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NOVEL CONSTRUCTIONS OF COMPLEMENTARITY
FUNCTIONS ASSOCIATED WITH SYMMETRIC CONES

YU-LIN CHANG, CHING-YU YANG, CHIEU THANH NGUYEN, AND JEIN-SHAN CHEN*

ABSTRACT. We provide affirmative answers to two long-standing questions re-
garding symmetric cone complementarity problem: (i) Is there systematic way to
construct complementarity functions associated with symmetric cone? (ii) Is it
possible to utilize existing NCP-functions to construct complementarity functions
for symmetric cone? More specifically, we present three different assumptions,
under one of which, we can construct complementarity functions associated with
symmetric cone. For the second question, we demonstrate how to write out com-
plementarity functions associated with symmetric cone by using a given NCP-
function. Especially, we construct simple complementarity functions in the set-
tings of second-order cone and positive semidefinite cone, which are two special
types of symmetric cones. This novel idea opens up a new approach in solving
the complementarity problem based on NCP-functions.

1. INTRODUCTION

To tackle optimization problems, one category of algorithms rely on so-called
complementarity functions, which plays an important role in recasting the corre-
sponding KKT conditions as a system of nonsmooth equations or an unconstrained
minimization problem. Therefore, looking for appropriate complementarity func-
tions is an important issue from a computational viewpoint. This paper is aimed
at finding ways to construct complementarity functions associated with symmetric
cones so that they can be employed in solving general symmetric cone programs
including nonlinear programming, second-order cone programming, and positive
semidefinite programming.

It is well-known that complementarity problem arises from the KKT conditions
of an optimization problem. For instance, for a nonlinear programming, its KKT
conditions can be rewritten as a nonlinear complementarity problem (NCP), which
is the problem of finding a point x € IR" such that

(1.1) x>0, F(x) >0, (z,F(x)) =0,

where (-,-) is the Euclidean inner product and F = (Fy,...,F,)? is a map from
IR™ to IR™. In order to solve nonlinear complementarity problem, the so-called
NCP-function plays an important role. Formally, a function ¢ : IR? — IR satisfying

¢(a,b) =0 <= a,b>0,ab=0
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is called an NCP-function. During the past few decades, numerous NCP-functions
have been proposed and extensively studied in the literature, see [1,4-6,8,9,13,21,
25,27] and references therein. Moreover, there are also some systematic ways to
construct new NCP-functions, for instance in [1,13,25,27]. There are a couple of
features regarding NCP-functions which are worth pointing out. The first one is that
an NCP-function cannot be differentiable and convex simultaneously as established
in [28]. This fact is further extended to general complementarity function associated
with any closed and convex cone [18]. The other feature is that, even though we have
the differentiability of an NCP-function, the Newton method may not be applied
directly because the Jacobian at a degenerate solution to the NCP may be singular,
see [19,20]. Nonetheless, the differentiability of an NCP-function is still useful
since we can use some other methods relying on differentiability (like quasi Newton
methods, neural network methods) and hence they can be used directly for solving
the NCP.

The symmetric cone complementarity problem (SCCP), on the other hand, can
be viewed as natural extension of the NCP. The SCCP is the problem of finding a
point z € V such that

(1.2) zeK, F(z) e K, (z,F(z)) =0,

where F' : V — V is a map, V is a FKuclidean Jordan algebra and K is its cor-
responding symmetric cone defined in V. We shall see more details in Section 2
regarding symmetric cone and Euclidean Jordan algebra. The SCCP (1.2) includes
a few well-known complementarity problems as special cases. For example, when
K is the nonnegative orthant IR”, the problem (1.2) reduces to the NCP (1.1).
When K is the second-order cone K", the problem (1.2) is known as the second-
order cone complementarity problem (SOCCP), see [10,11,17,26,30,31]. When
KC is the positive semidefinite cone S, the problem (1.2) is the positive semidefi-
nite complementarity problem (SDCP), see [32,35]. Likewise, there is a need for a
corresponding complementarity function for the SCCP (C-function for short) when
tackling the SCCP (1.2). Under the symmetric cone setting, we call a function
¢ : VxV — V acomplementarity function associated with symmetric cone (again,
C-function for short) if it satisfies

olr,y) =0 <= zek,yek, zoy=0,
where x o y means the Jordan product of z and y (which will be recalled in Section
2).

In view of the importance of complementarity functions for the SCCP (1.2),
many researchers have paid significant attention to extending some existing NCP-
functions to serve as C-functions in the general symmetric cone setting. In par-
ticular, Gowda at el. [15] established that the following two popular functions are
C-functions for the SCCP:

ops(2,y) = (2®+97)
oae(@y) = z—(r—y)+

which are called Fischer-Burmeister and natural residual functions, respectively,
where (-); means the metric or orthogonal projection onto K. Kong at el. [22]

2z 4y)



CONSTRUCTIONS OF C-FUNCTIONS ON SYMMETRIC CONES 577

studied the vector-valued type of implicit Lagrangian function, and proved that it
is a C-function for the SCCP. Liu et al. [24] successfully extended those families
of NCP-functions proposed by Luo-Tseng in [25] to the symmetric cone setting.
In addition, Pan and Chen [29], Kum and Lim [23] generalized some penalized
complementarity functions to the symmetric cone setting. Following these research
directions, there are two natural and long-standing questions to ask regarding the
construction of complementarity functions for the symmetric cone complementarity
problem: (i) Is there a systematic way to construct complementarity functions
associated with symmetric cone? (ii) Is it possible to employ existing NCP-functions
to generate complementarity functions for symmetric cone? These two problems are
indeed long-standing questions in the literature complementarity functions. The
main purpose and contribution of this paper lie on providing affirmative answers
for the aforementioned questions.

More specifically, we present two methods for the constructions of C-functions in
the symmetric cone setting. The first method is inspired by a class of NCP-functions
investigated by Mangasarian in [27], which is stated below.

Proposition 1.1. Assume that 0 : IR — R is a strictly increasing function, that
is, a > b <= 6(a) > 0(b), and let (0) = 0. Then, the function

¢(a,b) :=0(la —b|) — 6(a) — 6(b)
is an NCP-function.

In [27], Mangasarian provided two examples of 6, namely 0(z) = z|z| and 0(z) =
z. Accordingly, they induce the following NCP-functions:

¢Man1 (a7 b) = (CL - b)2 - b‘b’ - (Z|a‘7
¢I\4a112 (a” b) = |a - b| - b — Q.

Motivated by Proposition 1.1, as will be seen Section 3, we define a class of vector-
valued functions to induce C-function associated with symmetric cone. Moreover,
we develop some various kinds of composition forms of C-functions.

The second method is built upon existing NCP-functions. As mentioned earlier,
extension of NCP-functions to serve as C-functions for the SCCP are studied by
many researchers. Our novel idea is to employ existing NCP-functions (real-valued
functions) to construct vector-valued C-functions in the symmetric cone setting. It
is known that there exists around fifty NCP-functions in the literature. In turn, our
idea opens up an innovative way to obtain plenty of C-functions. We believe that
this result is a good contribution to the literature, which paves bricks for subse-
quent analysis regarding the SCCP through NCP-functions. In particular, we shall
demonstrate general forms of C-functions using NCP-functions for the SCCP. Es-
pecially, we construct C-functions in two special symmetric cones including second-
order cone and positive semidefinite cone based on explicit formulas of the inner
product (Jordan product). This novel idea is outspread a new direction in tackling
complementarity problems via minimization problems related to NCP-functions.
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2. PRELIMINARIES

In this section, we review some background materials and properties about sym-
metric cones which are needed for subsequent analysis. Most of these contents can
be found in [7,15, 16,33, 34].

Let (V,(.,.)) be a finite dimensional inner product space over IR and VxV — V,
(x,y) — z oy satisfying the following three conditions:

(i) zoy=youx forall x,y € V;
(i) xo (22 0y) =220 (zoy) for all x,y € V where x
(ili) (zoy,z) = (y,zoz) forall x,y,z € V.

2i=goum;

A triple (V,o,(.,.)) satisfying the above three conditions is called a FEuclidean
Jordan algebra. An element e € V is a unit element if roe =z forallz € V. In V,
the set of squares K := {z? | z € V} is said to be a symmetric cone. It is known
that K is a self-dual closed convex cone.

For any z,y € V, we write z = y if t —y € K and write z > y if  —y € int(K).
In other words, we have & =x 0 if and only if x € K and x =x 0 if and only
if z € int(K). For € V, we define m(x) := min{k > 0|{e,z,...,2"} is linearly
independent} and call the number r := max{m(z)|x € V} the rank of V. An
element ¢ € V is an idempotent if ¢*> = ¢, while it is a primitive idempotent if it
is nonzero and cannot be written as a sum of two nonzero idempotents. One says
that a finite set {ej,ea,..., €y} of primitive idempotents in V is a Jordan frame if

m
ejoe; =01if i # j and Zei:e.
i=1

Note that (e;,e;) = (e; 0 ej,e) = 0 whenever i # j. We have the following spectral
decomposition theorem.

Theorem 2.1 ([16, Theorem I11.1.2]). Let V be a Euclidean Jordan algebra with

rank r. Then, for every x € V, there exists a Jordan frame {ey,ea,... e} and real
numbers A\ (x), Aa(z), ..., \(z) such that
(2.1) r=A(x)er + -+ A\ (7)€

Here, \i(x) are called the eigenvalues of x.

Let f : IR — IR be a real-valued function. A vector-valued function f%¢:V —
V associated with the Euclidean Jordan algebra [3,33] (SC-function for short) is
defined by

@)=Y fQa@))er = fF(@)er + -+ + FA(2))er,
i=1

where x is defined in (2.1). This is also called a Lowner function. For example,
if we take f(t) = (t)+ := max(0,¢) for t € IR, then f°(x) becomes the projection
operator onto K:

(@) = (M(@))rer + -+ (Ar(2)) 1 er.
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Similarly, when f(¢) = (¢)— := min(0,¢) for t € IR, f%(z) means the projection
operator onto —/C:

(2)- = (M(@))—e1 + -+ (A (@))er.
We also have the following facts

z=(2)4 + (x)-, |z] = ()4 — (z)-.
Besides, it is known that = € K if and only if \j(z) > 0 for all « = 1,...,r.
Thoughout the remaining paper, for z € V we denote zo|z| by z|z|; for any x,y € V,
Ai(z) and A\;(y), 7 = 1,...,r are arranged in the increasing order A;(z) < -+ < A\ (z)
and A\ (y) < --- < A.(y), respectively.

It is worth writing out the spectral decomposition given in (2.1) for two special
symmetric cones. To see this, we now look into two special examples of Euclidean
Jordan algebra (see in [3,14,15]).

Example 2.2. The algebra %" of n x n real symmetric matrices. Let $7*"
be the set of all n x n real symmetric matrices with the inner product and Jordan
product given by

1
(X,Y) :=trace(XY) and X oY := i(XY +YX)VX,Y € "

Then, ($"*",0,(.,.)) is a Euclidean Jordan algebra and we write it as ™. The
cone of squares $" in /™ is the set of all positive semidefinite matrices in $™*".

Note that the rank of $"*" is n and the identity matrix is the unit element. Given
any X € $"*" there exists an orthogonal matrix U with columns w1, us, ..., u, and
a real diagonal matrix D = diag(A1, A2, ..., \,) such that X = UDUT. Clearly,
there holds

X = Alulur{ + -+ )\nunug
which is the spectral decomposition of X. In particular, {uqu?,... usul} is a
Jordan frame.

Example 2.3. The Jordan spin algebra .#”. Consider IR” (n > 1) with inner
product (-,-) and Jordan product defined by

roy:= ((z,y), 1172 + T172) -
for any x = (21,22) € RxR" ! and y = (y1,%2) € RxIR""!. Then, (R, 0, (-,-)) is
a Euclidean Jordan algebra, which is denoted by -Z". The cone of squares, denoted

by £, is called Lorentz cone (or second-order cone or ice-cream cone) which is
given by Z7 := {(21,22) € R x R" |z > || 22|}

It is clear that the unit element in £ is e = (1,0,...,0). For each x = (x1,Z2) €

IR x R™!, a spectral decomposition of = associated with 2% is given by

=M\ (z)ul? + Ao(z)u?,
where A\1(x), A2(x) are the spectral values and e; = ug), es = ut? are their cor-
responding spectral vectors of x. There are explicit expressions for \;(z) and ug(cz)
below:

(2.2) Ai(@) =z + (=1)[|z2l,
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1 . T2 o

“ 1, (=)= ) it 0
23) uf) = o (1) o

3 (1, (=1)"ws) if 7o =0,

for i = 1,2, with w being any vector in IR" ™! satisfying ||ws|| = 1. If 5 # 0, the
decomposition is unique.

Now, we present a few technical lemmas which are crucial to our subsequent anal-
ysis. The first one is a useful monotone property, which is proved in [15, Proposition
8].

Lemma 2.4. For any z,y € K, ifx =k 0, y =x 0 and x > y, then z'/? =) y/2.

The second lemma includes a few properties regarding positive semidefinite ma-
trices which can be found in [14,32]. For any X € $"*", we denote X =gnxn 0 by
X =0.

Lemma 2.5. Let XY be n x n matrices in $"*™. Then, the following hold:

(a) X = 0= UXUT =0 for any orthogonal matriz U.

) X>=0,Y>0= (X,Y)>0.

) X >0,V =0, (X, Y)=0= XY =YX =0.

) If X =0,Y =0, then (X,Y) =0 <= XY =0.

) Given X andY in $"*™ with XY =Y X, there exists an orthogonal matriz
U, diagonal matrices D and E such that X = UDUT and Y = UEUT .

(b
(c
(d
(e

The next three lemmas describe the boundary behavior of Lorentz cone.
Lemma 2.6. Let x = (z1,72) € R x R"! and y = (y1,92) € R x R" L. Then,
xtgf 0, y Zgr 0 and zoy =20
if and only if the following hold

(i) If T2 # 0 and go # 0, then x,y are both on the boundary of £}, share the
same spectral vectors, and can be expressed as

r = )\2($)~u($2):2$1'1<1a 2 >7

ATEA]
1 T2

y = A2<y>-u<2>:2y1-(1,—),
2 AN

with <U§c2),ug(,2)> =0 or u§f) o ug(f) =0.
o (ii)) If z3 = 0 or yo = 0, then it goes to the trivial cases that © = 0 and
ye Ly orxe Ly andy = 0.

Proof. The idea for the proof is very similar to [17, Proposition 2.1]. For the sake
of completeness, we provide the details.

“«<" The proof of this direction is trivial.

“=7 Fromz = ¢p 0,y mgr Oand zoy = ((x,y),x192 + y1Z2) = 0, we have

(2.4) (w,y) = 2y + 2392 = 0, @1 > |[Z2], y1 > [|52]]-
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To proceed, we discuss two cases.

(i) If Z2 # 0 and @2 # 0, then equation (2.4) implies —Z2 %2 = 2191 > ||Z2|]|72]]-
Since —72 s < ||Z2||||72]], it leads to m1y; = —T2ys = ||Z2||||72]|. Hence x; =
|Za|, y1 = ||72]|; otherwise, if x € int(Z7) or y € int(LF) then z1y1 > [|Z2]|]|72],
which is impossible. This means x and y are both on the boundary of .Z}. Using
the facts that the second component of x o y is zero, i.e 192 + y1Z2 = 0, and the
fact that z1 = [|Z2[[, y1 = |[g2]|, these yield that

v = do(w) ) = (@ + ) - 5 (122 ) = 2015 (L 72

2] [z
and . B
T2
=20 =+ i) 5 (1) =25 (1)

where x and y can be viewed as sharing the same spectral vectors {u;,g2 ,uéz)} with

2 T 2 z 1 2 2 2
ud = 2(1, Hsz)’ uz(,) = (1’_|Ix§|\) = u'V and (ug),ué)) _— )oué)—O.

(i) If Z2 = 0, from equation (2.4), we obtain z1y; = 0. It leads to 1 = 0 or y; = 0.
For x1 = 0, then we have x = 0 and y can be any element in .Z{'. For y; = 0, then
g2 must be 0 from the third inequality of (2.4), which means y = 0 and z can be
any element in £} in this case. Similar to the case g2 = 0. 0

Lemma 2.7. Let v = (71,72) € R x R" ™! and y = (y1,72) € R x R with
To #0, o #0. Then,

rzgn 0, yzgn0 and zoy=0
if and only if x1 = ||Z2[|, y1 = |92, and 192 + y17Z2 = 0.
Proof. This is an immediate consequence of Lemma 2.6. g

Lemma 2.8. Let x = (71,72) € R x R"™ and y = (y1,%2) € R x R"™ with
To £ 0, yo #0. Ifx Zgn 0,y Zgn 0 and x oy = 0, then o = —mTo, where
72l

me= s Moreover,

Yo = —mIy <= there exists k € {2,...,n} such that yr = —mazy #0
(2.5) and yxp = 2y, for all 1€ {2,...,n}.
Proof. From case (i) in the proof of Lemma 2.6, we see that 7292 = —||Z2||||72]l,
which further implies
~T = =T = ~T - . - _
$%92 — ||z, L2 Y2 __$%$2 gz _ %2 gQZ_HZf?H@,
152 |72l [|Z2] 172l [|Z2] [|Z2]|
Letting m := Izl ¢ implies o = —mTs.

[EK
Next, we prove the relation (2.5).
“=" Since yo = —mTa, and Ty # 0, y2 # 0, there exists k € {2,...,n} such that

xr # 0, yp # 0 and yp = —mazg. In addition, y; = —may for all [ € {2,...,n}.
Multiplying by —mxy, both sides of this equation, we have

yi(—may) = —mx(—mg) = —mr Y.
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Thus, we prove that v,z = T;y.

“<” Since yxp = xyr and yr = —maxy, # 0, it yields yjxr = x;(—maxyg). This
implies that y; = —max; for all [ € {2,...,n}. Hence, g2 = —mis. O

3. FIRST CONSTRUCTION METHOD OF (C-FUNCTIONS

This section is devoted to establishing assumptions under which we can construct
a C-function in the setting of symmetric cone. We shall provide three different
assumptions, each of which leads to a possible construction way of C-function.
Moreover, the C-function can be extended to general Euclidean Jordan algebras.

3.1. A general form of C-functions. There exist some systematic ways [1,13] to
construct NCP-functions, which usually exploits the fact that a > 0,6 > 0,ab =0
implies either a = 0 or b = 0. Unfortunately, this phenomenon does not occur in
the symmetric cone setting. We note the fact that from [15, Proposition 6], we have

k0, y=x 0, zoy=0<= x>0, y = 0, (x,y) =0.
The main hurdle for a symmetric cone K is that
x>k 0, y >0, xoy =0 does not imply that z =0 or y = 0.
Nonetheless, through the following assumption, it may remedy the above deficiency.
Assumption 3.1. A function 6 : IR™ — IR" is said to satisfy Assumption 3.1 if

(i): = =k 0 if and only if §(z) = 0.
(ii): for any x,y =k 0, z oy = 0 if and only if §(z) 0 O(y) =

Assumption 3.1(i) is a slightly weaker than the strictly increasing property men-
tioned in Proposition 1.1, whereas Assumption 3.1(ii) is used to adjust the expres-
sion in a general symmetric cone setting.

Theorem 3.1. Suppose that 0 : IR™ — IR" satisfies Assumption 3.1. Then, the
function ¢ : IR™ x R™ — IR"™ defined by

o(x,y) = 0(x) — 0(y)| — 0(z) — O(y)

is a C-function in the symmetric cone setting.

Proof. Tt suffices to verify that ¢(x,y) = 0 if and only if 2 = 0, y =x 0, xoy = 0.

“=7” Assume that ¢(x,y) = 0, we observe

p(z,y) = [0(x) — 6(y)| — 6(x) = 0(y) =0
— [6(x) ~ 0(y)| = 0(x) + 0(y)
(3.1) = |0(z) - 0(y)]” = (0(=) + 0(y))?
= 0(x)” —20(x ) 0(y) +0(y)* = 0(x)* +20() 0 O(y) + O(y)?
= 0(z)ob(y) =

Letting w = |0(z) — 6(y)| gives w2 0(z)? —20(z) o O(y) + O(y)? = () + 0(y)>.
Thus, we have w? =i 0(x)? and w? =x 6(y)®. This leads to w =x 6(z) and
w =k 6(y) by applying Lemma 2.4. Since ¢(z,y) = 0, w = 6(z) + 6(y), it follows
that 0(x) = w — 0(y) =k 0 and 0(y) = w — O(x) =, 0. Using Assumption 3.1(i) of
6, we obtain x,y =k 0. Then, we further have z oy = 0 from Assumption 3.1(ii).
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“<” Suppose that = 0,y = 0,2 0oy = 0 and 0 satisfies Assumption 3.1. Then
it is clear that 0(z) =x 0, O(y) >=x 0 and 6(z) 0o O(y) = 0. On the other hand, we
have

[(0(x) = 0())*]"* = (8(x) + 0(y))

= [6(2)* — 26(z) 0 ( ) +0(y)’]"/* = (0(z) + 0(y))

= [0(x)? + 20(x) 2 0(y) + 0(y)*]"/* = (0(x) + 0(y))

= 0(z) +0(y)| — (0(x) +0(y)) = 0,

where 6(z) 4+ 0(y) € K due to [15, Proposition 6]. O

pla,y) =

What are some examples of 6(-) function that satisfy Assumption 3.17 Indeed, in
light of Theorem 2.1 and note that x € K if and only if A\;(z) > 0foralli =1,...,r,
we can confirm that the following functions satisfy Assumption 3.1 in their domain:

01(z) = =z,
02(z) = 2P, where p is positive odd integer,
O3(z) = zlzl,

04(z) = 22, where 0, : K — K.

Hence, by Theorem 3.1, these functions corresponds to C-functions 1, @9, @3, and
(4 which are listed below.

pi(ey) = Jr =yl = (@4 y) = o0

va(x,y) |aP — yP| — 2P — yP, where p is positive odd integer;
p3(z,y) = x|z —ylyl| - zla] - ylyl;

oa(z,y) = |2 =y 2| =22 — /2 where ¢4: K x K — K.

3.2. Composition form of C-functions. In this subsection, we explore com-
position forms of C-functions. More specifically, given a 6(-) function satisfying
Assumption 3.1 and any C-function ¢, the composition function ¢(6(x),0(y)) is a
C-function as well.

Theorem 3.2. Suppose that 0 : IR™ — IR™ satisfies Assumption 3.1. Then, for any
C-function ¢ : R™ x R™ — IR", the composition function p(60(x),0(y)) is also a
C-function.

Proof. “<=” If x =, 0, y = 0,z 0y = 0 and 6 satisfies Assumption 3.1, we have
0(z) =k 0 and 6(y) >=x 0 by Assumption 3.1(i) and #(x) o 8(y) = 0 by Assumption
3.1(ii). Then, it follows that ¢(0(x),0(y)) = 0 since ¢ is a C-function.

“=7"If p(0(x),0(y)) = 0, we have 0(x),0(y) =x 0 and §(z) o f(y) = 0 since ¢ is a
C-function. Again, applying Assumption 3.1 yields z,y >, 0 and z oy = 0. g

Since those functions 61, 02, 03, 64 shown in Section 3.1 satisfy Assumption 3.1,
we can use them and apply Theorem 3.2 to obtain more C-functions. For example,
if we take the Fischer-Burmeister function

1/2

WFB('%ZJ) :($2+y2) —(iU—I—y),
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then we achieve the following C-functions accordingly:

851 (w,y) = ®rs (l‘)y);

Ga(x,y) = (% +y*P)Y2 — (2P + ), where p is positive odd integer;
Zale,y) = ((@lz))? + (yly))'? = (@lz] + yly));

Ga(z,y) = (z+y)? = (@2 +y?), where ¢4 : K x K = K.

In fact, item (i) and (ii) in Assumption 3.1 can be combined together as a com-
plementarity property, which is slightly weaker than Assumption 3.1.

Assumption 3.2. A function 6 : IR™ — IR" is said to satisfy Assumption 3.2 if
2k 0, yzx 0, zoy =0 <= 0(x) zx 0, O(y) =x 0, 0(x) 0 6(y) = 0.

It is noted that Assumption 3.2 is sufficient for Theorem 3.2. The following is a
weaker version of the composition form.

Theorem 3.3. Suppose that 0 : R™ — IR"™ satisfies Assumption 3.2. Then, for any
C-function ¢ : R™ x R™ — IR", the composition function ¢(0(x),0(y)) is also a
C-function.

Proof. The proof is straightforward. Since ¢ is a C-function and 0 satisfies Assump-
tion 3.2, we have

p(0(x),0(y)) =0
< 0(x) zx 0, 0(y) =x 0, 6(x) 0 O(y) =0
— zrk0, y=x 0, xoy=0.
Hence, ¢(0(x),0(y)) is also a C-function. O

If we choose 6(z) = z, then the composition function ¢(6(x), #(y)) in Theorem 3.3
goes back to the original C-function ¢(z,y). If we choose p1(z,y) =z —(r—y)4+ =

Oxr(T,Y), p2(2,y) = (22 + y)Y? — (z +y) = ¢up(2,y), composing them with
different 6(-) leads to various C-functions.

(1) Let 6(z) = zP where p is positive odd integer. Then, applying Theorem 3.3
implies that
e1(0(2),0(y)) = 2 — (=" —y")s,
1/2
p2(02),0) = (2% +y)" = @" + ),
are also C-functions.
(2) Let 6(z) = z|z|. Then, applying Theorem 3.3 implies that
p1(0(2),0(y)) = xfz] — (z]z] —ylyl) .,

02(0(2),00y) = ((@|z))®+ (wly)?)"* = (ala] + yly]),

are also C-functions.

We next introduce a special class of functions, which also satisfy Assumption 3.2.
Therefore, we can generate many 6(-) functions from it and use them with Theorem
3.3.



CONSTRUCTIONS OF C-FUNCTIONS ON SYMMETRIC CONES 585

Proposition 3.4. For any real-valued function f : IR — IR with the following
properties:

(i) t > 0 if and only if f(t) > 0;
(ii) t =0 if and only if f(t) =0,
the vector-valued function f5¢:IR™ — IR™ associated with K, defined by

[@) = fa@)er -+ fAr(a)er Ve eV,

satisfies Assumption 3.2. Here, \i(z) and {e;} for i = 1,2,...,r are the spectral
values and the spectral vectors of x, respectively.

Proof. Let x,y € V, the spectral decompositions of x and y are given by

T = Z Ai(z)e; and y = Z Ai(y) fi
i=1 J=1

Then, we have

7 7

£ =3 Fu@)es and 1<) = 3 FOi ) ;-

=1 j=1
From the above properties (i)-(ii) of f, we obtain

xrk0, y=k0, zoy=0
= rxk0, y=x0, (z,y) =0

<:>)\z()>0>\ >0 Z)\ ezaf]>
i,7=1
> Ni(z) >0, Ni(y) >0, M(z)Aj(y) =0o0r (e fj) =0,4,5=1,...,r
)

= FOu@) 2 0, FOu) 2 0, FO(@) FO () =0 or {es, f)=0,ij = 1.7
@) 0, P 003 SO ) fens ) = 0

i,j=1
= f*(z) =k 0, f*(y) =x 0, (f*(x), f*(y)) =0
— [*(2) zx 0, f*(y) = 0, f*(x)o [*(y) =0.

Note that we have (e;, f;) > 0 since e;, f; belong to the symmetric cone K which
is self-dual. Thus, it is clear that Assumption 3.2 is satisfied and the proof is
complete. O

We list a couple of examples of f mentioned in Proposition 3.4. The first one
is f(t) = tP with positive odd number p. It is clear that the properties (i) and
(ii) are held. Hence, its corresponding SC-function reduces to the regular function
f5¢(x) = xP. The second one is f(t) = 2T

only if f(t) > 0; and (ii) ¢ = 0 if and only if f(¢) = 0. Then, in light of Proposition
3.4, its SC-function satisfies Assumption 3.2. This means we can employ this f%¢

which also possesses (i) ¢t > 0 if and
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function as a choice of 0(-) function in Theorem 3.3 to generate C-functions below:

A (x M (z
0(z) = f*(z) = )\1(;)(21_161 et )\r(lq)(Zl_ler'

where x € V, \j(z) for i = 1,2,...,r are spectral values of z, and {e;}|_; is a
Jordan frame.

In fact, Assumption 3.2 can be extended to the two functions version below:

Assumption 3.3. The functions 61,02 : IR™ — IR" is said to satisfy Assumption
3.3 if

70,y 0, zoy=0 & 61(z) = 0, O2(y) =k 0, 61(z) 0 bz(y) = 0.

Using Assumption 3.3, Theorem 3.3 can be naturally extended to a more general
case as follows.

Theorem 3.5. Suppose that 01,02 : R™ — IR™ satisfy Assumption 3.3. Then, for
any C-function ¢ : R™ xIR™ — IR", the composition function p(01(x),02(y)) is also
a C-function.

Proof. The proof is straightforward. Since ¢ is a C-function and 61, 05 satisfy As-
sumption 3.3, it is easy to verify that

@(61(x),02(y)) =0
< 01(z) =k 0, O2(y) =k 0, O1(x) 0 bOs(y) =0
<— x>0, y>x0, zoy=0.
Hence, we show that ¢(0(z),02(y)) is also a C-function. O
Here are examples of 6;(-) and 62(-) in Theorem 3.5:
bi(x) =2’ +o and Ga(y) = ylyl.

Composing these two functions with the natural residual function ¢ (z,y) =z —
(x — y)4 yields
P (01(2), 02(y)) = 2° + 2 — (27 + 2 —yly|)+

which is a C-function due to Theorem 3.5. Note that the conclusion of Theorem
3.5 is still true if we exchange the position of #; and 5 in the composition.

There is another surprising result that if we switch the roles of ¢ and 8 in Theorem
3.5, the goal is still achieved.

Theorem 3.6. Suppose that 0 : R™ — IR"™ satisfies z = 0 if and only if (z) =
Then, for any C-function ¢ : IR™ x R™ — IR", the composition function 9(90(-, ))
is also a C-function.

Proof. Since ¢ is a C-function and 6 satisfies z = 0 if and only if §(z) = 0, we have
O(p(z,y) =0 <= o¢r,y)=0 <& x=x0, y=x0, xoy=0.
This proves that 6(¢(z,y)) is also a C-function. O

The following are some examples of §(-) mentioned in Theorem 3.6:
(1) O(z) = 2P, where p is a positive integer;
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(2) 0(z) = |zl;
(3) 0(z) = f5¢(z) where f*¢(z) is the SC-function induced from a real-valued
function f with ¢ = 0 if and only if f(t) =

4. SECOND CONSTRUCTION METHOD OF C-FUNCTIONS

The main idea of the second construction method of C-functions is employing
the existing NCP-functions (real-valued functions) to produce C-functions (vector-
valued functions). This is a novel idea which indicates that the existing NCP-
functions (about 50 of them) can be used to engender a bunch of C-functions.

4.1. Using NCP-functions to construct C-functions in symmetric cone
setting. As mentioned earlier, the C-function is a vector-valued function whereas
the NCP-function is only a real-valued function. How to extend an NCP-function
into a C-function has been an open question in the past few decades. In this work,
we shall demonstrate this in detail in symmetric cones.

Theorem 4.1. Let ¢ : R> — R be an NCP-function. For any x € V and y € V,
the following ® : V x V — V defined by

Z ¢*(\i (y))eio f

1,j=1
is a C-function, where {e;};_y, {f;};— are Jordan frames of x and y, respectively.

Proof. We note the fact that ®(x,y) is well-defined by using the uniquely defined
spectral decomposition theorem in [2] which is proved in Appendix.
Let x € V and y € V, the spectral decomposition of « and y are given by

x = Z)\i(x)ei and y = Z Ai () f;
i=1 J=1

By definition of C-function, it suffices to show that ®(z,y) =0 <= z € K, y €
K, (x,y) = 0. Indeed,

“=7” Since (e;, fj) > 0, we have that

(xy)—0<=>2¢2 Aj(y))eio fj =0
i,7=1
<Z¢2 (W)eio fi.e >:0
t,j=1
<:>Z¢ ))<€1afj>
5,j=1

<:>¢2()\i(a:),)\j( ))=0o0r (e, f;)=0,4,j5=1,...,r
< ¢(Ni(z),\j(y)) =0or (e, fj) =0, i,j=1,...,r
= Ni(x) >0, N(y) >0, M(x)\j(y) =0o0r (e, f;) =0, i,5=1,....7
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=rek, yek, Y M@Ay) (e f;) =0
i,j=1
—zek, yek, (x,y)=0.
“«<" By the above equivalences, we obtain
HAS ,Ca Y€ ICv <x7y> =0+ (Z)Q()‘l(x)a)‘j(y)) =0or <€i7fj> = 07 Z’] = 17- -, T
= ¢*(\i(@),\j(y)) =0ore;o fj =0, i,5=1,...,r

= > ¢ (Ni(x), \j(y))eio f; =0
ij=1
<~ O(z,y) = 0.
Thus, we achieve the desired result. O
In fact, if V = IR, then a C-function ®(x,y) reduces to an NCP-function ¢?(z, ).

It is clear that we can write out components of ®(z,y) in Theorem 4.1 in the second-
order cone case. Let # = (71,Z2) € R x R" ! and y = (y1,%2) € R x R""L.

_ (a+bulv,
(41) (I)(.’L‘, y) - (C?TLQ + dQ_JQ I
where . J
s e = o ap -
ay— { Tor 2270 o= Ty HR70
w otherwise, ¥ otherwise,

with any vector w,? € R"~! such that ||w|| = 1, ||[J]| = 1, and
¢*(M(2), M (®) + ¢ (M (@), a(y)) + ¢° (Mo (@), M (y) + *(Na(2), Ao (y))

a = 5

4
, — @) M) = 6°((2), Aa(y)) — ¢*(Ma(2), M (y)) + ¢* (e (), Aa(y))
1 ;
. @), M) = 0P N(@), Ae(y) + *(Na(2), Mi(y)) + ¢*(Na(@), da(y))
1 ;
g = —N@) M) + 8 ((2), a(y) — ¢* (e (), M (y)) + ¢* (e (), Aa(y))
1 :

Example 4.2. We consider the FB function ¢, (a,b) = va? + b?> — (a + b) for all
(a,b) € R x IR. Then the corresponding C-function is

o (1,9) = ) b5y (Ni(2), A (W))ei 0 .

ij=1
It is easy to see that
O (2,9) =0 <= o,y =@2+y)Y2 - (x+y)=0.

According to [31, Section 3], a formula of components of ¢, (z,y) is very compli-
cated which says that its subgradient formula is also complicated. However, using
an explicit formula of ®(z,y) given by (4.1), we see that computing the subgradi-
ent of @, (z,y) becomes easier. Thus, ®.,(x,y) might be easier in implementing
numerical experiment comparing to ¢, (z,y) for solving the SOCCP.
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Next, we denote the set I = {(i,j) € {1,...,7} | (e;, fj) = 0}, then C-functions
can be constructed by the following theorem.

Theorem 4.3. Let ¢ : IR? = IR be an NCP-function. For any x € V and y € V,
the following ®, ®%: V x V — V defined by

Z ¢ (A (y))eio f
(0.9)¢1

= Y (). A(w)e:
(i) 1
are C-functions, where I = {(i,j) € {1,...,7} | (e, f;) = 0}, {ei}i_q, {fj}j=1 are
Jordan frames of x and y, respectively.

Proof. Using the proof of Theorem 4.1, it is clear that ®!(x,y), ®%(z,y) are well-
defined and ®'(z,y) is a C-function. We will now prove ®2(x,y) is a C-function.
We note the fact that (e;, f;) > 0 for (i,5) ¢ I, e; € K and (e;,e;) > 0 for all
i=1,...,r. We have

P(z,y) =0 < D (@), Aj(y))ei =0

()T
= < > ¢2(Ai(w),Aj(y))e¢,e> =0
(i) ET
— < > ¢2<Ai<x>,Aj<y>>ei,Ze@-> =0
(i)&T i=1
= > P Nil@), A (W) (e e) =0
(L)@
= P*Ni(@),N(y) =0, (i.5) ¢ 1
= o(\i(2),Aj(y) =0, (4,4) ¢ I
= Ai(z) 20, Aj(y) 20, Xi(@)Ai(y) =0, (4,5) ¢ I
— ze€k, yek, Z)\ Ai(y) (e, fi) =
Ge!
= zek,yek, ZA i (y) (e f)
(i)&T
+ Z Ai( y) (e, fj) =

(i,5)el

= z€ek, yek, ZA Aj(y) (eis fj) =

1,j=1
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— zeK,yek, (z,y) =0.

Thus, we obtain the desired result. O

Note that from ®%(z,y) in Theorem 4.3, we obtain that

Z ¢*(Ni (y))f; and 3 (z,y) Z ¢*(Ni () (€& + f;)-
(i,4)¢1 (i,4)¢1

are also C-functions.

We will now establish C-functions for the special case of two commutative ele-
ments x and y. Suppose x and y share the same Jordan frame, that is,

= X(x)er(r) + - + Ar(@)er(x) and y = Aoy (y)er(w) + - + Aoy (y)er (@),

where o : {1,...,r} — {1,...,7} is a permutation which re-permutes the eigenval-
ues of y corresponding the Jordan frame {e;(z),...,e (x)}. Let Q(x) = {(z,y) €
V x V | z and y operator commute}. Define Q = U,eyQ(z).

Theorem 4.4. Let ¢ : IR? — R be an NCP-function. The function d:0C
V XV — V defined by

Z¢ Ao(i)(y))ei()

is a C-function, where {ey,ea,...,e.} is a Jordan frame of x and y.

Proof. Clearly, ®(z,y) is well-defined. It suffices to show that ®(z,y) = 0 < = €
K, y €K, (xz,y) = 0. Indeed, we have

B(z,y) —o<:>z¢ Aotiy (4))er = 0

— <Z1 ¢()\i(33)a)\a(i)(y))&',Z¢()\i(l‘),)\a(i)(y))ei> —0

= Z&(Axx), Aoy (1)) (eir€5) =0

— (ﬁQ(Az(I'), AU(z)(y)) =0,¢=1,...,r
<:>¢()‘( ) )\O'(’L)(y)>:0? i=1,...,r
= Ai(z) 20, Ai(y) = 0, Ai(@) Ao (y) =0, i=1,...,r

—=azek, yek, ZA Aoty () {€ir€3) =0
=1
—zek,yek, (z,y) =0,

where (e;, ;) > 0 and (e;, ej) = 0 whenever ¢ # j. The proof is complete. O
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Based on Theorem 4.4, we will show that ®(z, y) retrieves the existing C-functions
in the special case of two commutative elements « and y. In particular, we focus on
two popular NCP-functions, the FB and NR functions:

bpp(a,b) = (a®+b%)" = (a+b),
d)NR(a? b) = a- (a - b)+
for any (a,b) € R x IR. For any (z,y) € Q, the corresponding C-functions are

1/2

EIV)FB (ZL', y) = Z ¢FB ()‘Z (:L‘)a )‘a(i) (y))eia
=1

(I)NR (l’, y) - Z ¢NR()‘i (.T}), )\O'(i) (y)>el
=1

Then

B, (2,y) = up(,y),
Pr(®,y) = our(T,y).

Indeed, since  and y operator commute, we have

T T T 1/2
224y = Z )\?(:L‘)ei—i—z )\3(2-) (y)e; and (2% + y2)1/2 _ Z ()\?(x) + /\(2;@) (y)) €i,
i=1 i=1 j

=1
and
(r—y)y = Z (Ai(z) = Aoy (y))+ €;.
=1
Hence,
on) =3 ((0) + 22 0) " = ) + Ao ) )
=1
- Z (R2) + 22 ) e — (3 M@es + 3 Ay
=1 =1

- (x2 +12) — (2 +9) = pp (3, 1),

and

By @,y) = Y (Ml@) = (il@) = Aoy (), ) e

=1
=D Nil@ei = Y (Ai(@) = Aoy (v) , €
i=1 =1

=z~ (=Yt = oyr(2,9).

Similar arguments apply for other C-functions in the literature.
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Remark 4.5. (i) Note that if e;(z) = fi(y) for i = 1,...,r, that is, o(i) = i,
then

y=MWfi+ -+ MW= Myer + -+ A (y)er
Moreover, we can conclude that
zek, yek, (x,y) =0<+= Xi(z) 20 Ai(y) = 0, Ai(z)Xi(y) = 0.
Suppose that = # 0, we have A,.(x) > 0. Then the above relation implies
that \.(y) =0, i.e. y =0.
(ii) From Theorem 4.4 and [15, Proposition 6], we have that for any =z € V,

y eV, x#0,y+#0, there holds

(42)  zekK, yek, (z,y) =0+ Ai(z) =0, Mi(y) =0, (z,y9) =0.

Indeed, it is enough to prove that z € K, y € K, (z,y) = 0 = A\ (z) =
0, A\i(y) =0, (z,y) = 0. According to [15, Proposition 6], we have that
x and y operator commute which together with the proof of Theorem 4.4

imply

)‘1(:6) > O> )‘l(y) > 07 )‘Z(:U))‘O'(Z)(y) = 07 i = 17 cee T

= M (@) Aoy (¥) + -+ Ae(2) Aoy (y) = 0.

Using the rearrangement inequality, we obtain

0= M@ Ao) () + -+ A (@) Aoy (4) = M(@)Ar(y) + -+ Ar(2) M (y) = 0

(iii)

(4.3)

(iv)

which yields
AL(@)Ar(y) = 0, Ar(@)A1(y) = 0= Ai(z) =0, Ai(y) =0,

where A\q(z) > 0 and A-(y) > 0 due to x # 0, y # 0.
Using the relation (4.2), the following holds

e, yek, (x,y)=0
= ¢(M(x), M(y) =0, (z,y) =0 or
(b()‘l(x)a )\T(y)) =0, ¢()‘r(x)7)‘1(y)) =0, <$,y> =0,

where ¢ is an NCP-function.

We observe that the construction of a general form of C-functions based
on NCP-functions open a new approach in tackling the SCCP through the
spectral eigenvalues and spectral vectors(Jordan frame). In our work, we
have found out a new direction for solving the SOCCP and SDCP based
on NCP-functions via the relation (4.3) that they can be formulated as
the minimization problem. Furthermore, there are explicit expressions of
the inner product (Jordan product) in two special symmetric cones, that
is, second-order cone and positive semidefinite cone. Then, a simple form
of C-functions for these two special cases can be generated by using the
relation (4.3). We will demonstrate these in the next Section.
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4.2. Using NCP-functions to construct C-functions in second-order cone
setting. As discussed in Remark 4.5(iii), a simple form of C-functions can be con-
structed in the settings of second-order cone and positive semidefinite cone based
on the relation (4.3). Using Lemma 2.6, Lemma 2.7, and Lemma 2.8, we first show
how to do it in the SOC setting.

Theorem 4.6. Assume that x,y # 0 and let ¢ : IR> — IR be an NCP-function.
For any v = (z1,72) € R x R" ™! and y = (y1,72) € R x R, the following
vector-valued function ®' : IR™ x IR™ — IR™ defined by
AL(), A1 (y))
P! = # LR AL
(z,9) < z1Y2 + Y122

is a C-function in the second-order cone setting.

In particular, for solutions (x,y) to the SOCCP, there holds ||Za||yx = —||2||xr #
0 for some k € {2,...,n} when Ta # 0 and g2 # 0. Then the following vector-valued
function ®% : R™ x R™ — IR™ defined by

P(A1(x), A2 (y))
% (z,y) = [ o(ha(x), M (y))

YTk — T3Yk
is a C-function in the second-order cone setting.
Here,
oo e— T n—2
T3 = (:1:2,...,xk_l,xkﬂ,...,xn) eR )

g3 = (y27 ey Yk—1yYk+1, - - '7y7’b)T S ]R‘n72;

and Ai(x), Ai(y) for i = 1,2 are the spectral values of x and y associated with
second-order cone, respectively.

Proof. For o = 0 or g5 = 0, from Lemma 2.6, we know that £ = 0 or y = 0. Then,
it is easy to verify

2 0,y 0, zoy =0 =  @(z,y) =0 and ¥(z,y) = 0.
Therefore, we only may focus on the case of Ty # 0 and 75 # 0.

(i) We first prove that ®!(z,y) is a C-function. To proceed, we note a fact that for
any v € 27,y € £ we have
M) =0, 2192+ 1172 =0 <=  M(y) =0, 2192 + y172 = 0.
This fact together with Lemma 2.7 yields
A (), M1 (y)) =0
Olr,y) =0 s | ON@LA
() { T1Y2 + 122 =0

A(@)Ai(y) =0, Adi(z) =20, Ai(y) 20
r1y2 + Y172 =0
A1(‘/13) = 07 Al(y) =0
r1¥2 + Y172 =0
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Thus, ®!(z,y) is a C-function.

(i) We now show that ®2(z,y) is a C-function. Applying Lemma 2.7 and Lemma
2.8, it follows that

/\1(.70) =0
ajigﬁo,yigﬁo,xoyzo = /\1(y):“9”
T2 = ] 72
P(A1(z), Aa(y)) =
] o0 ) =
| T2y =— Hg]Qka;éO for some k:e{2 ,n}
| yizr =y, forall 1€ {2,...,n}
[ p(Mi(2), Aa(y)) = 0
~ ) 9Qa(@), M(y) =0
| Z2 ||y = —||72||xk # O for some ke{2,...,n}
Ysxp — T3yp =0

= ®*(z,y) =0.
Conversely, suppose that ®2(z,y) = 0. Due to ¢ being an NCP-function, we obtain

P(M(x), A2(y)) =0 A1(z) >0, /\2 () >0, AMi(y) >0, Xa(y) >0
d(A2(2), M(y)) =0 = () A2 (y )
y3x — T3y = 0 A2 (7)1 (y) =

(4.4) {x€$+,y€$+

A(@)A2(y) + Az(z) A1 (y) = 0.

Note that \;(z) = x1 + (=1)!||Z2]| and \;(y) = y1 + (—1)¥||72|| for i = 1,2. Hence,
we have

A(e)ra(y) =z — | Z2llllZ2] + zullz2ll — yallzll,
A(@)h(y) =z — [Z2llllg20l = z1llg2ll + vl 22|
This fact together with (4.4) and Lemma 2.8 lead to

M(@)ha(y) + A ()M (y) = 2(z1y1 — [ 22]|172]]) = 2(z1y1 + 23 52) = 0.
It follows that (x,y) = 0. Thus, ®3(z,y) is a C-function. O

Although in practice we can not know which & in advance when applying ®2(z, ),
but we can take those k satisfying xx # 0, yx # 0 in turn when implementing
®2(x,y). Note also that in Theorem 4.6, the component 17 + Y172 of ®(x,y) is
a vector in IR"~! while the component y3z;, — Z3yy of <I>2(:U, y) is a vector in R 2.
Therefore, both ranges of ®!(x,7y) and ®%(z,y) are IR™. It is well-known that there
have plenty of NCP-functions in the literature. According to Theorem 4.6, we can
convert them into C-functions associated with second-order cone. We illustrate this
using two NCP-functions in the following example.

Example 4.7. We consider two popular NCP-functions as follows:

bpp(a,b) =V a? +b% — (a+0b) and ¢, (a,b) =a — (a—b)4, V(a,b) € R x IR.
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In light of Theorem 4.6, it is not hard to see that
1 _ ¢ (Al(x)v A1 (y)) 1 _ ¢ ()‘1 ((L’), Al(y))
(I)FB (:L" y) - ( B ) ¢NR (':U7 y) - i

1Y2 + Y172 T1Y2 + Y172
and
2 Seni@) M)\ S ((2): 2a(0)
Qo (@,y) = | e (A2(2), M1(y) |+ Prp (@) = | dnn(A2(2), A1(y))
YiTk — T1Yk Y3Tk — T3Yk
are C-functions, where ||Z2|lyx = —||g2||zx # O for some k € {2,...,n} when Zy # 0
and Y2 7& 07
:i?) = (3727 vy Lh—1y Th41y - - - 7$n)T€Rn_27 g3 = (y2a v Yk—1,Yk+15 - - - )yn)TEIRn_Qa

and \;(x), \i(y) for i = 1,2 are spectral values of = and y, respectively.

Indeed, we can further conclude that
@i,B(a:,y) =0,i=12 <= o (zy) =+ )2 —(z+y)=0
and
QL (r,y)=0,i=12 <= opury)=r—(r-y); =0
To see this, by definition of C-function and Lemma 2.7, for Zs # 0 and g # 0, we
have
Cpp(@,y) =0 = ze€Z!, ye L', xzoy=0
<~ )\1($) =0, )\1(y) =0, 7192 + Y122 =0
= @;B (xz,y) =0.
For o = 0 or gy = 0, it is easy to check ¢.,(z,y) = 0 <= @;B(x,y) = 0 by
definition of C-function and Lemma 2.6. Similar arguments apply for other cases.
The above discussions indicate that @ (z,y) are C-functions and equivalent to

the traditional complementarity function ¢, (x,y); @fm (z,y) are C-functions and
equivalent to the traditional complementarity function ¢, (z,y).

Remark 4.8. (i) In Theorem 4.6, if ¢ is a continuously differentiable NCP-
function, then ®!(z,y) and ®2(x,y) are continuously differentiable C-functions
when Zo # 0 and g # 0. Let y = F(x), where F' : R™ — IR" is continuously
differentiable. Then the first row of the Jacobian J®!(z, F(x)) and the first
and second row of the Jacobian J®2(z, F(x)) are described by

99

(8@ @), = Grm VM@ + s (DP@TA(F(@)
(8@ @), = G VMG + s (DF@Tha(F@)
(8@ @)y = G Ve + s (DP@ VA (F(@)
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when = € bd(Z}7)\{0} and F(x) € bd(Z})\{0}. Since ¢ is continuously
differentiable, it can be seen that

9¢ 99
01 (x) OA(F(x))

99

and Da(F () (0, \2(F(z))) #0
when z € bd(Z})\{0} and F(z) € bd(Z])\{0}. Thus, for z € bd(Z})\{0}
and F(z) € bd(.Z7)\{0}, the first row of the Jacobian J®!(z, F(z)) is zero
and the first and second row of the Jacobian J®?(z, F(x)) are nonzero. In
summary, when we apply Newton method to solve the SOCCP, ®2(x, F(x))
is a better choice than ®!(z, F(z)).

(ii) Note that it is not easy to write out an explicit formula of components
of the existing C-functions in the literature. However, we see that there
are explicit expressions of components of ®!(z,y) and ®*(z,y) in Theorem
4.6 which leads to easier in computing their subgradient compared to the
existing C-functions such as the complicated formula of B-subgradient of the
FB C-function [30, Proposition 3.1]. Thus, using ®!(x,y) and ®*(z,vy) to
deal with the SOCCP may be easier in implementing numerical simulation.

(iii) Regarding Remark 4.5(ii)-(iii), we propose a new direction to tackle the
SOCCP which can be solved by the following unconstrained minimization
problem

9¢
8)\2 (:r)

(0,0) =0, (0,0) =0, (A2(2),0) #0

min ¢*(\ (), \(F(2))) + (z, F(z))>

zelR™
or

min 620 (), A2(F(@)) + 62 \a(w), M (F(@))) + {z, F(@))?,

where F': IR™ — IR" is a map.

Next, we have a compact equivalence of SOCCP when F(z) is a SOC-function.

Theorem 4.9. Let ¢ : IR? — IR be an NCP-function. Suppose that F(z) is a SOC-
function induced from function f: IR — IR, which means F(x) can be written:

F(z) = fu(@)ul) + fQa(a))ul?.
Then, there holds
re 2! Flx)e £}, (x,F(x)) =0

P(Ai(x), f(Ai(x)))
= P(z) = ¢(>\2(w),bf(/\2(x)))

=0

where © = (11,%2) € R x R"! and \;(x), ug«i) for i = 1,2 are the spectral values
and the spectral vectors of x, respectively.

Proof. We will prove for the case ®3(x, F(z)). Assume that F(x) can be written:
F(a) = fa(@)ul + f o (2))ul?.
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Hence, we have

re X! F(r)e L, (x,F(x)) =0
< Ai(@) 20, f(Ai(@) =20, M(@)f(M(2)) + Az(2) f(A2(2)) =0
= Ai(z) 20, f(Ailz ))22 0, (w)f(Al(lﬁ) =0, Xa(2)f(A2(z)) =0
= o(M(2), f(M(x))) = Aa(x), f(A2(x))) =0
— ®3(2)=0.

4.3. Using NCP-functions to construct C-functions in positive semidefi-

nite cone setting. In this section, by using Lemma 2.5 and noting that $"*" =
n(n+1) . . . .
2, we show how to construct C-functions based on given NCP-functions in

the setting of positive semidefinite cone. We introduce the following notations for
convenience. For any X, Y € §7*™ we denote

X=[x1|... %], Yi=[y1] ... |yn],
where x; and y; for ¢ = 1,...,n are column vectors of matrices X and Y, respec-
tively.
Theorem 4.10. Let ¢ : IR? — IR be an NCP-function. For any X,Y € $"*", the
i n(n 1) .
following two functions ®' : <" x §*" - R - ,i=1,2, given by

(A1 (X), M (Y))

X1Yy1
PLX,Y) = :
X3 ¥n
0
P(A(X), An(Y))
P(An(X), A1 (Y))
X? 1
PA(X,Y) = .
HYH
0
are C-functions. Here, the zero vector in <I>1(X Y) belongs to IR (e whereas
the zero vector in ®*(X,Y) belongs to IR™ 2 == In addition, \i(X), XNi(Y) for
i=1,...,n are eigenvalues of matrices X,Y , which are arranged in the increasing
order \(X) < - < Ap(X) and M\ (Y) < --- < M\ (Y), respectively.

Proof. First, according to Lemma 2.5 and A;(X) < -+ < Ap(X), M(Y) < -+ <
A (Y), we have

X=0,Y =0,(X,Y)=0
(4.5) = X»0,Y>=0XY=0
< Al(X)ZO,)\l(Y)ZO, and XY =0.
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Suppose that X =0 or Y = 0, it is easy to see that

X>0,Y>0,(X,)Y)=0 <= &YX,Y)=0and ®*(X,Y) =0.
Therefore, it suffices to consider the case of X # 0 and Y # 0. Suppose that
®1(X,Y) = 0. Noting that (X,Y) = trace(XY) = Y1 | x!'y;, we have

’ X; yZ—O 1=1,.
Z?:P%TYZ':O
= X>0,Y>=0,(X,Y)=0.

{/\1(X) >0,\(Y) >0

Conversely, from (4.5), we know that

(46) X =0Y=0,(X,Y)=0 = A(X)>0, \(Y)>0, and XY = 0.
We now claim that

(4.7) (4.6) = M(X)=0,A\(Y)=0, and XY = 0.

By contradiction, suppose that A;(X) > 0. Hence, A\;(X) >0 foralli=1,...,n
It follows that det(X) = A (X)... \(X) > 0, that is, X is nonsingular matrix.
Multiplying both sides of XY = 0 by X! leads to Y = 0, which contradicts the
fact that Y # 0. Thus, A1(X) = 0. Similarly, we can argue that A\;(Y) = 0. This
says that A\ (X)A1(Y) = 0, and then ¢(A\(X), \1(Y)) = 0. On the other hand,
since XY =0, x!'y; =0 for all i = 1,...,n. All the above concludes ®!(X,Y) = 0.

For the case of ®?(X,Y), likewise, we also have

(M (X), An(Y))
(X, Y)=0 = oA (X),M(Y))
T

0
0

y; =0, 1=1,.

AM(X)>0,M(Y)>0
2?21 X;r}’i =0
= X>0,Y>=0,(X,Y)=0.

Conversely, suppose that X > 0,Y > 0, (X,Y) = 0. Hence A\, (X) > 0 and A\, (Y) >
0. From (4.6) and (4.7), we have

)\1(X) = 0, )\1(Y) = 0, and XY = 0.

This yields A\ (X)A\,(Y) = 0 and A\, (X)A\i1(Y) = 0, which further imply that
A(A1(X), M (Y)) = 0 and (A (X), M1(Y)) = 0. Moreover, since XY =0, x''y; =0
for all i = 1,...,n. Thus, we conclude that ®?(X,Y) = 0. O

Note that both ®!(X,Y) and ®?(X,Y) yield vectors in R Therefore, they
could be viewed as matrix-valued function. In fact, there exist a lot of matrix
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expressions for ®(X,Y) and ®?(X,Y). For instance,

x1y1 d(M(X),\(Y)) 0 ) 0

(M (X), M (Y)) X3 Y2 0 ... 0

PU(X,Y) = 0 0 X3 y3 0

0 0 0 xgzyn
X{y1 P(AL(X), M (Y)) o(Mn(X), M (Y)) ... 0
P(A1(X), A (Y)) X3 Y2 0 e 0
P2(X,Y) = | (X)), M (Y)) 0 X3y3 0
0 0 0 . xTy,

Example 4.11. We consider the FB function ¢, (a,b) = va? + b% — (a+b) for all
(a,b) € R x IR. Their corresponding C-functions are

¢FB <)‘1 (X)7 A1 (Y))
X?Yl
®l(X,Y) =

2 _
¢FB(X7 Y) - : ’
X5, Yn
0

where \;(X), \(Y) for i = 1,...,n are eigenvalues of matrices X,Y, which are
arranged in the increasing order A\;(X) < .-+ < A\ (X) and A\ (V) < -+ < A (Y),
respectively.

Likewise, in the setting of positive semidefinite cone, it is easy to see that
P (X,)Y)=0,i=12 < ¢,(X,Y)=(X*+Y)2 - (X +Y)=0.
This feature indicates that @;B (X,Y) are C-functions and equivalent to the tradi-

tional complementarity functions ¢, (X,Y).

Remark 4.12. There are some other possible forms equivalent to ®!(X,Y) and
®2(X,Y) in Theorem 4.10 without having a lot of zeros. For instance, we could

define
P(A1(X), A (Y))
X{Yl
PLX,Y) = :
xLyn
Vl
XY
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P(M(X), An(Y))
)

P(An(X), A (Y))
~9 X{ 1
P°(X,Y) := ,
XnQYn
VXY
where A\;(X), \i(Y) for i = 1,...,n are eigenvalues of matrices X,Y, Which are
arranged in the increasing order. Here, v € IR(n+1 =2 and v ;€ ]Rn S may

have many alternative forms, one pair of them is

1 ._ (T T T r g
VXY = (Xl Y2,. ..., X1 ¥Yn, X9 YSa--->Xn—2yn) ’

2 . (T T T T T
VXY .— (Xl y27...,xl yn,XZ yg,...,Xn72yn_1) .

Again, there are many matrix forms for &' (X,Y) and ®2(X,Y). We hereby provide
two matrix forms as follows:

xlTyl d(A(X), M (Y)) xlTyg ... X?yn_l
N $(M(X), M (Y)) X3 Y2 X{¥n - X3¥n-1
PHX,Y) = x{y2 X yn x3ys ... X3¥ao
X{Yn—l XgYn—l XgYn—l e XZ;Yn
x{y1 PM(X), A (Y)) d(An(X), M(Y)) oo X]yn2
_ qb(Al(X)a An(y)) XgYZ X,{}’nfl e X%Wyn72
P2(X,Y)=| ¢(An(X), A (Y)) X1 Yn-1 X33 R
XlTYan X%ﬂYan XBZ.FYan e XZYn

Note that it might be difficult in using ®!(X,Y) and ®?(X,Y) to define a merit
function 3||®(X,Y)||? for solving the SDCP due to the implicitness of eigenvalues of
a real symmetric matrix. Thus, we propose a new direction to deal with the SDCP
through NCP-functions. More precisely, we will present a form of optimization
problem for the SDCP. Let F' : §7*™ — §"*" be a map. The SDCP is to find a
matrix X € $”*™ such that

(4.8) X €$™" F(X) € §7", (X, F(X)) = 0.

According to the relation (4.2), the SDCP (4.8) is equivalent to find a matrix X €
$™*™ such that
when X # 0 and F(X) # 0. One knows that

M(X) = ||I1f|l|i£1 u'Xu and M\ (F(X)) = Hrvrﬁ n v F(X)v.
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Then, for the case X € bd($}*") and F(X) € bd($7}*"), the SDCP (4.8) becomes
the following bilevel optimization problem:

min  f(X, \(X), M (F(X))) := (M(X))? + (M (F(X)))? + (X, F(X))?

st. M(X) = Hn‘l‘in1 u'Xu and \(F(X)) = ”n|1|in1 v F(X)v, X € §mxn.

If the minimal value is zero, then there exists a matrix X € $™*" satisfying A\ (X) =

0, M(F(X)) =0, (X,F(X)) = 0 which is a solution of the SDCP. We see that
the above problem does not provide the solution for the cases X = 0 and F(X) €
int($7") or X € int(8*") and F(X) = 0. However, this will not happen if we use
the same technique for ®!(X, F(X)) and ®?(X, F(X)). Note that

- (X, F(X)) =0, and
X FX) =0 = X)), M(FX)) =0,

(X, F(X)) =0,
P(AL(X), A (F(X))) = 0 and ¢(An(X), A1 (F(X))) = 0,

where ¢ is a given NCP-function. Then, we have the corresponding bilevel opti-
mization problems:

min  f(X, M (X), M(F(X))) = (6(A1(X), M(F(X)))? + (X, F(X))?
st M(X) = || in u'Xu and M\ (F(X)) = ”vnhiillvTF(X)v, X € §gnxn,

ul||=1

XX, F(X)) =0 <

or

min  f(X, A\ (X), M (F(X))) = (¢(A1(X), A (F(X))))?
+ (A (X), M (F(X))))? + (X, F(X))

st M(X) = Hnﬁinl ul Xu, \(X) = mnax. uf Xu, \(F(X)) = ”nlllinlvTF(X)v,
Uj|= ul|= v||=

and \,(F(X)) = HmHax1 u'F(X)u, X € ™",
Therefore, if the minimal value is zero, then there exists a matrix X € $"*" satis-
fying A1(X) >0, M (F(X)) >0, (X,F(X))=0.

Next, we introduce an equivalence based on a special type of matrix-valued func-
tions. To this end, we recall that for a real-valued function f : IR — IR, there is a
corresponding matrix-valued function defined by

PN = OO UL+ -+ 4 A (X)) Un,
where X has the spectral decomposition X = A (X)U; + - - - + A (X)U,,. For more
details regarding this special matrix-valued functions, please refer to [12].

Theorem 4.13. Let ¢ : R? — IR be an NCP-function. Suppose that F(X) is the
matriz-valued function induced by a function f : IR — R, that is, F\(X) is written
as

F(X)=fMX)Up +--- + f()‘n(X»Una
with X = M (X)Ur+- -+ M (X) Uy, where \i(X), i =1,...,n are eigenvalues of X

and {U;}"_, is a Jordan frame. For any X € $"*", we define ®3 : §"*" — R
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(A1 (X), f(M(X)))

n(n—1)

where the zero vector belongs to IR . Then the equation ®3(X) = 0 solves the

SDCP.
Proof. Again, applying Lemma 2.5 yields
X»0, F(X) =0, (X,F(X))=0
— X>»0, F(X)=0, XF(X)=0

= M(X) =20, fFu(X) =0, i=1,...,n, and Y N(X)f(N(X)Ui =0

= M) 20, FON(X) =0, NCOFN(X) =0, i=1,....n

— o(Ni(X), fNi(X))=0,i=1,....,n
— }(X)=0.
This clearly proves that ®3(X) = 0 solves the SDCP. O
Similarly, there exists matrix forms for ®3(X) in Theorem 4.13, one of them is
P(A1(X), (A (X))) 0 0
() = 0 ¢(A2(X),f(A2(X))) 0
0 0 e 0 (X), F(A(X)))

5. CONCLUDING REMARKS

This paper proposes two methods of constructing C-functions for the SCCP. The
first method is the traditional way by extending a class of NCP-functions to C-
functions whose method was also studied by many researchers in the literature. An
interesting point of this method is that we explore the composition of the existing C-
functions with the function 8 which provides many C-functions under three different
assumptions of 6.

The important contribution of our work is the second method that using the real-
valued NCP-functions defined on IR? to generate the vector-valued C-functions. In
particular, we have constructed the general formulas of C-functions for the SCCP
using given NCP-functions. In other words, there is an NCP-function, there is a C-
function. Moreover, our C-functions recover the already existing known C-functions
in the literature for the special case of two commutative operator. A remarkable
point of the second method is that we have established the simple formulas of C-
functions for second-order cone and positive semidefinite cone settings based on their
explicit expressions of the inner product (Jordan product). We conclude that this
novel idea opens up a new approach for solving the SCCP based on NCP-functions
as we mentioned in Section 4. A study in detail leaves for future work.
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APPENDIX

Proof of the well-defined of ®(z,y) in Theorem 4.1

First, we recall that the degree of an element z is the number of its distinct
eigenvalues. Here we only demonstrate one of the special case in which the degrees
of x and y are » — p and r — ¢ respectively. Similar arguments work for other cases
of other degrees.

Suppose that

r

M-

x = Ai(x)e; and © = Z Ni(z)e]
i=1 i=1
satisfying Aj(x) = --- = A\p(z), 1 < p <r, and other eigenvalues are distinct.
y= Ny fjandy =Y X,
j=1 j=1
satisfying A (y) = --- = Ag(y), 1 < ¢ < r, and other eigenvalues are distinct.
From Theorem 5 in Baes’s paper, we have \;(z) = \;(z), \j(y ) =\, ;(y) and e; = e,
fi=fiforp+1<i<r g+1<j<r. Moreover, \i(z) = —)\ p(x) = N(z) =
= A(x) and YOV Ai(x)e; = D00 Mi(x)e; Miy) = = /\q(y) =Ny ==

Ag(y) and 3391 Ai(y) fj = 2291 Mi(y) fj. Then, it follows that

P T p
x:Z)\l(:n)ei—l— Z Ai(x)e; = Z Yl + Z Ai(x)e;,
i=1 i=1

1=p+1 1=p+1
q r
y=>" MW+ Y Ay ZM 4 A
J=1 Jj=q+l1 Jj=q+1

Now we need to show that

~ 3 A Deio fi= 3 SO X))o 1

i,7=1 3,j=1
Indeed, there hold

ZZ¢2 W)eio fj = *M(@), M) Y. eiof;

=1 j=1 =1 j=1
p q
= ¢’ W)Y Y eiof
=1 j=1
p
:ZZCZ)Z()‘/ )y \g ))6 © Jjs
i=1 j=1

T p
Z Z ¢ (N Weiofj= Y @), Nj() Y eiof]
i=1

=1 j=q¢+1 Jj=q+1
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= 3 FN@ @)Y o f
Jj=q+1 i=1
=3 3 FN@). X W)l o ),

i=1 j=q+1

DN P w)eio fi = Y $*Ni(@), () D €0 f
j=1

i=p+1 j=1 i=p+1
T q
= > PPN(2), ) D _€io f
i=p+1 j=1
T q
= > D S Ni@), Njw)ej o f,
i=p+1 j=1
DY i@ )eio fi= D > GP(Ni(@), Nj(y))e) o f.
i=p+1j=q+1 i=p+1j=q+1

From all above, it is easy to see that

D S Ni@), Aiw))eio fi = Y P (Nilx), Nj(y))ef o f.

3,j=1 3,j=1

Thus, the proof is complete.
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