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tions for optimization problems. This concept generalizes the classi-
cal Tykhonov well-posedness by focusing on existence, stability, and
convergence along specific directions, rather than over the entire
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space. We first establish several characterizations of Tykhonov well-
posedness with respect to a set of directions, formulated in terms of
the diameter of level sets and admissible functions. We then investi-
gate relationships between these level sets and admissible functions.
To highlight the advantages of the proposed framework, we present
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several illustrative examples. In particular, we show that by selecting
a suitable set of directions, optimization problems that are not well-
posed in the classical sense may still be Tykhonov well-posed with
respect to those directions. This viewpoint not only broadens the
theoretical landscape of well-posedness but also has practical impli-
cations, as it allows numerical methods to be effectively adapted
so that the generated sequences converge reliably to the desired
directional minimizers.
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1. Introduction and preliminaries

The concepts of various types of well-posedness are crucial in nonlinear analysis, playing
a central role in both theoretical frameworks and numerical methods. The fundamen-
tal results in this topic were established by Hadamard [1]. In the early 1960s, Tykhonov
[2] studied well-posedness in the context of unconstrained minimization problems, defin-
ing it in terms of the existence and uniqueness of solutions, as well as the convergence of
minimizing sequences to these solutions. This concept was later extended to constrained
optimization problems by Levitin and Polyak [3], who allowed minimizing sequences xj
to lie outside the feasible set A, provided that the distance d(xy,A) (the distance from
Xk to A) approaches zero. Since these fundamental works, numerous definitions of well-
posedness have been introduced and extensively studied (see, e.g. [4-17] and the references
therein). The main directions in developing the classical results of Hadamard, Tykhonov
and Levitin-Polyak have been to introduce generalized notions of well-posedness and to
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extend them to optimization-related problems in infinite-dimensional spaces. It should be
emphasized that in the aforementioned publications, most types of well-posedness have
been formulated from usual distance functions.

Among the most significant types of generalized distance functions, we mention the
so-called minimal time function. Due to its significant applications in areas such as con-
vex analysis, variational analysis, and optimization theory, this class of functions has been
the subject of extensive and systematic research by many researchers. Relevant studies can
be found in works like [18-25], which include numerous references and discussions on
the topic. One of the key advantages of the minimal time function is its ability to serve
as a very general form of directional distance function. Nam and Zalinescu [26] played
an important role in this direction from the beginning. They studied several generalized
differentiation properties of this class of functions and applied them to investigate loca-
tion problems. The work was later significantly extended by Durea et al. [27,28], who
provided numerous applications in the theory of directional metric regularity. These devel-
opments paved the way for further research. For instance, Cibulka et al. [29] investigated
the stability of directional regularity, while Long et al. [30-33] introduced and analyzed
new notions of directional error bounds and directional Levitin-Polyak well-posedness
for optimization problems, in which conventional distance functions were replaced by
minimal time functions. In the same line, Chelmus et al. [34] proposed the concept of
directional Pareto solutions for set-valued constrained optimization problems, thereby
generalizing the classical notion of Pareto efficiency. Further contributions to optimality
conditions were provided by Ait Mansour et al. [35] and Chelmus [36]. More recently,
Chelmus and Durea [37] obtained significant results on the stability of these directional
Pareto solutions. It is important to emphasize that stability theory is intrinsically connected
to well-posedness. Moreover, as shown in [30], the notion of directional Pareto solutions
coincides with that of directional minimal solutions in scalar optimization problems.

Building on the research direction initiated by Durea et al. [28] and inspired by subse-
quent works such as [26,29,32-34,38,39], it is natural to employ the minimal time function
to introduce a new type of Tykhonov well-posedness for optimization problems. This
framework allows for the unified treatment of both convex and non-convex cases. In partic-
ular, many practical optimization problems either lack global solutions or exhibit instability
across all directions. However, the concept of Tykhonov well-posedness with respect to a
set of directions makes it possible to identify stable solutions along specific directions. Such
directionally stable solutions can yield valuable insights into the problem even in situations
where classical Tykhonov well-posedness does not hold.

It should also be emphasized that our approach is different from classical regulariza-
tion methods. In regularization, one usually replaces the original ill-posed problem with
a family of regularized problems and studies the convergence of their solutions. In con-
trast, our approach keeps the original objective function unchanged and analyzes stability
through the geometry induced by a prescribed set of directions. This directional viewpoint
is particularly useful in two situations. First, when the original problem has a unique usual
global solution but some minimizing sequences fail to converge to it, the proposed frame-
work can identify directional domains on which every minimizing sequence converges to
the solution. Second, when the original problem has no usual global solution, the same
framework may still provide a directional minimizer and guarantee the convergence of
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every minimizing sequence in the corresponding directional domain to it in terms of the
minimal time function.

Our paper is organized as follows. Section 2 introduces a class of minimal time func-
tions and proposes a new notion of Tykhonov well-posedness for optimization problems.
Section 3 is devoted to establishing fundamental properties of minimal time functions,
which will serve as technical tools for proving the main results. Section 4 presents charac-
terizations of Tykhonov well-posedness with respect to a set of directions. We first provide
results that do not require convexity of the feasible set or the objective function. Then, we
formulate a directional version of Ekeland’s variational principle and use it to derive fur-
ther characterizations under convexity assumptions. Section 5 investigates the properties
of admissible functions and explores their relationships with level sets. The final section
contains concluding remarks and discusses possible directions for future research.

Throughout this paper (unless otherwise specified), the space X under consideration is
an arbitrary Banach space endowed with the norm || - ||, and (-, -) denotes the canonical
pairing between X and its topological dual X*. The open unit ball and the unit sphere in X
are denoted respectively by B and S. Given a set C C X, the diameter of C is defined by

diam(C) := sup{llx — yll | x,y € C}.
As usual, cone(C) denotes the cone generated by C, that is,
cone(C) ;= {ix| 1 >0, x € C}.
The distance function from a point x € X to C is given by
d(x,C) == inf{llx — yll |y € C},

with the convention d(x, #) := o0, i.e. inf § = co. We also use N and R to denote the sets
of natural numbers and real numbers, respectively.

2. A new notion of Tykhonov well-posedness

In this section, we introduce a new notion of Tykhonov well-posedness for optimization
problems. We also present an example to highlight the significance of our study.

We begin by recalling the following class of functions, which plays a crucial role in our
study.

Definition 2.1: Let M be a nonempty, closed and bounded subset of X \ B such that
cone(M) is convex. Let Q : X — 2% be a set-valued mapping. Then the function

T, Q(x)) :=inf{t > 0| (y + tM) N Q(x) # B} for (y,x) e X x X (1)

is called the minimal time function with respect to M. By convention, we set Tas(y, @) := oo
for every y € X.

We do not consider general functions Ty in this paper. Instead, we focus on the two
cases below, which are sufficient for our purposes. For § # O C X, we define:
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(1) Tm(,0) := Trm(y, Q(x)) when Q(x) = Oforall x € X;
(2) Tm(,x) := Tp(y, Q(x)) when Q is the identity map.

Remark 2.1: It should be emphasized that the approach via the minimal time function,
under the assumption that M is a subset of the unit sphere S and Q(x) = O forall x € X,
has proven to be highly effective in studying several directional aspects of optimization
(see, e.g. [26-30,32-34,38,39]). Furthermore, by considering other choices of M and Q,
the minimal time function has been investigated by many researchers for various purposes
(see, e.g. [19-22,24,40] and the references therein).

For any x, y € X, the domains of Ty(-, x) and Ta(y, -) are denoted and defined, respec-
tively, by

dom Tp(-, x) :={z € X| Trm(z,x) < o0}
and
dom Ty (y,-) :=={w e X | Tmu(y, w) < 00}.

Letf: X — R be a function. Consider the following optimization problem:
(MP) minimize f(x) subject to x € X.
For the sake of simplicity, throughout the paper we set
D, :=dom Ty (-,x) forallx € X. (2)

Using the minimal time function (1), we now introduce the notion of a global minimum
point of f with respect to M as follows:

Definition 2.2: Consider the problem (MP) and the minimal time function given in
Definition 2.1. We say that x € X is a global minimum point of f with respect to (the set of
directions) M on Dy if and only if

f(x) < f(x) forallx e Ds.

Remark 2.2: Clearly, when M =S, the global minimum points of f with respect to M
coincide with the usual global minimum points. If M is a proper subset of the unit sphere
S, then they reduce to the global directional minimum points of f in the sense of [30,
Definition 2]. Furthermore, Definition 2.2 can be viewed as the scalar counterpart of [37,
Definition 4.1(ii)] and [34, Definition 2.4]. More precisely, by taking U = X,L = —M, and
K = [0, +00), the notion of a local weak directional Pareto minimum point considered
in [34,37] reduces, in the scalar setting, to a directional minimum point in the sense of
Definition 2.2. For related optimality conditions, we refer the reader to [34-36]; for stability
properties of directional Pareto minimum solutions in vector optimization; see [37]. Since
stability is closely related to well-posedness, these works provide part of the motivation for
the directional well-posedness framework studied in this paper; see also [4].
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As a straightforward extension of the usual notion of Tykhonov well-posedness, we may
naturally propose the following.

Definition 2.3: The problem (MP) is said to be Tykhonov well-posed with respect to M if
and only if

(i) there exists x € X such that it is the unique global minimum point of f with respect
to M on Dz, and

(ii) for any sequence (xx) C Dj satisfying f(xx) = f(x), one has Tpr(xx, x) = 0 as
k — oo.

Remark 2.3: (i) To the best of our knowledge, the concept of Tykhonov well-
posedness with respect to M has not yet been addressed in the literature. If M = S,
where S is the unit sphere, then it follows from Proposition 2.2(iii) in [27] that

Dy=x—cone(S) =X and Tm(y,2z)=|y—z|

for all x, y,z € X. Hence, Definition 2.3 reduces to the classical Tykhonov well-
posedness in Banach spaces; see [2, p.1].

(ii) Let us clarify the relationship between Definition 2.3 and Definition 3 in [30].
Although both notions are formulated by means of a minimal time function and
use a set of directions denoted by M, the roles and assumptions on M are different.
In Definition 2.3, the set M is not necessarily contained in S, and the minimizing
sequences are required to belong to Dz. In contrast, in Definition 3 of [30], the
set of directions M is assumed to be a subset of S, and the minimizing sequences
are only required to be asymptotically close to Dx. Therefore, the two notions are
related in spirit but are not the same. Consequently, the corresponding results are
also different, as discussed in Remark 4.1 below.

(iii) The main purpose of this paper is not to replace the classical notion of Tykhonov
well-posedness, but to provide a directional viewpoint for studying stability prop-
erties of optimization problems. More precisely, the proposed notion is useful both
for problems that have a unique usual solution but fail to be stable in the classi-
cal sense, and for problems that have no usual global solution, as illustrated by the
examples and results below.

Example 2.1: Let X = 2, the space of square summable sequences of real numbers, and
letf : X = R be given by

o0
fx) = ‘ Zx(i) if x® £ 0 for at most finitely many i,
] =1
1

otherwise,

where x denotes the i-th coordinate of x € £2. Since f is not bounded below on X,
problem (MP) has no usual solution.
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Now let x = (0,0,...) and M = {—e; = (—1,0,...)}. Then we obtain from Proposi-
tion 2.2(i) in [27] that

Dz = x — cone(M) = {(«,0,...)|a > 0},
and hence

fG) =0<ay= Zx(i) =f(x) forallx = (ax,0,...) € Dz \ {x},

n=1

which means x is the unique global minimum of f with respect to M on Dj. Next,
take any sequence (x) in Dx. Then we have x; = (a0, ..) for some aj > 0. Since x; €
dom T (-, %), it follows from Proposition 2.3 (i) in [27] that

Ty (x> X) = |1X — x|l = . (3)
Moreover, if f (xx) — f(x), then ax — 0. This together with (3) implies that Tjs(x, X) —
0. Therefore, problem (MP) is Tykhonov well-posed with respect to M.

3. Elementary properties of minimal time functions

This section is devoted to establishing several fundamental properties of certain special
cases of the minimal time function (1), which are well suited to our aims in the subsequent
sections.

Consider the set M given in Definition 2.1 and put

IM]| := sup{llull | u € M}.
Under the conditions on the set M imposed in Definition 2.1, we obtain
1 < [[M] < oo.

We begin with the following proposition, some steps in the proof of which are inspired by
the arguments used in [23,24,27].

Proposition 3.1: Let x, y € X. Then the following statements hold:
(i) The domains of Ty (-, x) and Ta(y, -) are given, respectively, by

dom Ty(-,x) = x — cone(M) and dom Ty (y, ) =y + cone(M),

and both sets are closed.
(ii) For every z € dom T (-, x), there exists an element u, € M such that

z=x—u,Ty(z, x). (4)
Similarly, for every w € dom Ty (y, -), there exists an element w,, € M such that

w=y+uy, Ty, w).
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Proof: We proceed with the proofs of the first assertions in (i) and (ii) while observing
that the verification of the second assertions in (i) and (ii) are similar. (i) Pick any z €
dom Tp(+, x). Then, we have Txs(z,x) < 0o. By Definition 2.1, there are a number t > 0
and an element u € M such that z + tu = x. Consequently,

z = x — tu € x — cone(M).

The reverse inclusion is obvious. Moreover, since 0 ¢ M and M is a closed and bounded
set, it follows from [41, Theorem 2.5(i)] that cone(M) is closed. Therefore, dom Tys(, x) is
also closed. This completes the proof of the first assertion of (i).

(ii) Fix any z € dom Tp(+, x). Then there exist sequences (¢x) C [0,00) and (ux) C M
such that

z+ trup =x and f > Ty(z,x) ask — oo.

There are two possible cases: either Tip(z,x) = 0 or Tp(z,x) > 0. In the case where
Ty (z, x) = 0, we have
lz — x|l = ticllukll < tll M.

Since ||M]| < oo and ty — Tu(z,x) = 0, it follows that ||z — x|| = 0, and hence z = x.
This implies that the equality (4) holds. In the second case, we get for k sufficiently large
that

X—z xX—2z
=ureM and wup— u,:=———ask— oo.
ti Tm(z,x)
Since M is closed, we obtain u, € M, which again yields (4). The proof of the proposition
is complete. |

Remark 3.1: If M is a subset of S, it follows from Proposition 3.1(ii) that for every z €
dom Tys(+, x), we have

iz = xll = Tu(z x).

However, in general, Ty(z, x) may differ from Tys(x,z), as illustrated by the following
simple example.

Example 3.1: Let X = R, M = {—1} and x = 2. By Proposition 3.1(i), we have
dom Ty (-, x) = x — cone(M) = [2,00).
Take z = 3. Then it follows from Definition 2.1 that
Tv(3,2) =inf{t > 0|3 —t=2}=1=|3-2].

On the other hand,
Tv(2,3) =inf{t > 0|2 — t = 3} = c0.
Thus, T (3,2) # Tp(2,3).

The next results will serve as essential tools for proving the main theorems of the paper.
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Proposition 3.2: Let {O.}.~0 be a family of nonempty subsets of X such that
diam(O;) > 0 ase — 0.
For every e > 0, put
O; :={x € X| Tu(x,O;) < ¢}.
Then
diam(0;) - 0 ase — 0.
Proof: Foreverye > 0,since Tpr(x, O;) < eand T(ye, Og) < eforallx,, y, € OF, there
exist v, w, € O, such that
Tym(xe,ve) <2e and  Ty(ye, we) < 2e. (5)
Then it follows from Proposition 3.1(ii) that there exist uy, u, € M such that
lxe = yell < llxe — vell + [[ve — well + llwe — yell
= Nl Ta (e ve) + lIve — well + luy | Tv (ve> we)
< 4||M|l¢ + diam(O;) (by (5)).
Since ||M]| < oo and diam(O;) — 0, it follows that diam(O%) — Oase — 0. [ |

We now recall a classical property of the minimal time function, namely its triangle
inequality.

Proposition 3.3: For any x, y,z € X, we have

Tm(z, %) < Tm(zy) + Tm(y, x). (6)

Proof: The proof is similar to the arguments of results in [28,32]. However, we prefer to
give the details, for the sake of readability.
If either Ty (z,y) = oo or Ty (y, x) = 00, the inequality (6) is trivial. So assume both
are finite. By Proposition 3.1(ii), there exist u;, uy € M such that
y=z4+Tum(z,y)u;, and x=y+ Tnu(y,x) u.
Therefore,
x=z+ Ty(z,y) u1 + Tp(y, x) uz.
Since cone(M) is convex, it follows that
e Tm(zy) " Twm(y>x)
© Tm(zy) + Tu(sx) Tm(z,y) + Tm(y, x)

and hence x can be expressed as:

uy € cone(M),

x=z+4[Tm(zy) + Tu(y, 0)]u.
By the definition of the minimal time function (1), we obtain the desired inequality:

Tm(z,x) < Tu(z,y) + Tm(y, x).



APPLICABLE ANALYSIS (&) 9

A basic inclusion property of the domains of the minimal time function can be stated
as follows:

Proposition 3.4: Forany x € X, ify € dom Tp(-, x), then

dom T (-, y) C dom Tas(-, x).

Proof: Fix any y € dom Tjs(:,x). Take an arbitrary z € dom Tp(-, ¥). Then, by Proposi-
tion 3.3, we have

Tm(z,x) < Tp(z,y) + Tm(y, x) < oo,

which yields z € dom T(:, x). Since z was chosen arbitrarily from dom T(:, y), we
conclude that

dom Tp(:,¥) C dom T(-, x). -

To end this section, we provide a property concerning the special case of the minimal
time function (1).

Proposition 3.5: Consider the minimal time function defined in Definition 2.1. Suppose in
addition that M is a subset of the unit sphere S. Then, for everyt € [0, 00), there exists x € Dx
such that

TM(x, )_C) =1

Proof: Ift = 0, simply take x = x. Then T)s(x, x) = 0. Suppose ¢t > 0. Choose any u* € M
and set

x:=Xx—tu".

Thenx = x + t u* € x + tM, so by definition Txs(x, x) < t.
Suppose, to the contrary, that Tys(x, x) = s < t. Then it follows from Proposition 3.1(ii)
that there exists u € M such that

X=X —su,
which implies
su=tu.

Taking norms gives
t t
lull = - llu*ll = - > L,
s s

contradicting the assumption that M C S. Therefore, Tys(x, X) = t. |

4. Characterizations of Tykhonov well-posedness with respect to M

In this section, we present characterizations of Tykhonov well-posedness with respect to
M for both convex and nonconvex optimization problems. Moreover, the examples below
illustrate that Tykhonov well-posedness with respect to M offers a valuable perspective on
optimization and analysis.
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4.1. Well-posedness without convexity

We begin with a characterization of Tykhonov well-posedness with respect to M for prob-
lem (MP) in terms of level sets of f. It is often called the Furi-Vignoli type characterization;
see, e.g. [14, p.231].

Theorem 4.1: Consider the problem (MP) and the minimal time function (1). Suppose that
fis lower semicontinuous. Then (MP) is Tykhonov well-posed with respect to M if and only
if there exists x € X such that f is bounded from below on Dz = dom T (-, x) and

diam(L(x,e)) > 0 ase — 0, (7)

where ¢ > 0 and

LGoe) = {y e Dilf) < inf £ +e). ®)

Proof: 1If (MP) is Tykhonov well-posed with respect to M, then there exists x € X such
that

f(x) <f(x) forallx e Dz\ {x},

which implies that f is bounded from below on D3. Next, we proceed by contradiction.
Suppose that there exists a sequence (gx) such that

diam(L(x,&r)) /» 0 aser — 0.

Then we can select a subsequence of (gx) (without relabeling) and a number a > 0 such
that

diam(L(x, e¢)) > 2a.
Consequently, for every k € N, there exists x, € L(X, e) such that ||xx — X|| > aand
@ < () < inf f() + ok =@ + o
This yields f(xx) — f(x) as k — oco. However, since x;, € dom Ty (-, X) and |lxx — X|| > a,
it follows from Proposition 3.1(ii) that there exists u; € M such that

= a
Tar(xe, &) = > 0 forallkeN.
MOt X) = T 2 gy T 0 forallke

This contradicts condition (ii) of Definition 2.3. Therefore,
diam(L(x,er)) > 0 asegr — 0.
Conversely, suppose that there exists x € X such that f is bounded from below on D3 and
diam(L(x,£)) > 0 ase — 0.

Then, inf,ep. f(x) € R, and hence for every k € N, there exists xx € Dx such that

fG0 < inf 09+ o
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Note that if y € £(%,1/2%t1) then
< inf f(x) + ! inf f(x) + !
fO) = inf f) + Sy < inf fO0 + 5
This implies that £ (%, 1/2¥t1) ¢ L(x, 1/2F) for all k € N. Moreover, since f is lower semi-
continuous, the set £(X, 1/2%) is closed for all k € N. On the other hand, by the hypothesis,

we have diam(L (%, 1/2%)) — 0ask — oo. Thus, the assumptions of Cantor’s intersection
theorem are satisfied. Applying this theorem, we obtain an element y € D5 such that

() L& 1/25 = (7). 9)

keN

By the definition of the level set £(x,1/ 2k), one has
_ . 1
f) < xlé}% f(x) + 7 forallk € N,

and hence f (y) < infep, f(x). Furthermore, since y € Dy, it follows that
fG) = inf f(x). (10)
xeDx

Now, we show that (MP) is Tykhonov well-posed with respect to M. Indeed, since y € Dy,
it follows from Proposition 3.4 that

D)‘, = dom TM(-,)_/) C dom TM(-,J_C) = Dx.

Combining this with (10), we obtain

inf f(y) < f(y) = inf f(x) < inf f(y),

yED)’, XED;( yED}’,
which yields

f) = inf f(y).
yeD;

To verify that y is the unique global minimum point of f with respect to M on Dj, we
argue by contradiction. Suppose that there exists z € Dj \ {y} such that f(z) = f(y). Then
it follows from (10) and the definition of £(x,1/ 2K) that

ze L(%1/25 forallk e N.

Combining this with (9) gives a contradiction. This yields that condition (i) of
Definition 2.3 holds. It remains to verify condition (ii) of Definition 2.3. Specifically, we
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need to show that for any sequence (yx) C Dy C Dx, if f(yx) — f(») then
Tv(y) > 0 ask — oo. (11)
Indeed, since f (y) = infyep, f(x), we obtain from (8) that
V> yk € L&f(ye) —f(y)) forallk € N.

Therefore,

llyk = ¥Il < diam(L(xf (i) — f(7)))  forallk e N. (12)
Since f(yx) —f(y) = 0ask — oo, it follows from (7) that
diam (L, f(y) — f(7))) = 0 ask — oo.
Combining this with (12) gives
lyk =yl > 0 ask — oo.

By Proposition 3.1(ii), this further implies that there exists uy € M such that

el T (Vi y) = llyx =yl > 0 ask — oo.
Under the assumptions on the set M given in Definition 2.1, we have
1< flugll < oo.

Consequently, the relation (11) holds. This justifies the reverse implication and completes
the proof of the theorem. |

Remark 4.1: Unlike [30, Theorem 1], where only a sufficient condition was given, condi-
tion (7) yields a complete characterization of Tykhonov well-posedness with respect to M.
Moreover, if M = S, then Theorem 4.1 becomes Theorem 2.2 in [9] (for the case of Banach
spaces).

The following classical example illustrates the advantages of Theorem 4.1 by showing
that while global solutions may lack stability in all directions, Tykhonov well-posedness
with respect to M enables stability to be attained in specific directions.

Example4.1: Let X = Randletf: X — Rbe defined by f(x) = x>¢™*. Then, (MP) is not
Tykhonov well-posed, since the sequence (x;) = (k) is minimizing but it does not converge
to the unique minimum 0.

To try with Theorem 4.1, we take M = {3} and x = % It is easy to see that f is bounded
on Dz = x — cone(M) = (—o0, 1/2]. Next, we prove that for any ¢ > 0,

L(1/2,¢) = {xe( 00,1/2] | xe™™ <8}C( Ve, Je). (13)
Indeed, for each x € £(1/2, ¢), a direct verification shows that
3 2 —x

—Xx <x"e " <eg,

and thus —J/¢ < x. Moreover, if x € £(1/2, ¢) then we also have

2 <xe¥<e,

which implies x < /¢, and therefore (13) holds. It follows from (13) that diam(£(1/2, ¢))
— 0 as ¢ = 0. According to Theorem 4.1, the problem (MP) is Tykhonov well-posed
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with respect to M. It is interesting to note that x = 1/2 is not a minimum point of f on
(—00,1/2].

Remark 4.2: One of the key advantages of well-posedness with respect to M is that it facil-
itates suitable adaptations of numerical algorithms (when necessary) to ensure that the
generated sequences converge reliably to the unique solution. To illustrate this advantage,
we now apply Newton’s method to Example 4.1.

As seen in Example 4.1, if a sequence generated by Newton’s method is minimizing and
contained in (—oo0, 1/2], then it converges to the unique minimum point 0 with respect to
M (the right direction). However, sequences that lie outside (—oo, 1/2], may not converge
to 0. Indeed, we can compute directly that

flx)=e*Q2x—x*) and f’(x) =e *(x* —4x +2).

Consider the iteration:

2 2
X — 2% X (X — 3)
X = Xr + = Xxr + = s 14
kil kT Pk k xi—4xk+2 (xx —2)2 -2 (14)
where py := — }C,’,((i’;)) is called the Newton direction.

Starting with x; = 0.6, we observe that the sequence (x) produced by Newton’s method
is contained in [1, 0o) from the second iteration onward. Despite f (x;) decreasing rapidly
starting from the second iteration, with f(x;) &~ 1.941 x 1077, the sequence (xx) does not
converge to the minimum point because x; < xx4 for all k.

Nevertheless, we can choose any arbitrary starting point y; < 1/2, even if it is far from
the minimum point, such as y; = —100. Then the relation (14) guarantees the generation
of a sequence yx € (—00,0] for all k > 2. Moreover, since f”(yx) > 0 for all yx < 0, the
corresponding Newton direction py is a descent direction (see, e.g. [42]). Therefore, the
sequence (yx) converges to the minimum point with respect to M, as shown in Example 4.1,
see Figure 1.

To proceed, we recall the concept of admissible (also called forcing) functions (see, e.g.
[8, p.5-6]).

flw) = 2%

T
P AT S > *~—
YkYk+1 L1 Tk Tkl

Figure 1. lllustration of the sequences {xx} and {yx} generated by Newton’s method.
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Definition 4.1: Let D C [0, 00) be such that 0 € D. A function ¢: D — [0, c0) is called
admissible if and only if

(i) ¢(0) =0and
(ii) for any sequence (#x) C D satisfying c(fx) — 0, one has t; — 0.

Without the lower semicontinuity of f, the Tykhonov well-posedness with respect to M
of problem (MP) can be characterized by the above admissible function as follows:

Theorem 4.2: Problem (MP) is Tykhonov well-posed with respect to M if and only if there
exists x € X and an admissible function ¢ such that

f(x) + c(Tp(x, X)) < f(x) forallx € Dx. (15)

Proof: 1f (MP) is Tykhonov well-posed with respect to M, then there exists x € X such that
f(x) <f(x) forallx e Dz \ {x}. (16)
Put
D := {Ty(x,x) | x € Dz}.

Clearly, D C [0, 00), and since Ty;(x,x) = 0, we have 0 € D. For every ¢ € D, define the
function ¢ by

c(t) == inf {f(y) — f(*) | y € Dz and T (3, X) = t}.

Then for every x € Ds, we have
¢ (Tam(x,x)) = inf {f(y) —f(x) |y € Dz and Ty (y, %) = TM(x,J_c)}
<fl)—f(),

which implies that the inequality (15) holds. It remains to show that ¢ is an admissible
function. Indeed, it follows from (16) that c(t) > 0 for every t € D. Furthermore, we have

0 < c(0) = inf {f(y) = f(X) |y € Dz and Tm(y, %) = 0} < f(X) —f(X) =0,

which yields that condition (i) of Definition 4.1 is fulfilled. To verify condition (ii), consider
any sequence (tx) C D such that ¢(tx) — 0. Then it follows from the definition of D and ¢
that for each t, there exists x; € Dz such that Ty (xg, X) = fx and

_ 1
0= fw) = ) < clt) + 7.
Since c(t) + % — 0ask — 00, we get f(xx) = f(x). Using the Tykhonov well-posedness

with respect to M of (MP) gives us tx = Tpr(xk, X) — 0. This justifies (ii) of Definition 4.1.
So, ¢ is an admissible function.



APPLICABLE ANALYSIS 15

Conversely, if there exist x € X and an admissible function c satisfying

F&x) + c(Tm(x, X)) < f(x),
then we have
f(x) < f(x) + c(Tp(x, %)) < f(x) forall x € D;. (17)

This implies that X is a global minimum point of f with respect to M on Dx. To see the
uniqueness of X, we shall prove by contradiction. Assume that there exist y € D \ {X} such

that f(x) = f(»). Then it follows from (17) that

f&) +cd(Tu(G,%) < f(),

and hence c(T (3, X)) = 0. Since ¢ is an admissible function, one has Ty;(y, X) = 0 which
yields y = x. Therefore, X is the unique global minimum point of f with respect to M on
Ds. Moreover, if (x;) C Ds is a sequence satisfying f(xx) — f(X), then

c(Tv( %) < (f(xp) =f(X)) = 0 ask — oo.

Using again the admissibility of ¢ gives Tps(xx, x) — 0. Thus, problem (MP) is Tykhonov
well-posed with respect to M. The proof is complete. |

Note that if M = S then Theorem 4.2 implies Theorem 12 in [8] (for the case of Banach
spaces).

The next example illustrates that usual global solutions do not exist for the problem,
which means it is not Tykhonov well-posed in the classical sense. However, it may still
have global solutions with respect to M, suggesting that it can be considered directional
Tykhonov well-posed in those specific directions.

Example 4.2: Let X = Cjo,1] (the usual space of the real continuous functions on [0, 1]
with the maximum norm), and let P be the set of all polynomials on [0,1]. Let f: X — R
be defined by

max x(s) ifxeP,
f(x) = {selot]
1 ifx¢gP.

One can verify that f is not bounded below and is not lower semicontinuous.
Now, take x(s) = 0 for all s € [0, 1] and M = {x(s) = —2}. Then one has

Dz = dom Ty (-, X) = x — cone(M) = {x| x(s) = o for a > 0}.

For convenience, we denote the constant polynomial x(s) = a by x,, for alla > 0. It is not
hard to see that f(x,) = a. For every x,, € Dz, Proposition 3.1(ii) implies that there exists
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U, € M such that

% — %Il _ |la=0] a
[t 2 2

TM (xa > J_C) =
Next, let ¢ : D — [0, 00) be the identity map, i.e.
c(t) =t forallt e D,

where D = {Tp(x,x) | x € Dz} = [0, 00). Clearly, ¢ is an admissible function. Moreover,
for x, € Dz we have

G + ¢ (Tu ®) = 04 5 < & = f(xa),

which shows that inequality (15) holds. Therefore, Theorem 4.2 ensures that problem (MP)
is Tykhonov well-posed with respect to M.

The following corollary provides a broad class of functions for which problem (MP) is
Tykhonov well-posed with respect to a suitable set of directions.

Corollary4.1: Letve S C R"andletf : R" — R be strictly increasing along the direction
v, ie.

fx+tv) > f(x) forallx e R" andt > 0.

Then, for every x € R", problem (MP) is Tykhonov well-posed with respect to M = {—v}.

Proof: Fixanyx € R"” and put M = {—v}. Then, it follows from (2) and Proposition 3.1(i)
that

Dy = x — cone(M) = {x+ tv|t > 0}.
For every t > 0, define

c(t) =f(x+tv) — f(X).
Clearly, c(0) = 0. Since f is strictly increasing along v, one has

c(t) >0 forallt> 0.
Moreover, ¢ is increasing on [0, 00). We claim that ¢ is admissible. Indeed, let (#x) C [0, 00)
be such that c(fx) — 0. Suppose on the contrary that tx 4 0. Then there existe > Oand a
subsequence, still denoted by (#x), such that t; > ¢ for all k. Since ¢ is increasing, we have

c(ty) > c(e) > 0 forallk,

which contradicts c(tx) — 0. Hence, tx — 0, and so c is admissible by Definition 4.1.
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Now take any x € Ds. Then there exists t > 0 such that
x=Xx+tv.
Since M = {—v} and ||v|| = 1, it follows from Definition 2.1 that
Tym(x,x) < t.
Therefore, by the definition of ¢, we obtain
f(x) + c(Tp(x X)) < f(X) +c(t) =f(x+tv) = f(x) forallx € Dx.

Applying Theorem 4.2, we conclude that problem (MP) is Tykhonov well-posed with
respect to M = {—v}. |

Remark 4.3: Observe that the class of functions considered in Corollary 4.1 typically gives
rise to optimization problems that are not classically Tykhonov well-posed. Indeed, if f is
strictly increasing along a direction v on the whole space R”, then, in general, the problem
(MP) has no usual global minimizer. Nevertheless, for every x € R”, Corollary 4.1 shows
that problem (MP) is Tykhonov well-posed with respect to the direction set M = {—v}.

We conclude this section with an example showing that, despite its flexibility, the direc-
tional framework does not guarantee that every classically ill-posed problem can be made
well-posed by choosing suitable direction sets, even when the problem has a unique global
solution.

Example 4.3: Consider the function f : R — R defined by
flx) = e forxeR.

It is clear that f has the unique global minimizer X = 0. However, problem (MP) is not
classically Tykhonov well-posed. Indeed, the sequence (x;) = (k) satisfies

f) =Ke™ 5 0= f®),

but x; A x.
We now show that this problem is not Tykhonov well-posed with respect to any
nonempty direction set

MCR\B = (—o0,—1]U[1,4+00)

satisfying the standing assumptions imposed on M (see Definition 2.1). Since M # @, there
exists a € M. If a > 1, then by Proposition 3.1(i), we have

(—00,0] C Dz = X — cone(M).
Taking xx = —k, we get (xx) C D; and

fo) = ke > 0 =f@.
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On the other hand, by Proposition 3.1(ii), for each k € N, there exists ux € M such that
X = x — up Tpr(xp, X).

Thus,
k = |xx — x| = |ug| Tas (x> X).
Since M is bounded, we obtain

k
Ty X) = — > ——,
lul — IM|
and hence Ty (xg, x) 4 0.
Similarly, if a < —1, then Dx contains the positive half-line [0, 00). Taking x; = k, we
again have (xx) C Dx,

fl) = ke 5 0= f®),

while the same argument gives

k
TM(Xk,J_C) > — 7é 0.
IM]|
Therefore, problem (MP) fails to be Tykhonov well-posed with respect to every nonempty
direction set M C R\ B satisfying the standing assumptions imposed on M.

4.2. Well-posedness under convexity assumptions

Similar to results in [28,32,33], we first present a general Ekeland variational principle in
which usual distance functions are replaced by minimal time functions mentioned in the
previous sections. This principle will be an important tool in what follows.

Theorem 4.3: Let f be as in the problem (MP). Suppose that f is a lower semicontinuous
function on X and suppose further that there exists x € X such that fis bounded from below
on Dx. Then for every ¢ > 0 and every xg € L(X,e) = {y € Dz |f(y) < infrep, f(x) + €},
there exists x; € Dz such that the following inequalities hold:

() Tm(xo,x:) < Ve,
(i) f(xs) + «/ETM(an Xg) Sf(xO)’ and
(iii) f(xe) < f(y) + eTrm(xe, y) forally € D;.

Proof: Using the same arguments as in the proof of [33, Proposition 3.3], we can deduce
the conclusions from [33, Theorem 3.1]. |

The following example illustrates that Theorem 4.3 can be viewed as a directional
Ekeland variational principle.
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Example 4.4: Let X = Cjo,1) (the space of the real continuous functions on [0, 1] with the
maximum norm), and let f: X — R be defined by

f(x) = min x(s).

€[0,1]

We can see that f is continuous but is not bounded from below on X. Thus, a number of
recent existing results are out of use.
Now, take X(s) = s* for all s € [0,1] and M = {x = —1}. Then one has

Dz = dom Ty;(-, x) = x — cone(M) = {x + a |a > 0}.

It is easy to see that f is bounded from below on Ds. Fixing any ¢ > 0 and xp € L(X,¢) =
{y € Dz |f(y) < infyep, f(x) + &}, by Theorem 4.3, there exists x; € Dx such that the
inequalities in this theorem hold.

Remark 4.4: In Example 4.4, it should be emphasized that (Dz, Tar) does not define a
metric space. In fact, take x = x + 1 and y = X + 2 in Dx. Then by the definition of the
minimal time function (1), we have

Tu(,x) =inf{t >0|{x+2—-t}N{x+ 1} #0} =1,
and
Tm(x,y) =inf{t > 0| {x+ 1 — ¢t} N {x + 2} # B} = oo,

where we use the convention that inf § = oco. Thus Ta(y, x) # Tam(x, y), which shows that
the minimal time function T); is not symmetric, and hence cannot serve as a true distance
function.

Under additional assumptions on the data of problem (MP), we obtain the following
characterization of Tykhonov well-posedness with respect to M.

Theorem 4.4: Consider the minimal time function (1) and the problem (MP). For every
& > 0, define

G(e) = {x € X|f(x) < fO) + e Tu(y, ) for all y € Dy).

Assume that f is lower semicontinuous and convex. Then (MP) is Tykhonov well-posed with
respect to M if and only if there exists X € (., G (¢) such that f is bounded from below on
Dx and

diam(G'(x,£)) > 0 ase — 0,
where

G'(x,€) .= {x € Dz |f(x) < f(y) + eTpm(x, ) forall y € Dz}.
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Proof: Suppose that problem (MP) is directional Tykhonov well-posed with respect to M.
Then there exists x such that for all y € Dz and all ¢ > 0,

fG) <fO) < fO) +eTu(y, %),

which implies x € e>0 Y9(¢) and f is bounded from below on Dx. Next, we prove that
diam(G’'(x,&)) = 0 ase — 0.

Suppose on the contrary that there exist a sequence (¢x) converging to 0 and a con-
stant a > 0 such that diam(G’(x, ¢x)) > 2a. Then one can find a sequence (xx) C G'(X, k)
satisfying

Xk —xIl = a (18)
and
fla) —f(x) < exTp(xx, x) forallk e N. (19)
By Proposition 3.1(ii), for every k € N, there exists ux € M such that

o lm—x _ a
Ty (x1, x) = > > 0, 20
Mo X) = M (20)

where the inequality is fulfilled by (18) and the definition of || M]||. This ensures that the
following set is nonempty:

a
C:=1{xeDz|Ty(x,x) > — .
* M|

Since (MP) is directional Tykhonov well-posed with respect to M, it follows that
m:= inf{f(x) —fx)|xe C} > 0. (21)
Next, we show that
%TM(xk) %) < f() —f(®) forallk e N, (22)

Indeed, we first obtain from (20) that

a

A= ————— <1 (23)
4l T (o, X)

Since Dj is convex, we have Ax; + (1 — A)x € Dxz. Then using Proposition 3.1(ii), (23)
and (20) give us

Vx+ (1= DF— Xl _ Ao —X _ a
1Ml Ml Ml

Ty Oxp + (1 = )E, X) >

Consequently,

Jxg + (1= Dx e C. (24)
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On the other hand, it follows from the convexity of f that
fOxi+ (A=A X) = (%) < A(flx) = f()
Combining this with (24) and (21), we obtain
m < A(f () — (%))

which implies, by (23) and ||ug|| > 1, that the inequality (22) holds. From (19) and (22),
we get

(e ®) < fox) — f®) < exTar(x¥) forall k € N.
a

Since Tar(xk, x) > 0 (by (20)), it follows that

0 < m < g, forallk e N.
a

This is impossible since e — 0 as k — oo. Therefore, we conclude that
diam(G’'(x,¢)) - 0 ase — 0.

Conversely, assume that there exists X € [),. (G (¢) such that f is bounded from below on
D;C and

diam(G’'(x,e)) = 0 ase — 0.

First, since X € G(¢) for all ¢ > 0, we have
f(&x) <f()+eTu(y,x) forally e Dyande > 0.

Letting ¢ — 0 gives
f(x) <f(y) forally e Ds.

Therefore, x is a minimizer of f with respect to M on D3. Next, we show that

LG e) C (GG ve)Y,
where L(X, ¢) is defined as in (7) and
(G'G/®)"" = (x € D5 | Tu(x. §' (. V) < V).
Indeed, picking any xo € L(x, ¢) we have
f0) < inf f09+o = f(D) +e.
Applying Theorem 4.3, there exists x, € Dz such that

Twm(x0,x¢) < /¢ (25)
and

f(xe) < f(y) + VeTm(xe,y) forally € Ds. (26)
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Clearly, the relation (26) implies that x, € G'(%, v/¢). Combining this with (25) gives
T (x0, G' (%, /) < Ta(x0, %) < Ve

Therefore, we obtain £(X, &) C (G'(%,+/€))V¢. By the imposed assumptions, it follows
from Proposition 3.2 that diam((G’ (%, «/E))\/g ) — 0, which in its turn implies

diam([,(ic, 8)) — 0 ase¢— 0.

According to Theorem 4.1, problem (MP) is Tykhonov well-posed with respect to M. This
completes the proof. |

Remark 4.5: (i) It is interesting to observe in general that

lj_r)r}) diam(G(¢)) # IE)I}) diam(G'(x,¢)) foreveryx € ﬂ G(e)

e>0

Indeed, consider f : R — R is given by f(x) = ¢*. Take M = {—1}. Since f is strictly
increasing, for every x € R we get

f) <fO») <fO)+eTul,x) forallye D, = [x,00),

which yields G(¢) = R for any ¢ > 0. While if we take any x € (,.,G(¢), then direct
calculations yield

lirr%) diam(G’(x, ¢)) = 0.
(ii) If M = S, we get Tp(x,¥) = Ty (y, x) = |lx — y|| and Dz = X. Hence,
() = G'(e) = {x € X|f(x) < f() + llx — | forall y € X},

So, our Theorem 4.4 implies Theorem 4.1 in [39] (for the case of a Banach space).

The following example gives a case where Theorem 4.4 can be applied, while a number
of earlier results cannot.

Example 4.5: Let X = (! = (W, x@ . xO J) |x® e R, 221 x| < oo} and let
f: X — Rbe defined by

o |(x, en)|
f =2 7=
n=1
where (-, -) is the usual scalar productand e, = (0,0, ...,1,0,...), 1 at the n-th position, is

the standard basis. Observe that the function f is convex and continuous, and the problem
(MP) has a unique solution at 0. But (e,,) is a minimizing sequence which does not converge
to 0. Thus, (MP) is not classically Tykhonov well-posed.
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Now let M = {(2,0,...)} and x = 0. Since x is a global minimum of f on X, for any
& > 0, one has

f®) <f() <f@)+eTyu(,x) forallye Ds.
This implies that
X e ﬂ G(e).
e>0

Clearly, f is bounded from below on D; = {(—a,0,...) € {!|a > 0}. To apply
Theorem 4.4, it remains to show that diam(G’(0,¢)) — 0 as ¢ — 0. For any ¢ > 0 and
x:=(—ay,0,...) € Dz, ifx € G'(0, ¢), then

oy = Z |<x’:”>| =f(x) <f(») +eTm(x,y) forally e D;. (27)
n=1

Taking y = 0in (27), we get
ox < eTp(x,0).
Since M = {(2,0,...)}, we have
Ay
Ty(x,0) = —.
M(x,0) 5
Hence

&
Ox < —0Oy.
2

For 0 < & < 2, this implies ax = 0. Therefore,
G'(0,6) = {0} forall0 <& <2,

and consequently
diam(G’(0,£)) - 0 ase — 0.

Therefore, the sufficient conditions of Theorem 4.4 are fulfilled. By this theorem, problem
(MP) is Tykhonov well-posed with respect to M.

5. Relationships between level sets and admissible functions

As seen in the previous section, level sets and admissible functions play a vital role in
studying characterizations for the Tykhonov well-posedness with respect to M of optimiza-
tion problems. Thus, it is interesting to investigate properties and establish relationships
between these level sets and admissible functions.

Definition 5.1: Let g: X — R and x € X. The function g is called subhomogeneous with
respect to x on Dy if for every x € Ds,

glsx+ (1 —s)x) < sg(x) + (1 —s)g(x) foralls e [0,1]. (28)
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Consider the problem (MP) and the minimal time function (1). Throughout this
section, we impose the following assumptions:

(i) M is a subset of the unit sphere, that is, M C S.
(ii) x € X is a global minimum point of f with respect to M on Dx.

(iii) f is subhomogeneous with respect to x on Dz, which is a weaker condition
compared to convexity.

Remark 5.1: Ifx =0, f(0) = 0 and M = S, then (28) becomes
f(sx) < sf(x) forallse [0,1]andallx € X.

In this case, f is called subhomogeneous with respect to 0; see [39, p.463].

For ¢ > 0, denote by

L(x,e) =1y € Dz|f(y) < inf f(x) +e ¢, (29)
the level set defined in Theorem 4.1, and put
1 -
r(e) = Edlam(ﬁ(x, €)).

For every t € [0, 00), define

co(t) = inf{f(x) — f(x) | x € Dx and Tp(x, x) = t}. (30)

Remark 5.2: Under the additional assumption on M, it follows from Proposition 3.5 that
{Tm(x, %) | x € Dz} = [0, 00).

Therefore, ¢y (t) < oo for all t € [0, 00). Moreover, since x is a global minimum point of f
with respect to M on Dz, we clearly have ¢y (¢) > 0 for all + > 0, and in particular

c0(0) = f@) — f®) = 0

We now proceed to establish an elementary estimate for the function co.
Proposition 5.1: Let ty > 0. Then for every s € [0, ty], we have

m@sfmmy (31)
0
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Proof: We have by Proposition 3.5 and the definition of ¢ that for every ¢ > 0, there exists
an x,; € Dj such that

T (x5 X) = to (32)
and
flxe) —f(x) < colto) +e. (33)

Now setting x, := %xc + (1 - %)Ic gives x,, € Dx (since Dy is convex). Thus, it follows
from Proposition 3.1(ii) and (32) that

Ty, %) = ||x, — || = Hixg + (1 - i))_c —X| =s.
to to
Using again the definition of ¢y, we get
_ s s\ _ -
() <f) —fx) =f (gxg + (1 - %) x) — f(%). (34)

On the other hand, since f is subhomogeneous with respect to X on Dy, it follows from (33)
that for all ¢ > 0,

F(2nr (1-0)5) 1@ < 2 (160 —5@) <

| @«

O (co(to) + e).

~

Combining this with (34) gives us
s
co(s) < t—(Co(to) +¢).
0

Since ¢ could be taken arbitrarily small, we obtain the desired inequality (31), which
therefore completes the proof of the proposition. |

Remark 5.3: As noted in Remark 3.1 and Example 3.1, one may have
Ty (x, %) # Tp(x, x).

Therefore, Proposition 5.1 generalizes Proposition 5.1 of [39] from the usual distance to
the directional minimal time function with respect to a subset of the unit sphere (for the
case of Banach spaces).

The following facts are useful in what follows.

Remark 5.4: If 0 < co(fp) for some £y > 0, then cp is a strictly increasing function on
[to, 00). Indeed, for any a, b € [ty, 00) satisfying a < b, Proposition 5.1 tells us that

11
(@ < Tao) and 0 < colto) < Fao(b)
and hence cy(b) > 0. Moreover, since ; < 1 we get

co(a) < chaa) < co(b).
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Remark 5.5: If ¢o(t) > 0 for all ¢ > 0, then ¢j is an admissible function. Indeed, we only
need to show thatif cy(tx) — 0, then tx — 0. Suppose for contradiction that tx 4 0. With-
out loss of generality we can assume that ty > ¢ for some ¢ > 0. By Proposition 5.1, we have
cole) < %co(tk). Moreover, since cy(tx) — 0 as k — 00, and by the assumption one has
0 < ¢o(¢). Then it follows from Remark 5.4 that 0 < ¢o(e) < ¢o (%), which is impossible as
co(tx) = 0. So ¢ is admissible whenever cy(¢t) > 0 for all ¢ > 0.

The next theorem provides an estimate for r(cp), extending Propositions 5.5 and 5.8 of
[39] to the framework of directional minimal time functions in Banach spaces.

Theorem 5.1: Given t> 0, if 0 < cy(t) then following inequalities hold:

< r(c() < t. (35)

N~

Proof: Lett> 0besuchthat0 < ¢o(t). Observe that the first inequality of (35) is equivalent
to

t < diam (,C(J'c, o (t)). (36)

By Proposition 3.5 and 3.1(ii), together with the definition of ¢y, for every ¢ > 0 there exists
xg € Dj such that

llxe — Xl = Ti(xg, %) =t (37)
and

flxe) = f(%) < o) +&. (38)
Since f is subhomogeneous with respect to x on Dy, for any s € (0, t) we have

S_

755 55) =0 = 0 + @ -6

= () — @),

By choosing 0 < & < ;2-¢co(#), the above inequality and (38) give us that

t —
t

755+ 35) 5 < 0 -6

> (cot) + &)

<
-t
t—s S
< — o+ co(t) ) = co(t).
t t—s
Thus, x; € L(Xk, co(t)), where x; := (tlts)xg + ($)X € Dz. Moreover, one has
I | t—s tP—s_
xs —X|| = Xp — X
: t ¢ t

t—s —
= lxe =

=t—s,
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where the last equality is fulfilled by (37). Thus, for any s € (0,¢), there exists x; €
L(X, co(t)) such that ||x; — x|| = ¢t — s. This implies

diam(L(x, co(t))) >t —s foralls e (0,1).

Letting s — 0, we obtain the inequality (36), which therefore completes the proof of the
first inequality of (35).

For the second inequality of (35), we argue by way of contradiction. Assume that there
exists fp > 0 such that 0 < ¢y(fp) and r(co(fo)) > fo. Equivalently, diam(L(x, ¢co(t))) >
2ty. Then there exists an x’ € L(X, co(t)) such that

Ty, x) = ||x' = x| =t > to,

where the first equality is fulfilled by Proposition 3.1(ii). This together with the definition
of ¢y ensures

co(t) < f() = f(%) < co(to).

However, since 0 < ¢o(tp) and #y < t', Remark 5.4 gives ¢o(tp) < co(t), a contradiction.
This completes the proof of the second inequality of (35) and, therefore, of the whole
theorem. u

We end this section with a result that highlights the relationship between admissible
functions and level sets in terms of directional minimal time functions.

Theorem 5.2: The function ¢ is admissible if and only if

diam(L(x,€)) > 0 ase — 0. (39)

Proof: Assume first that ¢y is admissible. Let (¢x) be any sequence with ¢ | 0. Suppose
on the contrary that

diam(ﬁ(a‘c, gk)) 40 as¢r— 0.

Then there exist a number 5 > 0, a subsequence of (), not relabeled, and points xi, yx €
L(x, ex) such that

lxk — ykll = n forall k.
Since x is a global minimum point of f with respect to M on Dy, it follows from (29) that
0<flx) —f(X) <& and 0 <fly) —f(x) < e
By the definition of ¢g in (30), we have
co (T (e X)) < flxx) — f(%) < ek

and

co(TM(X)) < fr) —f(X) < e
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Since ¢ is admissible, we obtain
Tv(xk,x) > 0 and Ty(yr.x) — 0.
Because M C S, Proposition 3.1(ii) yields
llxx — %Il = Tm(xk, %) — 0
and

Iyk — Xl = Tm(yk, X) — 0.

Thus |lxx — ykll = 0, which contradicts |lxx — y|l > #. This justifies (39).

Conversely, assume that (39) holds. By Remark 5.5, it suffices to show that ¢y(t) > 0
for all £ > 0. Indeed, suppose on the contrary that there exists fo > 0 such that ¢o(tp) = 0.
Then for every k € N, we can find xx € D; such that

Tv(xk.x) =t and  f(xx) — f(%) < Ilc

This implies that x; # x and x; € L(x, 1/k) for all k € N. Since M C Sand x € L(x,1/k)
for all k € N, it follows from Proposition 3.1(ii) that

diam(ﬁ(ic, 1/k)) > |lxx — x| = Ty (xp, ) =tp > 0 forallk € N.

Letting k — oo yields a contradiction to (39). Therefore, cy(f) > 0 for all > 0, and by
Remark 5.5, the function ¢j is admissible. [ |

6. Concluding remarks

This paper is part of our ongoing project on well-posedness with respect to a set of direc-
tions. We have shown how minimal time functions can be incorporated into the theory of
well-posedness for scalar optimization problems.

The obtained results suggest possible applications in optimization models where stabil-
ity is direction-dependent. For instance, in traffic flow or supply chain optimization, global
stability may be affected by congestion, disruptions, or fluctuations in demand, while stable
behavior may still be observed along selected routes or directions.

Future research will focus on extending this approach to constrained optimization,
variational inequalities, vector optimization, and numerical methods based on directional
stability.
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