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ABSTRACT
Building upon the minimal time function, we propose and study a 
novel notion of Tykhonov well-posedness with respect to a set of direc-
tions for optimization problems. This concept generalizes the classi-
cal Tykhonov well-posedness by focusing on existence, stability, and 
convergence along specific directions, rather than over the entire 
space. We first establish several characterizations of Tykhonov well-
posedness with respect to a set of directions, formulated in terms of 
the diameter of level sets and admissible functions. We then investi-
gate relationships between these level sets and admissible functions. 
To highlight the advantages of the proposed framework, we present 
several illustrative examples. In particular, we show that by selecting 
a suitable set of directions, optimization problems that are not well-
posed in the classical sense may still be Tykhonov well-posed with 
respect to those directions. This viewpoint not only broadens the 
theoretical landscape of well-posedness but also has practical impli-
cations, as it allows numerical methods to be effectively adapted 
so that the generated sequences converge reliably to the desired 
directional minimizers.
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1. Introduction and preliminaries

The concepts of various types of well-posedness are crucial in nonlinear analysis, playing 
a central role in both theoretical frameworks and numerical methods. The fundamen-
tal results in this topic were established by Hadamard [1]. In the early 1960s, Tykhonov 
[2] studied well-posedness in the context of unconstrained minimization problems, defin-
ing it in terms of the existence and uniqueness of solutions, as well as the convergence of 
minimizing sequences to these solutions. This concept was later extended to constrained 
optimization problems by Levitin and Polyak [3], who allowed minimizing sequences xk
to lie outside the feasible set A, provided that the distance d(xk,A) (the distance from 
xk to A) approaches zero. Since these fundamental works, numerous definitions of well-
posedness have been introduced and extensively studied (see, e.g. [4–17] and the references 
therein). The main directions in developing the classical results of Hadamard, Tykhonov 
and Levitin–Polyak have been to introduce generalized notions of well-posedness and to 
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extend them to optimization-related problems in infinite-dimensional spaces. It should be 
emphasized that in the aforementioned publications, most types of well-posedness have 
been formulated from usual distance functions.

Among the most significant types of generalized distance functions, we mention the 
so-called minimal time function. Due to its significant applications in areas such as con-
vex analysis, variational analysis, and optimization theory, this class of functions has been 
the subject of extensive and systematic research by many researchers. Relevant studies can 
be found in works like [18–25], which include numerous references and discussions on 
the topic. One of the key advantages of the minimal time function is its ability to serve 
as a very general form of directional distance function. Nam and Zălinescu [26] played 
an important role in this direction from the beginning. They studied several generalized 
differentiation properties of this class of functions and applied them to investigate loca-
tion problems. The work was later significantly extended by Durea et al. [27,28], who 
provided numerous applications in the theory of directional metric regularity. These devel-
opments paved the way for further research. For instance, Cibulka et al. [29] investigated 
the stability of directional regularity, while Long et al. [30–33] introduced and analyzed 
new notions of directional error bounds and directional Levitin–Polyak well-posedness 
for optimization problems, in which conventional distance functions were replaced by 
minimal time functions. In the same line, Chelmuş et al. [34] proposed the concept of 
directional Pareto solutions for set-valued constrained optimization problems, thereby 
generalizing the classical notion of Pareto efficiency. Further contributions to optimality 
conditions were provided by Ait Mansour et al. [35] and Chelmuş [36]. More recently, 
Chelmuş and Durea [37] obtained significant results on the stability of these directional 
Pareto solutions. It is important to emphasize that stability theory is intrinsically connected 
to well-posedness. Moreover, as shown in [30], the notion of directional Pareto solutions 
coincides with that of directional minimal solutions in scalar optimization problems.

Building on the research direction initiated by Durea et al. [28] and inspired by subse-
quent works such as [26,29,32–34,38,39], it is natural to employ the minimal time function 
to introduce a new type of Tykhonov well-posedness for optimization problems. This 
framework allows for the unified treatment of both convex and non-convex cases. In partic-
ular, many practical optimization problems either lack global solutions or exhibit instability 
across all directions. However, the concept of Tykhonov well-posedness with respect to a 
set of directions makes it possible to identify stable solutions along specific directions. Such 
directionally stable solutions can yield valuable insights into the problem even in situations 
where classical Tykhonov well-posedness does not hold.

It should also be emphasized that our approach is different from classical regulariza-
tion methods. In regularization, one usually replaces the original ill-posed problem with 
a family of regularized problems and studies the convergence of their solutions. In con-
trast, our approach keeps the original objective function unchanged and analyzes stability 
through the geometry induced by a prescribed set of directions. This directional viewpoint 
is particularly useful in two situations. First, when the original problem has a unique usual 
global solution but some minimizing sequences fail to converge to it, the proposed frame-
work can identify directional domains on which every minimizing sequence converges to 
the solution. Second, when the original problem has no usual global solution, the same 
framework may still provide a directional minimizer and guarantee the convergence of 
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every minimizing sequence in the corresponding directional domain to it in terms of the 
minimal time function.

Our paper is organized as follows. Section 2 introduces a class of minimal time func-
tions and proposes a new notion of Tykhonov well-posedness for optimization problems. 
Section 3 is devoted to establishing fundamental properties of minimal time functions, 
which will serve as technical tools for proving the main results. Section 4 presents charac-
terizations of Tykhonov well-posedness with respect to a set of directions. We first provide 
results that do not require convexity of the feasible set or the objective function. Then, we 
formulate a directional version of Ekeland’s variational principle and use it to derive fur-
ther characterizations under convexity assumptions. Section 5 investigates the properties 
of admissible functions and explores their relationships with level sets. The final section 
contains concluding remarks and discusses possible directions for future research.

Throughout this paper (unless otherwise specified), the space X under consideration is 
an arbitrary Banach space endowed with the norm ∥ · ∥, and ⟨·, ·⟩ denotes the canonical 
pairing between X and its topological dual X∗. The open unit ball and the unit sphere in X
are denoted respectively by B and S. Given a set C ⊂ X, the diameter of C is defined by

diam(C) := sup{∥x − y∥ | x, y ∈ C}.

As usual, cone(C) denotes the cone generated by C, that is,

cone(C) := {λx | λ ≥ 0, x ∈ C}.

The distance function from a point x ∈ X to C is given by

d(x,C) := inf{∥x − y∥ | y ∈ C},

with the convention d(x,∅) := ∞, i.e. inf ∅ = ∞. We also use N and R to denote the sets 
of natural numbers and real numbers, respectively.

2. A new notion of Tykhonov well-posedness

In this section, we introduce a new notion of Tykhonov well-posedness for optimization 
problems. We also present an example to highlight the significance of our study.

We begin by recalling the following class of functions, which plays a crucial role in our 
study.

Definition 2.1: Let M be a nonempty, closed and bounded subset of X \ B such that 
cone(M) is convex. Let � : X → 2X be a set-valued mapping. Then the function

TM(y,�(x)) := inf{t ≥ 0 | (y + tM) ∩ �(x) ̸= ∅} for (y, x) ∈ X × X (1)

is called the minimal time function with respect to M. By convention, we set TM(y,∅) := ∞

for every y ∈ X.

We do not consider general functions TM in this paper. Instead, we focus on the two 
cases below, which are sufficient for our purposes. For ∅ ̸= O ⊂ X, we define: 
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(1) TM(y,O) := TM(y,�(x)) when �(x) ≡ O for all x ∈ X;
(2) TM(y, x) := TM(y,�(x)) when � is the identity map.

Remark 2.1: It should be emphasized that the approach via the minimal time function, 
under the assumption that M is a subset of the unit sphere S and �(x) ≡ O for all x ∈ X, 
has proven to be highly effective in studying several directional aspects of optimization 
(see, e.g. [26–30,32–34,38,39]). Furthermore, by considering other choices of M and �, 
the minimal time function has been investigated by many researchers for various purposes 
(see, e.g. [19–22,24,40] and the references therein).

For any x, y ∈ X, the domains of TM(·, x) and TM(y, ·) are denoted and defined, respec-
tively, by

dom TM(·, x) := {z ∈ X |TM(z, x) < ∞}

and

dom TM(y, ·) := {w ∈ X |TM(y,w) < ∞}.

Let f : X → R be a function. Consider the following optimization problem:

(MP) minimize f (x) subject to x ∈ X.

For the sake of simplicity, throughout the paper we set

Dx := dom TM(·, x) for all x ∈ X. (2)

Using the minimal time function (1), we now introduce the notion of a global minimum 
point of f  with respect to M as follows:

Definition 2.2: Consider the problem (MP) and the minimal time function given in 
Definition 2.1. We say that x̄ ∈ X is a global minimum point of f  with respect to (the set of 
directions) M on Dx̄ if and only if

f (x̄) ≤ f (x) for all x ∈ Dx̄.

Remark 2.2: Clearly, when M = S, the global minimum points of f  with respect to M
coincide with the usual global minimum points. If M is a proper subset of the unit sphere 
S, then they reduce to the global directional minimum points of f  in the sense of [30, 
Definition 2]. Furthermore, Definition 2.2 can be viewed as the scalar counterpart of [37, 
Definition 4.1(ii)] and [34, Definition 2.4]. More precisely, by taking U = X, L = −M, and 
K = [0,+∞), the notion of a local weak directional Pareto minimum point considered 
in [34,37] reduces, in the scalar setting, to a directional minimum point in the sense of 
Definition 2.2. For related optimality conditions, we refer the reader to [34–36]; for stability 
properties of directional Pareto minimum solutions in vector optimization; see [37]. Since 
stability is closely related to well-posedness, these works provide part of the motivation for 
the directional well-posedness framework studied in this paper; see also [4].
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As a straightforward extension of the usual notion of Tykhonov well-posedness, we may 
naturally propose the following.

Definition 2.3: The problem (MP) is said to be Tykhonov well-posed with respect to M if 
and only if 

(i) there exists ̄x ∈ X such that it is the unique global minimum point of f  with respect 
to M on Dx̄, and

(ii) for any sequence (xk) ⊂ Dx̄ satisfying f (xk) → f (x̄), one has TM(xk, x̄) → 0 as 
k → ∞.

Remark 2.3: (i) To the best of our knowledge, the concept of Tykhonov well-
posedness with respect to M has not yet been addressed in the literature. If M = S, 
where S is the unit sphere, then it follows from Proposition 2.2(iii) in [27] that

Dx = x − cone(S) = X and TM(y, z) = ∥y − z∥

for all x, y, z ∈ X. Hence, Definition 2.3 reduces to the classical Tykhonov well-
posedness in Banach spaces; see [2, p.1].

(ii) Let us clarify the relationship between Definition 2.3 and Definition 3 in [30]. 
Although both notions are formulated by means of a minimal time function and 
use a set of directions denoted by M, the roles and assumptions on M are different. 
In Definition 2.3, the set M is not necessarily contained in S, and the minimizing 
sequences are required to belong to Dx̄. In contrast, in Definition 3 of [30], the 
set of directions M is assumed to be a subset of S, and the minimizing sequences 
are only required to be asymptotically close to Dx̄. Therefore, the two notions are 
related in spirit but are not the same. Consequently, the corresponding results are 
also different, as discussed in Remark 4.1 below.

(iii) The main purpose of this paper is not to replace the classical notion of Tykhonov 
well-posedness, but to provide a directional viewpoint for studying stability prop-
erties of optimization problems. More precisely, the proposed notion is useful both 
for problems that have a unique usual solution but fail to be stable in the classi-
cal sense, and for problems that have no usual global solution, as illustrated by the 
examples and results below.

Example 2.1: Let X = ℓ2, the space of square summable sequences of real numbers, and 
let f : X → R be given by

f (x) :=

⎧⎪⎨⎪⎩
∞∑︂
i=1

x(i) if x(i)
̸= 0 for at most finitely many i,

1 otherwise,

where x(i) denotes the i-th coordinate of x ∈ ℓ2. Since f  is not bounded below on X, 
problem (MP) has no usual solution.
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Now let x̄ = (0, 0, . . .) and M = {−e1 = (−1, 0, . . .)}. Then we obtain from Proposi-
tion 2.2(i) in [27] that

Dx̄ = x̄ − cone(M) = {(α, 0, . . .) | α ≥ 0},

and hence

f (x̄) = 0 < αx =

∞∑︂
n=1

x(i)
= f (x) for all x = (αx, 0, . . .) ∈ Dx̄ \ {x̄},

which means x̄ is the unique global minimum of f  with respect to M on Dx̄. Next, 
take any sequence (xk) in Dx̄. Then we have xk = (αk, 0, ..) for some αk ≥ 0. Since xk ∈

domTM(·, x̄), it follows from Proposition 2.3 (i) in [27] that

TM(xk, x̄) = ∥x̄ − xk∥ = αk. (3)

Moreover, if f (xk) → f (x̄), then αk → 0. This together with (3) implies that TM(xk, x̄) →

0. Therefore, problem (MP) is Tykhonov well-posed with respect to M.

3. Elementary properties of minimal time functions

This section is devoted to establishing several fundamental properties of certain special 
cases of the minimal time function (1), which are well suited to our aims in the subsequent 
sections.

Consider the set M given in Definition 2.1 and put

∥M∥ := sup{∥u∥ | u ∈ M}.

Under the conditions on the set M imposed in Definition 2.1, we obtain

1 ≤ ∥M∥ < ∞.

We begin with the following proposition, some steps in the proof of which are inspired by 
the arguments used in [23,24,27].

Proposition 3.1: Let x, y ∈ X. Then the following statements hold: 

(i) The domains of TM(·, x) and TM(y, ·) are given, respectively, by

dom TM(·, x) = x − cone(M) and dom TM(y, ·) = y + cone(M),

and both sets are closed.
(ii) For every z ∈ domTM(·, x), there exists an element uz ∈ M such that

z = x − uzTM(z, x). (4)

Similarly, for every w ∈ domTM(y, ·), there exists an element uw ∈ M such that

w = y + uw TM(y,w).
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 Proof: We proceed with the proofs of the first assertions in (i) and (ii) while observing 
that the verification of the second assertions in (i) and (ii) are similar. (i) Pick any z ∈

domTM(·, x). Then, we have TM(z, x) < ∞. By Definition 2.1, there are a number t ≥ 0
and an element u ∈ M such that z+ tu = x. Consequently,

z = x − tu ∈ x − cone(M).

The reverse inclusion is obvious. Moreover, since 0 /∈ M and M is a closed and bounded 
set, it follows from [41, Theorem 2.5(i)] that cone(M) is closed. Therefore, domTM(·, x) is 
also closed. This completes the proof of the first assertion of (i).

(ii) Fix any z ∈ domTM(·, x). Then there exist sequences (tk) ⊂ [0,∞) and (uk) ⊂ M
such that

z + tkuk = x and tk → TM(z, x) as k → ∞.

There are two possible cases: either TM(z, x) = 0 or TM(z, x) > 0. In the case where 
TM(z, x) = 0, we have

∥z − x∥ = tk∥uk∥ ≤ tk∥M∥.

Since ∥M∥ < ∞ and tk → TM(z, x) = 0, it follows that ∥z − x∥ = 0, and hence z = x. 
This implies that the equality (4) holds. In the second case, we get for k sufficiently large 
that

x − z
tk

= uk ∈ M and uk → uz :=
x − z

TM(z, x)
as k → ∞.

Since M is closed, we obtain uz ∈ M, which again yields (4). The proof of the proposition 
is complete. ■

Remark 3.1: If M is a subset of S, it follows from Proposition 3.1(ii) that for every z ∈

domTM(·, x), we have

∥z − x∥ = TM(z, x).

However, in general, TM(z, x) may differ from TM(x, z), as illustrated by the following 
simple example.

Example 3.1: Let X = R, M = {−1} and x = 2. By Proposition 3.1(i), we have

domTM(·, x) = x − cone(M) = [2,∞).

Take z = 3. Then it follows from Definition 2.1 that

TM(3, 2) = inf{t ≥ 0 | 3 − t = 2} = 1 = ∥3 − 2∥.

On the other hand,

TM(2, 3) = inf{t ≥ 0 | 2 − t = 3} = ∞.

Thus, TM(3, 2) ̸= TM(2, 3).

The next results will serve as essential tools for proving the main theorems of the paper.
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Proposition 3.2: Let {Oε}ε>0 be a family of nonempty subsets of X such that

diam(Oε) → 0 as ε → 0.

For every ε > 0, put

Oε
ε := {x ∈ X |TM(x,Oε) ≤ ε}.

Then

diam(Oε
ε) → 0 as ε → 0.

 Proof: For every ε > 0, since TM(xε ,Oε) ≤ ε and TM(yε ,Oε) ≤ ε for all xε , yε ∈ Oε
ε , there 

exist vε ,wε ∈ Oε such that

TM(xε , vε) < 2ε and TM(yε ,wε) < 2ε. (5)

Then it follows from Proposition 3.1(ii) that there exist ux, uy ∈ M such that

∥xε − yε∥ ≤ ∥xε − vε∥ + ∥vε − wε∥ + ∥wε − yε∥

= ∥ux∥TM(xε , vε) + ∥vε − wε∥ + ∥uy∥TM(yε ,wε)

≤ 4∥M∥ε + diam(Oε) (by (5)).

Since ∥M∥ < ∞ and diam(Oε) → 0, it follows that diam(Oε
ε) → 0 as ε → 0. ■

We now recall a classical property of the minimal time function, namely its triangle 
inequality.

Proposition 3.3: For any x, y, z ∈ X, we have

TM(z, x) ≤ TM(z, y) + TM(y, x). (6)

 Proof: The proof is similar to the arguments of results in [28,32]. However, we prefer to 
give the details, for the sake of readability.

If either TM(z, y) = ∞ or TM(y, x) = ∞, the inequality (6) is trivial. So assume both 
are finite. By Proposition 3.1(ii), there exist u1, u2 ∈ M such that

y = z + TM(z, y) u1, and x = y + TM(y, x) u2.

Therefore,

x = z + TM(z, y) u1 + TM(y, x) u2.

Since cone(M) is convex, it follows that

u :=
TM(z, y)

TM(z, y) + TM(y, x)
u1 +

TM(y, x)
TM(z, y) + TM(y, x)

u2 ∈ cone(M),

and hence x can be expressed as:

x = z + [TM(z, y) + TM(y, x)]u.

By the definition of the minimal time function (1), we obtain the desired inequality:

TM(z, x) ≤ TM(z, y) + TM(y, x).
■
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A basic inclusion property of the domains of the minimal time function can be stated 
as follows:

Proposition 3.4: For any x ∈ X, if y ∈ dom TM(·, x), then

dom TM(·, y) ⊂ dom TM(·, x).

 Proof: Fix any y ∈ domTM(·, x). Take an arbitrary z ∈ domTM(·, y). Then, by Proposi-
tion 3.3, we have

TM(z, x) ≤ TM(z, y) + TM(y, x) < ∞,

which yields z ∈ domTM(·, x). Since z was chosen arbitrarily from domTM(·, y), we 
conclude that

dom TM(·, y) ⊂ dom TM(·, x). ■

To end this section, we provide a property concerning the special case of the minimal 
time function (1).

Proposition 3.5: Consider the minimal time function defined in Definition 2.1. Suppose in 
addition that M is a subset of the unit sphere S. Then, for every t ∈ [0,∞), there exists x ∈ Dx̄
such that

TM(x, x̄) = t.

 Proof: If t = 0, simply take x = x̄. Then TM(x̄, x̄) = 0. Suppose t>0. Choose any u∗
∈ M

and set

x := x̄ − t u∗.

Then x̄ = x + t u∗
∈ x + tM, so by definition TM(x, x̄) ≤ t.

Suppose, to the contrary, that TM(x, x̄) = s < t. Then it follows from Proposition 3.1(ii) 
that there exists u ∈ M such that

x = x̄ − su,

which implies

s u = t u∗.

Taking norms gives

∥u∥ =
t
s

∥u∗
∥ =

t
s

> 1,

contradicting the assumption that M ⊂ S. Therefore, TM(x, x̄) = t. ■

4. Characterizations of Tykhonov well-posedness with respect to M

In this section, we present characterizations of Tykhonov well-posedness with respect to 
M for both convex and nonconvex optimization problems. Moreover, the examples below 
illustrate that Tykhonov well-posedness with respect to M offers a valuable perspective on 
optimization and analysis.
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4.1. Well-posedness without convexity

We begin with a characterization of Tykhonov well-posedness with respect to M for prob-
lem (MP) in terms of level sets of f. It is often called the Furi–Vignoli type characterization; 
see, e.g. [14, p.231].

Theorem 4.1: Consider the problem (MP) and the minimal time function (1). Suppose that 
f is lower semicontinuous. Then (MP) is Tykhonov well-posed with respect to M if and only 
if there exists x̄ ∈ X such that f is bounded from below on Dx̄ = domTM(·, x̄) and

diam(L(x̄, ε)) → 0 as ε → 0, (7)

where ε > 0 and

L(x̄, ε) :=
{︃
y ∈ Dx̄

⃓⃓⃓
f (y) ≤ inf

x∈Dx̄
f (x) + ε

}︃
. (8)

 Proof: If (MP) is Tykhonov well-posed with respect to M, then there exists x̄ ∈ X such 
that

f (x̄) < f (x) for all x ∈ Dx̄ \ {x̄},

which implies that f  is bounded from below on Dx̄. Next, we proceed by contradiction. 
Suppose that there exists a sequence (εk) such that

diam(L(x̄, εk)) ̸→ 0 as εk → 0.

Then we can select a subsequence of (εk) (without relabeling) and a number a>0 such 
that

diam(L(x̄, εk)) > 2a.

Consequently, for every k ∈ N, there exists xk ∈ L(x̄, εk) such that ∥xk − x̄∥ ≥ a and

f (x̄) < f (xk) ≤ inf
x∈Dx̄

f (x) + εk = f (x̄) + εk.

This yields f (xk) → f (x̄) as k → ∞. However, since xk ∈ domTM(·, x̄) and ∥xk − x̄∥ ≥ a, 
it follows from Proposition 3.1(ii) that there exists uk ∈ M such that

TM(xk, x̄) =
∥xk − x̄∥

∥uk∥
≥

a
∥M∥

> 0 for all k ∈ N.

This contradicts condition (ii) of Definition 2.3. Therefore,

diam(L(x̄, εk)) → 0 as εk → 0.

Conversely, suppose that there exists x̄ ∈ X such that f  is bounded from below on Dx̄ and

diam(L(x̄, ε)) → 0 as ε → 0.

Then, infx∈Dx̄ f (x) ∈ R, and hence for every k ∈ N, there exists xk ∈ Dx̄ such that

f (xk) < inf
x∈Dx̄

f (x) +
1
2k
.
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Note that if y ∈ L(x̄, 1/2k+1) then

f (y) ≤ inf
x∈Dx̄

f (x) +
1

2k+1 < inf
x∈Dx̄

f (x) +
1
2k
.

This implies that L(x̄, 1/2k+1) ⊂ L(x̄, 1/2k) for all k ∈ N. Moreover, since f  is lower semi-
continuous, the set L(x̄, 1/2k) is closed for all k ∈ N. On the other hand, by the hypothesis, 
we have diam(L(x̄, 1/2k)) → 0 as k → ∞. Thus, the assumptions of Cantor’s intersection 
theorem are satisfied. Applying this theorem, we obtain an element ȳ ∈ Dx̄ such that⋂︂

k∈N
L(x̄, 1/2k) = {ȳ}. (9)

By the definition of the level set L(x̄, 1/2k), one has

f (ȳ) ≤ inf
x∈Dx̄

f (x) +
1
2k

for all k ∈ N,

and hence f (ȳ) ≤ infx∈Dx̄ f (x). Furthermore, since ȳ ∈ Dx̄, it follows that

f (ȳ) = inf
x∈Dx̄

f (x). (10)

Now, we show that (MP) is Tykhonov well-posed with respect to M. Indeed, since ȳ ∈ Dx̄, 
it follows from Proposition 3.4 that

Dȳ = dom TM(·, ȳ) ⊂ dom TM(·, x̄) = Dx̄.

Combining this with (10), we obtain

inf
y∈Dȳ

f (y) ≤ f (ȳ) = inf
x∈Dx̄

f (x) ≤ inf
y∈Dȳ

f (y),

which yields

f (ȳ) = inf
y∈Dȳ

f (y).

To verify that ȳ is the unique global minimum point of f  with respect to M on Dȳ, we 
argue by contradiction. Suppose that there exists z̄ ∈ Dȳ \ {ȳ} such that f (z̄) = f (ȳ). Then 
it follows from (10) and the definition of L(x̄, 1/2k) that

z̄ ∈ L(x̄, 1/2k) for all k ∈ N.

Combining this with (9) gives a contradiction. This yields that condition (i) of 
Definition 2.3 holds. It remains to verify condition (ii) of Definition 2.3. Specifically, we 
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need to show that for any sequence (yk) ⊂ Dȳ ⊂ Dx̄, if f (yk) → f (ȳ) then

TM(yk, ȳ) → 0 as k → ∞. (11)

Indeed, since f (ȳ) = infx∈Dx̄ f (x), we obtain from (8) that

ȳ, yk ∈ L(x̄, f (yk) − f (ȳ)) for all k ∈ N.

Therefore,

∥yk − ȳ∥ ≤ diam
(︁
L(x̄, f (yk) − f (ȳ))

)︁
for all k ∈ N. (12)

Since f (yk) − f (ȳ) → 0 as k → ∞, it follows from (7) that

diam
(︁
L(x̄, f (yk) − f (ȳ))

)︁
→ 0 as k → ∞.

Combining this with (12) gives

∥yk − ȳ∥ → 0 as k → ∞.

By Proposition 3.1(ii), this further implies that there exists uk ∈ M such that

∥uk∥TM(yk, ȳ) = ∥yk − ȳ∥ → 0 as k → ∞.

Under the assumptions on the set M given in Definition 2.1, we have

1 ≤ ∥uk∥ < ∞.

Consequently, the relation (11) holds. This justifies the reverse implication and completes 
the proof of the theorem. ■

Remark 4.1: Unlike [30, Theorem 1], where only a sufficient condition was given, condi-
tion (7) yields a complete characterization of Tykhonov well-posedness with respect to M. 
Moreover, if M = S, then Theorem 4.1 becomes Theorem 2.2 in [9] (for the case of Banach 
spaces).

The following classical example illustrates the advantages of Theorem 4.1 by showing 
that while global solutions may lack stability in all directions, Tykhonov well-posedness 
with respect to M enables stability to be attained in specific directions.

Example 4.1: Let X = R and let f : X → R be defined by f (x) = x2e−x. Then, (MP) is not 
Tykhonov well-posed, since the sequence (xk) = (k) is minimizing but it does not converge 
to the unique minimum 0.

To try with Theorem 4.1, we take M = {3} and x̄ =
1
2 . It is easy to see that f  is bounded 

on Dx̄ = x̄ − cone(M) = (−∞, 1/2]. Next, we prove that for any ε > 0,

L (1/2, ε) =
{︁
x ∈ (−∞, 1/2] | x2e−x

≤ ε
}︁

⊂ (− 3√ε, 3√ε). (13)

Indeed, for each x ∈ L(1/2, ε), a direct verification shows that

−x3 < x2e−x
≤ ε,

and thus − 3√ε < x. Moreover, if x ∈ L(1/2, ε) then we also have

x3 < x2e−x
≤ ε,

which implies x < 3√ε, and therefore (13) holds. It follows from (13) that diam(L(1/2, ε))
→ 0 as ε → 0. According to Theorem 4.1, the problem (MP) is Tykhonov well-posed 
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with respect to M. It is interesting to note that x̄ = 1/2 is not a minimum point of f  on 
(−∞, 1/2].

Remark 4.2: One of the key advantages of well-posedness with respect to M is that it facil-
itates suitable adaptations of numerical algorithms (when necessary) to ensure that the 
generated sequences converge reliably to the unique solution. To illustrate this advantage, 
we now apply Newton’s method to Example 4.1.

As seen in Example 4.1, if a sequence generated by Newton’s method is minimizing and 
contained in (−∞, 1/2], then it converges to the unique minimum point 0 with respect to 
M (the right direction). However, sequences that lie outside (−∞, 1/2], may not converge 
to 0. Indeed, we can compute directly that

f ′(x) = e−x(2x − x2) and f ′′(x) = e−x(x2 − 4x + 2).

Consider the iteration:

xk+1 := xk + pk = xk +
x2k − 2xk

x2k − 4xk + 2
=

x2k(xk − 3)
(xk − 2)2 − 2

, (14)

where pk := −
f ′(xk)
f ′′(xk)

 is called the Newton direction.
Starting with x1 = 0.6, we observe that the sequence (xk) produced by Newton’s method 

is contained in [1,∞) from the second iteration onward. Despite f (xk) decreasing rapidly 
starting from the second iteration, with f (x2) ≈ 1.941 × 10−7, the sequence (xk) does not 
converge to the minimum point because xk < xk+1 for all k.

Nevertheless, we can choose any arbitrary starting point y1 ≤ 1/2, even if it is far from 
the minimum point, such as y1 = −100. Then the relation (14) guarantees the generation 
of a sequence yk ∈ (−∞, 0] for all k ≥ 2. Moreover, since f ′′(yk) > 0 for all yk ≤ 0, the 
corresponding Newton direction pk is a descent direction (see, e.g. [42]). Therefore, the 
sequence (yk) converges to the minimum point with respect to M, as shown in Example 4.1, 
see Figure 1.

To proceed, we recall the concept of admissible (also called forcing) functions (see, e.g. 
[8, p.5–6]).

Figure 1. Illustration of the sequences {xk} and {yk} generated by Newton’s method.
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Definition 4.1: Let D ⊂ [0,∞) be such that 0 ∈ D. A function c : D → [0,∞) is called 
admissible if and only if 

(i) c(0) = 0 and
(ii) for any sequence (tk) ⊂ D satisfying c(tk) → 0, one has tk → 0.

Without the lower semicontinuity of f, the Tykhonov well-posedness with respect to M
of problem (MP) can be characterized by the above admissible function as follows:

Theorem 4.2: Problem (MP) is Tykhonov well-posed with respect to M if and only if there 
exists x̄ ∈ X and an admissible function c such that

f (x̄) + c(TM(x, x̄)) ≤ f (x) for all x ∈ Dx̄. (15)

 Proof: If (MP) is Tykhonov well-posed with respect to M, then there exists ̄x ∈ X such that

f (x̄) < f (x) for all x ∈ Dx̄ \ {x̄}. (16)

Put

D := {TM(x, x̄) | x ∈ Dx̄}.

Clearly, D ⊂ [0,∞), and since TM(x̄, x̄) = 0, we have 0 ∈ D. For every t ∈ D, define the 
function c by

c(t) := inf
{︁
f (y) − f (x̄) | y ∈ Dx̄ and TM(y, x̄) = t

}︁
.

Then for every x ∈ Dx̄, we have

c (TM(x, x̄)) = inf
{︁
f (y) − f (x̄) | y ∈ Dx̄ and TM(y, x̄) = TM(x, x̄)

}︁
≤ f (x) − f (x̄),

which implies that the inequality (15) holds. It remains to show that c is an admissible 
function. Indeed, it follows from (16) that c(t) ≥ 0 for every t ∈ D. Furthermore, we have

0 ≤ c(0) = inf
{︁
f (y) − f (x̄) | y ∈ Dx̄ and TM(y, x̄) = 0

}︁
≤ f (x̄) − f (x̄) = 0,

which yields that condition (i) of Definition 4.1 is fulfilled. To verify condition (ii), consider 
any sequence (tk) ⊂ D such that c(tk) → 0. Then it follows from the definition of D and c
that for each tk, there exists xk ∈ Dx̄ such that TM(xk, x̄) = tk and

0 ≤ f (xk) − f (x̄) < c(tk) +
1
k
.

Since c(tk) +
1
k → 0 as k → ∞, we get f (xk) → f (x̄). Using the Tykhonov well-posedness 

with respect to M of (MP) gives us tk = TM(xk, x̄) → 0. This justifies (ii) of Definition 4.1. 
So, c is an admissible function.
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Conversely, if there exist x̄ ∈ X and an admissible function c satisfying

f (x̄) + c(TM(x, x̄)) ≤ f (x),

then we have

f (x̄) ≤ f (x̄) + c(TM(x, x̄)) ≤ f (x) for all x ∈ Dx̄. (17)

This implies that x̄ is a global minimum point of f  with respect to M on Dx̄. To see the 
uniqueness of ̄x, we shall prove by contradiction. Assume that there exist ̄y ∈ Dx̄ \ {x̄} such 
that f (x̄) = f (ȳ). Then it follows from (17) that

f (x̄) + c(TM(ȳ, x̄)) ≤ f (ȳ),

and hence c(TM(ȳ, x̄)) = 0. Since c is an admissible function, one has TM(ȳ, x̄) = 0 which 
yields ȳ = x̄. Therefore, x̄ is the unique global minimum point of f  with respect to M on 
Dx̄. Moreover, if (xk) ⊂ Dx̄ is a sequence satisfying f (xk) → f (x̄), then

c(TM(xk, x̄)) ≤ (f (xk) − f (x̄)) → 0 as k → ∞.

Using again the admissibility of c gives TM(xk, x̄) → 0. Thus, problem (MP) is Tykhonov 
well-posed with respect to M. The proof is complete. ■

Note that if M = S then Theorem 4.2 implies Theorem 12 in [8] (for the case of Banach 
spaces).

The next example illustrates that usual global solutions do not exist for the problem, 
which means it is not Tykhonov well-posed in the classical sense. However, it may still 
have global solutions with respect to M, suggesting that it can be considered directional 
Tykhonov well-posed in those specific directions.

Example 4.2: Let X = C[0,1] (the usual space of the real continuous functions on [0, 1]
with the maximum norm), and let P be the set of all polynomials on [0, 1]. Let f : X → R
be defined by

f (x) =

⎧⎨⎩ max
s∈[0,1]

x(s) if x ∈ P,

1 if x ̸∈ P.

One can verify that f  is not bounded below and is not lower semicontinuous.
Now, take x̄(s) ≡ 0 for all s ∈ [0, 1] and M = {x(s) ≡ −2}. Then one has

Dx̄ = domTM(·, x̄) = x̄ − cone(M) = {x | x(s) ≡ α for α ≥ 0}.

For convenience, we denote the constant polynomial x(s) ≡ α by xα for all α ≥ 0. It is not 
hard to see that f (xα) = α. For every xα ∈ Dx̄, Proposition 3.1(ii) implies that there exists 
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uα ∈ M such that

TM(xα , x̄) =
∥xα − x̄∥

∥uα∥
=

|α − 0|
2

=
α

2
.

Next, let c : D → [0,∞) be the identity map, i.e.

c(t) = t for all t ∈ D,

where D = {TM(x, x̄) | x ∈ Dx̄} = [0,∞). Clearly, c is an admissible function. Moreover, 
for xα ∈ Dx̄ we have

f (x̄) + c (TM(xα , x̄)) = 0 +
α

2
≤ α = f (xα),

which shows that inequality (15) holds. Therefore, Theorem 4.2 ensures that problem (MP) 
is Tykhonov well-posed with respect to M.

The following corollary provides a broad class of functions for which problem (MP) is 
Tykhonov well-posed with respect to a suitable set of directions.

Corollary 4.1: Let v ∈ S ⊂ Rn and let f : Rn
→ R be strictly increasing along the direction 

v, i.e.

f (x + tv) > f (x) for all x ∈ Rn and t > 0.

Then, for every x̄ ∈ Rn, problem (MP) is Tykhonov well-posed with respect to M = {−v}.

 Proof: Fix any ̄x ∈ Rn and put M = {−v}. Then, it follows from (2) and Proposition 3.1(i) 
that

Dx̄ = x̄ − cone(M) = {x̄ + tv | t ≥ 0}.

For every t ≥ 0, define

c(t) := f (x̄ + tv) − f (x̄).

Clearly, c(0) = 0. Since f  is strictly increasing along v, one has

c(t) > 0 for all t > 0.

Moreover, c is increasing on [0,∞). We claim that c is admissible. Indeed, let (tk) ⊂ [0,∞)

be such that c(tk) → 0. Suppose on the contrary that tk ̸→ 0. Then there exist ε > 0 and a 
subsequence, still denoted by (tk), such that tk ≥ ε for all k. Since c is increasing, we have

c(tk) ≥ c(ε) > 0 for all k,

which contradicts c(tk) → 0. Hence, tk → 0, and so c is admissible by Definition 4.1.
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Now take any x ∈ Dx̄. Then there exists t ≥ 0 such that

x = x̄ + tv.

Since M = {−v} and ∥v∥ = 1, it follows from Definition 2.1 that

TM(x, x̄) ≤ t.

Therefore, by the definition of c, we obtain

f (x̄) + c(TM(x, x̄)) ≤ f (x̄) + c(t) = f (x̄ + tv) = f (x) for all x ∈ Dx̄.

Applying Theorem 4.2, we conclude that problem (MP) is Tykhonov well-posed with 
respect to M = {−v}. ■

Remark 4.3: Observe that the class of functions considered in Corollary 4.1 typically gives 
rise to optimization problems that are not classically Tykhonov well-posed. Indeed, if f  is 
strictly increasing along a direction v on the whole space Rn, then, in general, the problem 
(MP) has no usual global minimizer. Nevertheless, for every x̄ ∈ Rn, Corollary 4.1 shows 
that problem (MP) is Tykhonov well-posed with respect to the direction set M = {−v}.

We conclude this section with an example showing that, despite its flexibility, the direc-
tional framework does not guarantee that every classically ill-posed problem can be made 
well-posed by choosing suitable direction sets, even when the problem has a unique global 
solution.

Example 4.3: Consider the function f : R → R defined by

f (x) = x2e−x2 for x ∈ R.

It is clear that f  has the unique global minimizer x̄ = 0. However, problem (MP) is not 
classically Tykhonov well-posed. Indeed, the sequence (xk) = (k) satisfies

f (xk) = k2e−k2
→ 0 = f (x̄),

but xk ̸→ x̄.
We now show that this problem is not Tykhonov well-posed with respect to any 

nonempty direction set

M ⊂ R \ B = (−∞,−1] ∪ [1,+∞)

satisfying the standing assumptions imposed on M (see Definition 2.1). Since M ̸= ∅, there 
exists a ∈ M. If a ≥ 1, then by Proposition 3.1(i), we have

(−∞, 0] ⊂ Dx̄ = x̄ − cone(M).

Taking xk = −k, we get (xk) ⊂ Dx̄ and

f (xk) = k2e−k2
→ 0 = f (x̄).
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On the other hand, by Proposition 3.1(ii), for each k ∈ N, there exists uk ∈ M such that

xk = x̄ − ukTM(xk, x̄).

Thus,

k = |xk − x̄| = |uk|TM(xk, x̄).

Since M is bounded, we obtain

TM(xk, x̄) =
k

|uk|
≥

k
∥M∥

,

and hence TM(xk, x̄) ̸→ 0.
Similarly, if a ≤ −1, then Dx̄ contains the positive half-line [0,∞). Taking xk = k, we 

again have (xk) ⊂ Dx̄,

f (xk) = k2e−k2
→ 0 = f (x̄),

while the same argument gives

TM(xk, x̄) ≥
k

∥M∥
̸→ 0.

Therefore, problem (MP) fails to be Tykhonov well-posed with respect to every nonempty 
direction set M ⊂ R \ B satisfying the standing assumptions imposed on M.

4.2. Well-posedness under convexity assumptions

Similar to results in [28,32,33], we first present a general Ekeland variational principle in 
which usual distance functions are replaced by minimal time functions mentioned in the 
previous sections. This principle will be an important tool in what follows.

Theorem 4.3: Let f be as in the problem (MP). Suppose that f is a lower semicontinuous 
function on X and suppose further that there exists x̄ ∈ X such that f is bounded from below 
on Dx̄. Then for every ε > 0 and every x0 ∈ L(x̄, ε) = {y ∈ Dx̄ | f (y) ≤ infx∈Dx̄ f (x) + ε}, 
there exists xε ∈ Dx̄ such that the following inequalities hold: 

(i) TM(x0, xε) ≤
√

ε,
(ii) f (xε) +

√
εTM(x0, xε) ≤ f (x0), and

(iii) f (xε) ≤ f (y) +
√

εTM(xε , y) for all y ∈ Dx̄.

 Proof: Using the same arguments as in the proof of [33, Proposition 3.3], we can deduce 
the conclusions from [33, Theorem 3.1]. ■

The following example illustrates that Theorem 4.3 can be viewed as a directional 
Ekeland variational principle.
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Example 4.4: Let X = C[0,1] (the space of the real continuous functions on [0, 1] with the 
maximum norm), and let f : X → R be defined by

f (x) = min
s∈[0,1]

x(s).

We can see that f  is continuous but is not bounded from below on X. Thus, a number of 
recent existing results are out of use.

Now, take x̄(s) = s2 for all s ∈ [0, 1] and M = {x ≡ −1}. Then one has

Dx̄ = dom TM(·, x̄) = x̄ − cone(M) = {x̄ + α | α ≥ 0}.

It is easy to see that f  is bounded from below on Dx̄. Fixing any ε > 0 and x0 ∈ L(x̄, ε) =

{y ∈ Dx̄ | f (y) ≤ infx∈Dx̄ f (x) + ε}, by Theorem 4.3, there exists xε ∈ Dx̄ such that the 
inequalities in this theorem hold.

Remark 4.4: In Example 4.4, it should be emphasized that (Dx̄,TM) does not define a 
metric space. In fact, take x = x̄ + 1 and y = x̄ + 2 in Dx̄. Then by the definition of the 
minimal time function (1), we have

TM(y, x) = inf{t ≥ 0 | {x̄ + 2 − t} ∩ {x̄ + 1} ̸= ∅} = 1,

and

TM(x, y) = inf{t ≥ 0 | {x̄ + 1 − t} ∩ {x̄ + 2} ̸= ∅} = ∞,

where we use the convention that inf ∅ = ∞. Thus TM(y, x) ̸= TM(x, y), which shows that 
the minimal time function TM is not symmetric, and hence cannot serve as a true distance 
function.

Under additional assumptions on the data of problem (MP), we obtain the following 
characterization of Tykhonov well-posedness with respect to M.

Theorem 4.4: Consider the minimal time function (1) and the problem (MP). For every 
ε > 0, define

G(ε) := {x ∈ X | f (x) ≤ f (y) + εTM(y, x) for all y ∈ Dx}.

Assume that f is lower semicontinuous and convex. Then (MP) is Tykhonov well-posed with 
respect to M if and only if there exists x̄ ∈

⋂︁
ε>0 G(ε) such that f is bounded from below on 

Dx̄ and

diam(G ′(x̄, ε)) → 0 as ε → 0,

where

G′(x̄, ε) := {x ∈ Dx̄ | f (x) ≤ f (y) + εTM(x, y) for all y ∈ Dx̄}.
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 Proof: Suppose that problem (MP) is directional Tykhonov well-posed with respect to M. 
Then there exists x̄ such that for all y ∈ Dx̄ and all ε > 0,

f (x̄) ≤ f (y) ≤ f (y) + εTM(y, x̄),

which implies x̄ ∈
⋂︁

ε>0 G(ε) and f  is bounded from below on Dx̄. Next, we prove that

diam(G ′(x̄, ε)) → 0 as ε → 0.

Suppose on the contrary that there exist a sequence (εk) converging to 0 and a con-
stant a>0 such that diam(G ′(x̄, εk)) > 2a. Then one can find a sequence (xk) ⊂ G′(x̄, εk)
satisfying

∥xk − x̄∥ ≥ a (18)

and

f (xk) − f (x̄) ≤ εkTM(xk, x̄) for all k ∈ N. (19)

By Proposition 3.1(ii), for every k ∈ N, there exists uk ∈ M such that

TM(xk, x̄) =
∥xk − x̄∥

∥uk∥
≥

a
∥M∥

> 0, (20)

where the inequality is fulfilled by (18) and the definition of ∥M∥. This ensures that the 
following set is nonempty:

C :=
{︃
x ∈ Dx̄ |TM(x, x̄) ≥

a
∥M∥

}︃
.

Since (MP) is directional Tykhonov well-posed with respect to M, it follows that

m := inf
{︁
f (x) − f (x̄) | x ∈ C

}︁
> 0. (21)

Next, we show that

m
a
TM(xk, x̄) ≤ f (xk) − f (x̄) for all k ∈ N. (22)

Indeed, we first obtain from (20) that

λ :=
a

∥uk∥TM(xk, x̄)
≤ 1. (23)

Since Dx̄ is convex, we have λxk + (1 − λ)x̄ ∈ Dx̄. Then using Proposition 3.1(ii), (23) 
and (20) give us

TM(λxk + (1 − λ)x̄, x̄) ≥
∥λxk + (1 − λ)x̄ − x̄∥

∥M∥
=

λ∥xk − x̄∥
∥M∥

=
a

∥M∥
.

Consequently,

λxk + (1 − λ)x̄ ∈ C. (24)
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On the other hand, it follows from the convexity of f  that

f (λxk + (1 − λ) x̄) − f (x̄) ≤ λ(f (xk) − f (x̄)).

Combining this with (24) and (21), we obtain

m ≤ λ(f (xk) − f (x̄)),

which implies, by (23) and ∥uk∥ ≥ 1, that the inequality (22) holds. From (19) and (22), 
we get

m
a
TM(xk, x̄) ≤ f (xk) − f (x̄) ≤ εkTM(xk, x̄) for all k ∈ N.

Since TM(xk, x̄) > 0 (by (20)), it follows that

0 <
m
a

≤ εk for all k ∈ N.

This is impossible since εk → 0 as k → ∞. Therefore, we conclude that

diam(G ′(x̄, ε)) → 0 as ε → 0.

Conversely, assume that there exists x̄ ∈
⋂︁

ε>0 G(ε) such that f  is bounded from below on 
Dx̄ and

diam(G ′(x̄, ε)) → 0 as ε → 0.

First, since x̄ ∈ G(ε) for all ε > 0, we have

f (x̄) ≤ f (y) + εTM(y, x̄) for all y ∈ Dx̄ and ε > 0.

Letting ε → 0 gives

f (x̄) ≤ f (y) for all y ∈ Dx̄.

Therefore, x̄ is a minimizer of f  with respect to M on Dx̄. Next, we show that

L(x̄, ε) ⊂
(︁
G ′(x̄,

√
ε)

)︁√
ε ,

where L(x̄, ε) is defined as in (7) and(︁
G ′(x̄,

√
ε)

)︁√
ε := {x ∈ Dx̄ |TM(x,G′(x̄,

√
ε)) ≤

√
ε}.

Indeed, picking any x0 ∈ L(x̄, ε) we have

f (x0) ≤ inf
x∈Dx̄

f (x) + ε = f (x̄) + ε.

Applying Theorem 4.3, there exists xε ∈ Dx̄ such that

TM(x0, xε) ≤
√

ε (25)

and

f (xε) ≤ f (y) +
√

εTM(xε , y) for all y ∈ Dx̄. (26)
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Clearly, the relation (26) implies that xε ∈ G′(x̄,
√

ε). Combining this with (25) gives

TM
(︁
x0,G′(x̄,

√
ε)

)︁
≤ TM(x0, xε) ≤

√
ε.

Therefore, we obtain L(x̄, ε) ⊂ (G′(x̄,
√

ε))
√

ε . By the imposed assumptions, it follows 
from Proposition 3.2 that diam((G′(x̄,

√
ε))

√
ε) → 0, which in its turn implies

diam
(︁
L(x̄, ε)

)︁
→ 0 as ε → 0.

According to Theorem 4.1, problem (MP) is Tykhonov well-posed with respect to M. This 
completes the proof. ■

Remark 4.5: (i) It is interesting to observe in general that

lim
ε→0

diam(G(ε)) ̸= lim
ε→0

diam(G ′(x̄, ε)) for every x̄ ∈

⋂︂
ε>0

G(ε)

Indeed, consider f : R → R is given by f (x) = ex. Take M = {−1}. Since f  is strictly 
increasing, for every x ∈ R we get

f (x) ≤ f (y) ≤ f (y) + εTM(y, x) for all y ∈ Dx = [x,∞),

which yields G(ε) = R for any ε > 0. While if we take any x̄ ∈
⋂︁

ε>0 G(ε), then direct 
calculations yield

lim
ε→0

diam(G ′(x̄, ε)) = 0.

(ii) If M = S, we get TM(x, y) = TM(y, x) = ∥x − y∥ and Dx̄ = X. Hence,

G(ε) = G ′(x̄, ε) = {x ∈ X | f (x) ≤ f (y) + ε∥x − y∥ for all y ∈ X}.

So, our Theorem 4.4 implies Theorem 4.1 in [39] (for the case of a Banach space).

The following example gives a case where Theorem 4.4 can be applied, while a number 
of earlier results cannot.

Example 4.5: Let X = ℓ1 = {(x(1), x(2), . . . , x(i), . . .) | x(i)
∈ R,

∑︁
∞

i=1 |x(i)
| < ∞} and let 

f : X → R be defined by

f (x) =

∞∑︂
n=1

|⟨x, en⟩|
n

,

where ⟨·, ·⟩ is the usual scalar product and en = (0, 0, . . . , 1, 0, . . .), 1 at the n-th position, is 
the standard basis. Observe that the function f  is convex and continuous, and the problem 
(MP) has a unique solution at 0. But (en) is a minimizing sequence which does not converge 
to 0. Thus, (MP) is not classically Tykhonov well-posed.
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Now let M = {(2, 0, . . .)} and x̄ = 0. Since x̄ is a global minimum of f  on X, for any 
ε > 0, one has

f (x̄) ≤ f (y) ≤ f (y) + εTM(y, x̄) for all y ∈ Dx̄.

This implies that

x̄ ∈

⋂︂
ε>0

G(ε).

Clearly, f  is bounded from below on Dx̄ = {(−α, 0, . . .) ∈ ℓ1 | α ≥ 0}. To apply 
Theorem 4.4, it remains to show that diam(G ′(0, ε)) → 0 as ε → 0. For any ε > 0 and 
x := (−αx, 0, . . .) ∈ Dx̄, if x ∈ G′(0, ε), then

αx =

∞∑︂
n=1

|⟨x, en⟩|
n

= f (x) ≤ f (y) + εTM(x, y) for all y ∈ Dx̄. (27)

Taking y = 0 in (27), we get

αx ≤ εTM(x, 0).

Since M = {(2, 0, . . .)}, we have

TM(x, 0) =
αx

2
.

Hence

αx ≤
ε

2
αx.

For 0 < ε < 2, this implies αx = 0. Therefore,

G ′(0, ε) = {0} for all 0 < ε < 2,

and consequently

diam(G′(0, ε)) → 0 as ε → 0.

Therefore, the sufficient conditions of Theorem 4.4 are fulfilled. By this theorem, problem 
(MP) is Tykhonov well-posed with respect to M.

5. Relationships between level sets and admissible functions

As seen in the previous section, level sets and admissible functions play a vital role in 
studying characterizations for the Tykhonov well-posedness with respect to M of optimiza-
tion problems. Thus, it is interesting to investigate properties and establish relationships 
between these level sets and admissible functions.

Definition 5.1: Let g : X → R and x̄ ∈ X. The function g is called subhomogeneous with 
respect to x̄ on Dx̄ if for every x ∈ Dx̄,

g(sx + (1 − s)x̄) ≤ sg(x) + (1 − s)g(x̄) for all s ∈ [0, 1]. (28)
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Consider the problem (MP) and the minimal time function (1). Throughout this 
section, we impose the following assumptions: 

(i) M is a subset of the unit sphere, that is, M ⊂ S.
(ii) x̄ ∈ X is a global minimum point of f  with respect to M on Dx̄.
(iii) f  is subhomogeneous with respect to x̄ on Dx̄, which is a weaker condition 

compared to convexity.

Remark 5.1: If x̄ = 0, f (0) = 0 and M = S, then (28) becomes

f (sx) ≤ sf (x) for all s ∈ [0, 1] and all x ∈ X.

In this case, f  is called subhomogeneous with respect to 0; see [39, p.463].

For ε > 0, denote by

L(x̄, ε) :=
{︃
y ∈ Dx̄ | f (y) ≤ inf

x∈Dx̄
f (x) + ε

}︃
, (29)

the level set defined in Theorem 4.1, and put

r(ε) =
1
2
diam(L(x̄, ε)).

For every t ∈ [0,∞), define

c0(t) = inf{f (x) − f (x̄) | x ∈ Dx̄ and TM(x, x̄) = t}. (30)

Remark 5.2: Under the additional assumption on M, it follows from Proposition 3.5 that

{TM(x, x̄) | x ∈ Dx̄} = [0,∞).

Therefore, c0(t) < ∞ for all t ∈ [0,∞). Moreover, since x̄ is a global minimum point of f
with respect to M on Dx̄, we clearly have c0(t) ≥ 0 for all t ≥ 0, and in particular

c0(0) = f (x̄) − f (x̄) = 0.

We now proceed to establish an elementary estimate for the function c0.

Proposition 5.1: Let t0 > 0. Then for every s ∈ [0, t0], we have

c0(s) ≤
s
t0
c0(t0). (31)
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 Proof: We have by Proposition 3.5 and the definition of c0 that for every ε > 0, there exists 
an xε ∈ Dx̄ such that

TM(xε , x̄) = t0 (32)

and

f (xε) − f (x̄) ≤ c0(t0) + ε. (33)

Now setting x′
ε := s

t0 xε + (1 −
s
t0 )x̄ gives x

′
ε ∈ Dx̄ (since Dx̄ is convex). Thus, it follows 

from Proposition 3.1(ii) and (32) that

TM(x′
ε , x̄) = ∥x′

ε − x̄∥ =

⃦⃦⃦⃦
s
t0
xε +

(︃
1 −

s
t0

)︃
x̄ − x̄

⃦⃦⃦⃦
= s.

Using again the definition of c0, we get

c0(s) ≤ f (x′
ε) − f (x̄) = f

(︃
s
t0
xε +

(︃
1 −

s
t0

)︃
x̄
)︃

− f (x̄). (34)

On the other hand, since f  is subhomogeneous with respect to ̄x on Dx̄, it follows from (33) 
that for all ε > 0,

f
(︃
s
t0
xε +

(︃
1 −

s
t0

)︃
x̄
)︃

− f (x̄) ≤
s
t0

(︂
f (xε) − f (x̄)

)︂
≤

s
t0

(︂
c0(t0) + ε

)︂
.

Combining this with (34) gives us

c0(s) ≤
s
t0

(c0(t0) + ε).

Since ε could be taken arbitrarily small, we obtain the desired inequality (31), which 
therefore completes the proof of the proposition. ■

Remark 5.3: As noted in Remark 3.1 and Example 3.1, one may have

TM(x, x̄) ̸= TM(x̄, x).

Therefore, Proposition 5.1 generalizes Proposition 5.1 of [39] from the usual distance to 
the directional minimal time function with respect to a subset of the unit sphere (for the 
case of Banach spaces).

The following facts are useful in what follows.

Remark 5.4: If 0 < c0(t0) for some t0 > 0, then c0 is a strictly increasing function on 
[t0,∞). Indeed, for any a, b ∈ [t0,∞) satisfying a<b, Proposition 5.1 tells us that

c0(a) ≤
a
b
c0(b) and 0 < c0(t0) ≤

t0
b
c0(b),

and hence c0(b) > 0. Moreover, since ab < 1 we get

c0(a) ≤
a
b
c0(b) < c0(b).
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Remark 5.5: If c0(t) > 0 for all t>0, then c0 is an admissible function. Indeed, we only 
need to show that if c0(tk) → 0, then tk → 0. Suppose for contradiction that tk ̸→ 0. With-
out loss of generality we can assume that tk > ε for some ε > 0. By Proposition 5.1, we have 
c0(ε) ≤

ε
tk
c0(tk). Moreover, since c0(tk) → 0 as k → ∞, and by the assumption one has 

0 < c0(ε). Then it follows from Remark 5.4 that 0 < c0(ε) < c0(tk), which is impossible as 
c0(tk) → 0. So c0 is admissible whenever c0(t) > 0 for all t>0.

The next theorem provides an estimate for r(c0), extending Propositions 5.5 and 5.8 of 
[39] to the framework of directional minimal time functions in Banach spaces.

Theorem 5.1: Given t>0, if 0 < c0(t) then following inequalities hold:
t
2

≤ r(c0(t)) ≤ t. (35)

 Proof: Let t>0 be such that 0 < c0(t). Observe that the first inequality of (35) is equivalent 
to

t ≤ diam
(︁
L(x̄, c0(t)

)︁
. (36)

By Proposition 3.5 and 3.1(ii), together with the definition of c0, for every ε > 0 there exists 
xε ∈ Dx̄ such that

∥xε − x̄∥ = TM(xε , x̄) = t (37)

and

f (xε) − f (x̄) ≤ c0(t) + ε. (38)

Since f  is subhomogeneous with respect to x̄ on Dx̄, for any s ∈ (0, t) we have

f
(︃
t − s
t

xε +
s
t
x̄
)︃

− f (x̄) ≤
t − s
t

f (xε) +
s
t
f (x̄) − f (x̄)

=
t − s
t

(f (xε) − f (x̄)).

By choosing 0 < ε ≤
s

t−sc0(t), the above inequality and (38) give us that

f
(︃
t − s
t

xε +
s
t
x̄
)︃

− f (x̄) ≤
t − s
t

(f (xε) − f (x̄))

≤
t − s
t

(c0(t) + ε)

≤
t − s
t

(︃
c0(t) +

s
t − s

c0(t)
)︃

= c0(t).

Thus, xs ∈ L(x̄, c0(t)), where xs := ( t−s
t )xε + ( st )x̄ ∈ Dx̄. Moreover, one has

∥xs − x̄∥ =

⃦⃦⃦⃦
t − s
t

xε −
t − s
t

x̄
⃦⃦⃦⃦

=
t − s
t

∥xε − x̄∥

= t − s,
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where the last equality is fulfilled by (37). Thus, for any s ∈ (0, t), there exists xs ∈

L(x̄, c0(t)) such that ∥xs − x̄∥ = t − s. This implies

diam(L(x̄, c0(t))) ≥ t − s for all s ∈ (0, t).

Letting s → 0, we obtain the inequality (36), which therefore completes the proof of the 
first inequality of (35).

For the second inequality of (35), we argue by way of contradiction. Assume that there 
exists t0 > 0 such that 0 < c0(t0) and r(c0(t0)) > t0. Equivalently, diam(L(x̄, c0(t0))) >

2t0. Then there exists an x′
∈ L(x̄, c0(t0)) such that

TM(x′, x̄) = ∥x′
− x̄∥ = t′ > t0,

where the first equality is fulfilled by Proposition 3.1(ii). This together with the definition 
of c0 ensures

c0(t′) ≤ f (x′) − f (x̄) ≤ c0(t0).

However, since 0 < c0(t0) and t0 < t′, Remark 5.4 gives c0(t0) < c0(t′), a contradiction. 
This completes the proof of the second inequality of (35) and, therefore, of the whole 
theorem. ■

We end this section with a result that highlights the relationship between admissible 
functions and level sets in terms of directional minimal time functions.

Theorem 5.2: The function c0 is admissible if and only if

diam
(︁
L(x̄, ε)

)︁
→ 0 as ε → 0. (39)

 Proof: Assume first that c0 is admissible. Let (εk) be any sequence with εk ↓ 0. Suppose 
on the contrary that

diam
(︁
L(x̄, εk)

)︁
̸→ 0 as εk → 0.

Then there exist a number η > 0, a subsequence of (εk), not relabeled, and points xk, yk ∈

L(x̄, εk) such that

∥xk − yk∥ ≥ η for all k.

Since x̄ is a global minimum point of f  with respect to M on Dx̄, it follows from (29) that

0 ≤ f (xk) − f (x̄) ≤ εk and 0 ≤ f (yk) − f (x̄) ≤ εk.

By the definition of c0 in (30), we have

c0
(︁
TM(xk, x̄)

)︁
≤ f (xk) − f (x̄) ≤ εk

and

c0
(︁
TM(yk, x̄)

)︁
≤ f (yk) − f (x̄) ≤ εk.
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Since c0 is admissible, we obtain

TM(xk, x̄) → 0 and TM(yk, x̄) → 0.

Because M ⊂ S, Proposition 3.1(ii) yields

∥xk − x̄∥ = TM(xk, x̄) → 0

and

∥yk − x̄∥ = TM(yk, x̄) → 0.

Thus ∥xk − yk∥ → 0, which contradicts ∥xk − yk∥ ≥ η. This justifies (39).
Conversely, assume that (39) holds. By Remark 5.5, it suffices to show that c0(t) > 0

for all t>0. Indeed, suppose on the contrary that there exists t0 > 0 such that c0(t0) = 0. 
Then for every k ∈ N, we can find xk ∈ Dx̄ such that

TM(xk, x̄) = t0 and f (xk) − f (x̄) <
1
k
.

This implies that xk ̸= x̄ and xk ∈ L(x̄, 1/k) for all k ∈ N. Since M ⊂ S and x̄ ∈ L(x̄, 1/k)
for all k ∈ N, it follows from Proposition 3.1(ii) that

diam
(︁
L(x̄, 1/k)

)︁
≥ ∥xk − x̄∥ = TM(xk, x̄) = t0 > 0 for all k ∈ N.

Letting k → ∞ yields a contradiction to (39). Therefore, c0(t) > 0 for all t>0, and by 
Remark 5.5, the function c0 is admissible. ■

6. Concluding remarks

This paper is part of our ongoing project on well-posedness with respect to a set of direc-
tions. We have shown how minimal time functions can be incorporated into the theory of 
well-posedness for scalar optimization problems.

The obtained results suggest possible applications in optimization models where stabil-
ity is direction-dependent. For instance, in traffic flow or supply chain optimization, global 
stability may be affected by congestion, disruptions, or fluctuations in demand, while stable 
behavior may still be observed along selected routes or directions.

Future research will focus on extending this approach to constrained optimization, 
variational inequalities, vector optimization, and numerical methods based on directional 
stability.
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