. Note that the degree of the quotient is always one less than the degree of the
dividend, so this quotient has degree three: x> —x* + 3x—4 . The rightmost number the horizontal

line represents the remainder, which is 5 for this problem.

Therefore, x* +2x° +5x—7:(x+3)(x3 —x? +3x—4)+5 _




Polynomial Divisign: Synthe

Synthetic Division of a Third-Degree Polynomial

Use synthetic division to divide ax® + bx* +cx +d
by (x—k) , as follows.

k a

a

Vertical Pattern: Add terms
Diagonal Pattern: Multiply by k

The bottom row represent the coefficients of the
quotient, which is 1 degree less than the dividend.

Vocabulary: Column (2 {7), Row (# 71]), Pattern (#i-

;%), Diagonal (¥ % 1), Preference (i & ).

Video: Mathispower4U -

https://www.youtube.com/watch?v=5dBAdzI2Mns
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Translations:

Finding the quotient and the remainder, we can
use synthetic division. We will have the quotient is
x> +2x*> +4x +3 , and the remainder is 9. However, if
it is only the remainder which is needed, there is

another easier and quicker method to use.
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+3=9

By the division algorithm,

Dividend = (Divisor x Quotient) + Remainder
Set f(x) is divided by x—2, the quotient is g(x) and
the remainder is r, which satisfy the equation:

f(x)=(x—-2)q(x)+r.
Substitute x =2 into the former equation, yielding
f(2)=(2-2)a(2)+r=r

Hence, the remainderis r= f(2) =2"-5x2+3=9
Remainder Theorem

If a polynomial f(x) is divided by the binomial ax—b,

the remainder is f(Ej
a

Supplementary Materials |

If x—1 and x+1 are both factors of the polynomial ax* + bx> —3x* +5x and “a” and “b” are

constants, what is the value of a?

Solution

Using the remainder theorem, we can set up a system of equations. When the polynomial is

divided by x—1 or x+1, the remainder is 0, which means that if we let p(x) denote the
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polynomial, p(1)=0 and p(-1)=0.

a(1)* +b(2)’
a(—1)4+b(—

1)’ -3(-1)"+5(-1)=0

~3(1)° +5(1)=0 a+b-3+5=0
a-b-3-5=0

Adding the equations together, 2a—6=0=>a=3

Supplementary Materials Il

5x° —2x*—14x +1

B
is written in the form 5x*> —2x> —14x+1+——, where B

If the expression
X—2

is a constant. Find the value of B.

Solution

X—2

Based on where it is, B represents the remainder of the division. Using the remainder

theorem, we can find B by plugging x =2 into the polynomial 5x> —2x> —14x +1.

5(2)’ -2(2)' -14(2)+1=5

5
We can write the result of this division as 5x* —2x*> —14x +1+——, from which B=5.

X—2
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