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ARTICLE INFO ABSTRACT
2020 MSC: In this paper, we propose a new inexact projection approach for multivalued variational inquality
47HO5 problems without using inertial technique in a real Hilbert space. First, we introduce a new inxact
i;ﬁg projection and show some its properties. By combining the inexact projection, viscosity technique
49340 and Mann-type iteration method via self-adaptive step size, we introduce a new VIP-Viscosity
65K15 Inexact Projection Algorithm and prove its strong convergence under Lipschitz continuous and
pseudomonotone assumptions of the cost multivalued mapping. Next, we apply the algorithm
Keywords: VIP to propose a new algorithm for the electricity production models. The effectiveness of the
Multivalued variational inequalities algorithm VIP is then validated by numerical experiments via computational examples of the
Pseudomonotone

electricity production models.
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1. Introduction

Let H be a real Hilbert space endowed with the inner product (-, -) and the induced norm || - ||. Let C be a nonempty, closed and
convex subset of the H. Denote the weak convergence by “—” and the strong convergence by “—”. We consider the multivalued
variational inequality problem, first introduced by Kinderlehrer and Stampacchia in [1], shortly MVI(C, A), that is given in the
following form:

Find x* € C, w* € A(x") such that (w*,x —x*) >0, VxeC,

where A : C - 2/ is usually called multivalued cost mapping. It is well-known to see that this problem is difficult from the cost
multivalued mapping .A. The problem MVI(C, A) has a widely applicable across various disciplines including game theory, control
theory, mathematical economics such as well-known Nash-Cournot economic model, and other applied sciences. Its solution methods
have witnessed an interesting attention among many researchers in arrays of disciplines. This is due to its active links with many fields
of study, such as poroelasticity for petroleum engineering [2-6], financial analysis in economics [7], the reconstruction of images
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in imaging processing [8-10], telecommunication networks or public roads and noncooperative games [11,46], among many others
[7,12-16,47]. It is remarkably known that if A = Vh, where h : C — R is a convex and differentiable function with its gradient Vh,
then the problem MVI(C, A) is equivalent to the convex problem:

min{h(x) : x € C}.

It is clear that a point x € C is a solution of the problem MVI(C, A) if and only if it belongs to the fixed point set of the multivalued
solution mapping: A, : C — 2¢ defined in the form

A x) = {T¢[x - Aw,] : w, € AX)}, Vx€C,

where 4 € (0, 0) and Il¢ is the metric projection from H onto C. To apply the problem MVI(C, A), one of the earliest iterative
algorithms is the projection gradient algorithm (PGA) in [17], defined by the update rule:

X0 e C, e A, (x).

Under the p—strongly monotone and Hausdorff L—Lipschitz continuous assumptions of the cost mapping A, and 0 < 4 < zfﬁ, then
the solution mapping A, is contractive. By the Banach Contraction Principle, the sequence {x*} converges strongly to the unique
solution of the problem MVI(C, A). Basing on this idea, the algorithm (PGA) has attracted significant attention, and several interesting
projection algorithms have been derived to solve the problem MVI(C, A). Let us list some popular algorithms such as Cegielski and
Zalas in [18,19], Ceng et al. in [20,21], Gibali et al. in [22,23], Anh et al. in [24-29], Maingé in [30,31], Shehu and Iyiola in [32],
Iusem and Svaiter in [33], Izuchukwu et al. in [8], Fan et al. [34,35] and many research results in some interesting books [7,36].
Most of these algorithms, at each iteration, it requires to compute the metric projection point of an iteration point onto the convex
set C. However, computing of this projection point has some the following restrictions:

- It is easy to calculate in practice with special structures of C. Examples as, the nonnegative orthant, more generally, a box, a half
space or the intersection of two half spaces;

- On computational softwares, the exact projection point requires solving a convex quadratic optimization problem. It is too ex-
pensive in some general cases of the set C. In fact, this can significantly raise the cost per iteration if the number of unknowns is
large.

There exist some solution methods that proposed in an effort to reduce the computational cost without using the metric projection I¢.
Let us briefly list some popular algorithms for solving the problem MVI(C, A), where the A only is single-valued, such as Outer Ap-
proximation Schemes proposed by Burachik and Lopes [37], Block-Iterative Outer Approximation Methods introduced by Combettes
[38], Outer Approximation Methods of Gibali et al. [39] and some recent methods in some interesting books [7,36].

Basing on this fact, there exists a natural question that: Can we propose an inexact projection-type approach with one evaluation of
the multivalued cost mapping A, one computation of the inexact projection point without using I, by using viscosity technique to solve the
problem MVI(C, A)?

Our contribution in this paper is to answer the above question in the affirmative and offers a brief overview of our results and
their distinction from prior results. We propose a new inexact projection algorithm to solve the problem MVI(C, A) with the following
details:

It differs from existing algorithms, even in special cases that one inexact projection onto the constraint set C at each iteration is
instead of the metric projection Il¢;

our iteration algorithm only uses two evaluations of the multivalued cost mapping A at each iteration;

- we use viscosity technique via a contractive mapping to show that the cluster point of iteration sequences is a unique solution of
another strongly monotone variational inequality problem;

finally, we apply the proposed algorithm for the electricity production models with numerical experiments.

The outline of the paper is as follows. Section 2 introduces a foundation by basic definitions, comparing the metric projection with
the inxact projection, reviewing essential concepts and relevant prior lemmas. One important concept is the “inexact projection onto
the constraint C”. Basing on the inexact projection, Section 3 presents a new viscosity inexact projection algorithm and shows its
strong convergence. In Section 4, the numerical experiences are performed to evaluate our proposed algorithm via the electricity
production models.

2. Preliminaries
We recall several concepts which will be used in this paper. These definitions, lemmas and properties are well-known and can be
found, e.g., in two interesting books [7,36].

Now, we work with a real Hilbert space H. Let C be a nonempty, convex and closed subset of H. The metric projection of a € H
onto C is denoted by Il (a). It is the unique solution of the quadratical convex programming:

Mc(a) = argmin{lla -y*:ae C}‘ 2.1)
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It is clear that the mapping Ilc is from H onto C, and |IIc(a) —c(B)|| < |la —bll, Va,b € H. This property is usually called
nonexpansive. Moreover, the mapping Il is the 1-strongly quasi-nonexpansive, i.e.,

[Me@@ - a|)* < lla - all? - ||a - Ne@)|*, YaeH.aecC. (2.2)

Let us recall some popular definitions of Lipschitz continuous and monotone mappings in H used in the problem MVI(C, A) . The cost
mapping A : C — 2 is called to be monotone on C, if

(w, —w,,u—v)y>0, VuveCw, e Aw,w, € A);
pseudomonotone on C, if
(wy,u—v)y>20=>(w,u—v)y>0, VYuveCw, e Au),w, € Av);
Hausdorff L—Lipschitz continuous, where constant £ > 0, on C, if
(AW, A() < Lllu—vll, Vu,veC;
n—partially pseudomonotone with constant n > 0, on C C C, if
(w,,0-2)>0= (w,,v—z)>nyllv-z||>, VveC,zeCw, e Ak, w, € A\);
partially pseudomonotone on C cC C, if we have
(w,,v—2z)>20=>(w,,v-2)20, Yvel,zeC,w, € A2),w, € A(V).
Consider in the problem MVI(C, A). Note that C is a nonempty, closed and convex subset of H. In this paper, we use an inexact
projection of u € H onto C relatives to any point z € H with computational error = > 0, shortly ng(u). It is defined as follows:
ne7w) = {weC: (u—w,v-w)<tlw-z|*, VvecC}. 2.3)
Remark 1. By using (2.3), it follows that
New) eNZ*(w), YueH,zeH,r>0.
Indeed, by the definition (2.1) of the metric projection Il of a point u € H onto C, we get that IT-(u) € C and (u — I (w), y — Hc(w)) <0
for all y € C. From this and 7 > 0, it yields
(u=Te@),y =Tcw) < 7|Tc@) - 21>
Thus, M (u) € M5 (w).

Otherwise, the HE’Z is a multivalued mapping from H to C. In the case 7 = 0, we have H%Z = {II¢} for all z € H. Thus, for each 7 >0

and z € H, the inexact projection HEZ is an extended formulation of the metric projection I1-. However, there exists a problem arose
on the computer: What is the benefit of using the inexact projection ng without the projection Il ? First, computing the projection of a

point x onto C is to solve the quadratical convex programming:
min{||x - y||I*> : y € C}.
By using the well-known Gradient Descent Method, computing an inexact projection point y, € ng(x) of a point x onto the constraint
C with respect to the iteration point z € H and the parameter = > 0 is very effective on computer as follows:
Procedure 2.1. (for finding y, € I1Z*(x))
St. 1: Taking k =0,)° € C,z € H and 7 € (0, ).
St. 2: Solve the linear programming with the convex constraint:
ok = argmin{(yk —-x,y—y :yecC}.
k

If (Y*—x, % = vk) <z|lyk - z||%, then Stop, ie., y, =yk
: K —x,yk—k)
min { 1, ——" }

llok—yk|2
St. 3: Repeat k := k + 1 and come back to St. 2.

Otherwise, compute y*t! = yk + 6, (0% — y*) with the stepsize 6, =

On MATLAB Software, computing y, of a point x on computer via the inexact projection I12" proves more efficient than obtaining
the metric projection Il (x) with an approximation error z > 0.

Remark 2. Let 7 >0 and ¢ > 0. A point x* € C is a solution of the problem MVI(C, A) if and only if x* € HE"*(x* — &u*), where
u* € A(x*).

Indeed, for each u* € A(x*), by the definition of HE"‘ and x* € HEX* (x* — &u*) is equivalent to
(x* —&u* — x*, y—x*) < 7llx* — x|, VyeC.

Consequently
(u*,y—x*y>0, VyeC.

Thus, the point x* also is a solution of the problem MVI(C, A) .
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Lemma 2.1. [30, Remark 4.4] Let {a, } be a positive sequence. For each any positive integer h, there exists a positive integer p > h such that
a, < a,,,. For each any positive integer k, such that a; < a; .y, set

Eky=max{i e N 1 kg <i<k,a <az,}
Then, 0 < a < a4 for all k > k. Moreover, the sequence {§(k)}k2k0 is nondecreasing and klin; E(k) = +oo0.
Lemma 2.2. [40, Lemma 2.5] Assume that {¢,} is a positive sequence such that

G S = 008 + 6,1, Yk > 1.

Let {6, } and {7, } are two real sequences satisfying the following conditions:
s
(D {6,} Cc(0,1)and Y 6, = o;
k=1
(i) limsupt, <0or Y 0,7 | < +oo.
k— o0 k=1

Then, we get lim ¢, = 0.
k—oo

Lemma 2.3. [41, lemma 2.1] Consider the problem MVI(C, A) with C being a nonempty closed convex subset of a real Hilbert space H and
A : C > H being pseudomonotone and continuous. Then, x* € C and u* € A(x*) is a solution of MVI(C, A) if and only if

(uy,x —x*)y >0, Vxe€C,u, € A(x).
3. Convergent results

In the viscosity technique, we use the contraction mapping f : H — H with constant § € [0, 1) and the positive viscosity sequence
{ay} is chosen at each iteration. To solve the problem MVI(C, A) , we assume conditions of the cost mapping A as follows:

(S)) the cost mapping A : H — 2 is pseudomonotone, Hausdorff £—Lipschitz continuous and sequentially weakly continuous on C;
(S,) the solution set of the problem MVI(C, A) is nonempty.

Algorithm 3.1. (VIP - Viscosity Inexact Projection Algorithm)
Initialization: Choose an arbitrary point x° € H and L > L.
Iteration step: k =0, 1, ...

Step 1. Take an arbitrary point u* € A(x*). Find an inexact projection point by Procedure 2.1:

yoe Hg"xh [xk - /lkuk].

If y* = x*, then Stop. Otherwise, go to Step 2.

Step 2. Evaluate a point v* € AGY*)n{w e H : |lw —u*|| < L||y* — x¥||} and
X = B f R + (1= B[y — A = )]

Step 3. Increase k by 1 and return to Step 1.
Parameters satisfy the following restrictions:
be(o,l),o</1k<ag—“L"’,
1 =26, — A7 L% > b, > 0, (3.1)

o
P €0, 1), ¥ fi = o0, lim fi =0.
k=0 koo

The following shows the existence of the stopping condition in Step 1 and the iteration point v* in Step 2.
Remark 3. (i) In the case y* = x¥, from Step 1 it follows
k

x* e l'lg"x (xk - /lkuk),
where u* € A(x¥). By Remark 2, the x* is a solution the problem MVI(C, .4) under Condition (3.1).
(ii) For each x* and y*, by the definition of the Hausdorff £—Lipschitz continuous mapping, we have

PAGR), AY)) = max {d(AG"), A0, d(AGK), A}

< LIy = XA, (3.2)
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where

d(A(x"), AGK)) = sup {d(x, AGY)) : x € AP},
and

d(x*, AGM) = inf {|Ix* = yll : y € AGH}.

Choosing a point v* € A(y*) such that ||uk — v¥|| < ||u* — v|| for all v € A(y¥). Combining £ < L, this and (3.2), it yields v* € A(Y¥)
and

llua* = oIl < p(AGH), AGR) < LlIxE = Y1 < Lilxk =)l
Thus, there exists a point v¥ at Step 2 such that v¥ € AG*)n {w e H : |lw—uk|| < L||y* = x*||}
The next lemma shows the relation between the iteration point y* — A, (v* — u¥) in Step 2 and any solution of the problem MVI(C, A).
Lemma 3.1. Set zF := y¥ — A, (v* — uk). Let p be a solution of the problem MVI(C, A) . Then, the following inequality holds:
ll25 = plI* < lIx* = plI* = (1 = 2¢, = G LAY = x*|12.
Proof. Since zF = y* — 1, (vF — u¥), we have
lIz¢ = plI* =Iy* = A" =) = pII?
=[1Y* = pII® + A lV* = 1P = 24K = p, o* = u¥)
=[xk = plI? + llx* = K12 + 200% = XK, Xk — p) + ARl — k|
=24, (0" = p.F =)
=[lx* = plI” + l1x* = yH 7 =208 = X4 = xR+ 208 =X - )
+ ﬂillvk —uk)? - 2/1k<yk —p k- uk>
=[Ixk — plI* = llx* = YFIP +2¢6% — x5, F = p) + AL ll0F — ¥
=24y = p.o* = k). (3.3)

€)X
C

By using the definition of the inexact projection y* € IT k(x" — 4uby, it yields
OF = xF 4 2k Y = py < e llyF = XK1
This is equivalent to
(O =k, y% = p) < =4k, yF = p) + e vk — xFII% (3.4)
Combining (3.3) and (3.4), we obtain
2% = plI> =lIx* = pII* = lIx* = Y17 + 2% — x5, y* = p) + Az l10* — |12
=24 (Y = p,0F —u¥)
<IxF =l = 1165 = FI1P = 24, (5, y* = p) + 26, l1y* — %*|1?
+ ii”uk —uk)? - ZAk(yk —p, vF — ).
=[x = plI* = (1 = 2)lIx* = y¥I1* + AL 0K = uF|1* = 24, (5F = p,o¥)
<l = pll? = (1 =26, = AZLHIY* = x4,

where the last inequality is deduced from the assumptions that p is a solution of the problem MVI(C, A) , y* € C of the inexact
projection and the pseudomonotonicity of A in (5)), i.e.,

(wp, YF = p)y 2 0= (05, yF = p) > 0,
where w, € A(p). This completes the proof. [
Lemma 3.2. The sequences {x*}, {f(x*)} and {y*} are bounded.
Proof. By Lemma 3.1 and the condition 1 — 2¢; — Ai L? > 0 of (3.1), it yields
llz¢ = pll < Ix* = pll, Vk=0. (3.5)
Since f is 6—contractive and g, € (0, 1), for each k > 1, we have
I = pll = 18 (f &*) = p) + (1 = B = P
S BSOS = pll+ (1 = BONlZ* = pll
< Bl GR) = £+ Bl () = pll + (1 = BIlZ* = pll
< BidlIx® = pll + Bell £ () = pll + (1 = Bllx* = pll
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IIf(p) ol

=[1-1-8B]lIx* —pll + 1 - 6 ~——— —

£ - pll
3 ,

< max { llx* = pll, =—==—=— i

where z* is defined in Lemma 3.1. By induction, we have

If @ —pl
5[

||x"—p||5max{||x° pll =

which implies that {x¥} is bounded. By (3.5), the {z¥} is also bounded. Using Lemma 3.1 and the condition 1 — 2¢; — Ai L?>>b>0o0f
(3.1), it follows

blly = x 17 < lIx* = pll* = 125 = plI?, VK >0.
Consequently, {y*} is bounded. Also, since f is contractive, it deduces that { f(x*)} is bounded. This finishs the proof. O

Lemma 3.3. Let the subsequence {x*i} of {x*} satisfy that the {x*i} converges weakly to z € H and lim;_, ., Ix¥i = y*i|| = 0. Under
Condition (3.1), we get z € Sol(C, A).

k

Proof. From the assumptions x*/ — z and lim;_,, lIxki — y¥i|| = 0, it follows y*/ — z. By using {y*/} c C and C is convex and closed,

€ .,xk/
it yields z € C. Since Step 2 and the definition of the inexact projection y*/ € HCk’ (xk/ - Akju"f ), we have
(xki — Ak]ukf' -y x—ykiy < €k, Iy —x5i|12, VvxeC.
Using 4, > 0, we get

—(xf—yf x —ykiy < (b, x—yf>+—||yf X%, vxecC.

k kj

This is equivalent to

€k
T(Xf—yf Jx =YY+ yf—xf>——llyf—x1||2<<uf x =),
k;

]

Since the boundedness of the sequences {y*} and {x*} in Lemma 3.2, 0 < 4, < a < o in Condition (3.1) and passing the liminf as
Jj — oo, we obtain

liminf(u*/, x — x*) >0, VxeC. (3.6)
Jj—oo

Otherwise, from v%/ € A(J%)), it follows that

ki,x—xkf')+(uk!,x—xk/)+(vk/,xk/ —yk/). (3.7)

(WM, x = yM) = (N —u
Since A is Hausdorff L-Lipschitz continuous and the assumption lim;_, Ix%7 = y%i|| = 0, we deduce

0< lim ok — ubi)) < Jim Lix* =)k =0
Combining this, (3.6) and (3.7), it yields

1ijnlg3f<ukf,x —ykiy>o0.
This implies that we can take a sequence {¢;} C (0, 1) satisfying lim;_,, &; = 0, for all j > 1 there exists the smallest positive integer

m; > k; such that

(Vox—y)+& 20, Vixm, (3.8)

Note that ||o¥|| # 0. So we can set g"/ = % Then, we have (v"/,g") =1, Vj > 1. From (3.8), it follows

llv
(U™, x+&;8"™ —y") 2 0.
Combining this and the pseudomonotonicity of A, it yields
(W, x+£g" —y")>0, Yw € Alx+Eg™),
and hence
(W x = Y™) 2wy — wl, x + &8" = Y") =& (wy, g™), V20,0, € ARX). (3.9

Next we prove that lim;_,, & jllg il = 0. As the above proof, y*/ — z and z € C. Since A is sequentially weakly continuous on C, so
{0k} converges weakly to w, € A(z). The proof is complete with w, =0, i.e., z € Sol(C, A). Now we consider the case w, # 0. By
using the sequentially weak lower semicontinuity of the norm || - ||, we get

0 < flw|l < liminf [|o"7]].
j—
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From {y"i} c {y*/}, {&;} € (0,00) and lim;_,, &; = 0, it follows

limsup;_, , &; lim;_,, §; _
e = Azl

£
0 < limsup ||£;&™ || = lim sup ( ;: > s
i j=oo \ IO liminf;_,

It means that lim;_, ,, &;[lg"/ || = 0. Taking the limit as j — oo, then the right hand side of (3.9) tends to zero under the fact that A is
Lipschitz continuous, {x"/}, {g"/} are bounded and lim;_, , &;¢" = 0. So, from (3.9) it follows, for each w, € A(x),

liminf{(w,,x —y™) > 0.
j—o0
Since the sequence {)™ } converges weakly to z € C, we deduce
(Wy, x — z) = lim (w,, x — y™) =liminf(w,,x — y") >0, VxeC.
j—oo Jj—oo
By Lemma 2.3, we have z € Sol(C, A). The proof is completed. O

Theorem 3.1. Let the cost mapping A satisfy Assumptions (S,) — (S,). Under Conditions (3.1), the sequence {x*} generated by Algorithm 3.1
converges strongly to an element p € Sol(C, A). Moreover, the point p is the unique solution of the following variational inequality problem:

Find x* € Sol(C, A) such that ((f — D(x*),y— x*) >0, ¥y € Sol(C, A). (3.10)

Proof. Note that under Assumptions (S;) — (.S,), the set Sol(C, A) is nonempty, closed and convex. Since f is §—contractive, so the
problem (3.10) exists a unique solution. Firstly, we show that there exists a positive number M > 0 such that

(1 =26, = AL LA)[|x* = y* 1> < [Ix* = plI* = IX**! = plI*> + f M, VK >0.
Indeed, by the viscosity technique in Step 2 and using the inequality
lla +blI* < llall®> + 2(b,a+b), Va,beH, 3.11)
we get
[ = plI* = N12% = p+ B(F (&*) = 29I
<125 = pIP + 2 (f (5 = 2, x4 = p)
< N2 = plP + 2Bl £ M) = 241X = p
<Nz = pl* + B M, (3.12)

where M = sup (2| f(x*) — z¥|[||x**! — p|| : k > 1}. By using lemma 3.2, the sequences {x*} and {z*} are bounded and hence M < .
Lemma 3.1 shows that

2% = plI* < %" = pII* = (1 = 26, = AL LA IIx* =341, VK 20. (3.13)
By using (3.12) and (3.13), it follows that
44 = pll> < llxk = pll* = (1 = 26, = Az LP)IIxF = yF |12 + g M,
which means that
(1= 2¢, — ZLAIxF =y < [1xF = plI* = 155! = plI> + g M. (3.14)
Combining (3.13) and the contractiveness of f, we deduce that
54 = pll> =118 (f &5) = £ @) + (1 = BIGEE = p) + B(F () = DI
<IBFCF) = £ + (1 = BIEE = PP +26,(f (p) = p. X = p)
B FCS) = FDIF + A= BllZ* = plI* + 28,(f (p) = p, x**' = p)
<8 IxF = plI* + (1 = Bliz* = plI* + 28,(f (p) = p. x**' = p)
<B 821X = plI* + (1 = BO[lIx* = plI* = (1 = 2¢, — ZLH|IxF = y* 117
+ 28, () — p, X = p)
=[1 = B (1 = 8H)]IIx* = plI> = (1 = B)(1 = 2¢, — A LD)[|x* — |2
+28(f () — p, X1 = p).
This implies
x4t = plI? < [1 = (1 = 8)Ix* = pII* = (1 = p)(1 = 2, = L) Ix* = y*|1?
+2p(f(p) = p. X! = p). (3.15)

Set a, := ||x* — p||°. Let us divide two the following cases.
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Case 1. There exists a positive integer k, such that a,,, < a, for all k > k,. Then, there exists the limit lim,_ [|x* - p|I> = A €
[0, co). Taking the limit into (3.14) as k — oo and using the condition 1 — 2¢, — /liL2 > b > 0in (3.1), it yields

lim ||x* — y*|| = 0. (3.16)
k—coc0
Since A is Hausdorff L—Lipschitz continuous, Step 2 and (3.16), we have
0< lim Iz = ¥ = Jim Ll — k|| < Jim ALY = x| =o0. (3.17)
Using (3.16) and (3.17), we obtain
0< klim llx* = 2F|| < klim (lx* = yFI+ 115 = ZF1) = 0. (3.18)
From Lemma 3.2 and lim,_, ,, §; = 0, it follows
0 < lim [|x**1 = x¥||
k—o0
< lim (x4 = 2K+ 1125 = x4
k—oo
= lim (Bl *) = 250 + 124 = x4 1D
k—o0
=0.
Consequently
Jim lx1 — x| = 0. (3.19)
By Lemma 3.2 that {x¥} is a bounded sequence, so there exists {x%} c {x*} such that {x%/} converges weakly to z € H and
limsup(/(p) = p.x* = p) = im (/() = p.x" = p) = (/@) = p.2 = p). (3.20)
—00
Since x*/ — z,(3.16) and Lemma 3.1, we get z € S(C, A). It is clear that the projection mapping IT sc.af + H = S(C, A)is contractive

with constant & € (0, 1). Therefore, it has a unique fixed point. We assume that p = IIgc 4)/(p). From the definition of the metric
projection Ig¢ 4 and z € S(C, A), it implies

(f®-p,z=-p)<0.
Using this and (3.20), we get

lim sup(f (p) = p. X =p)=(f(P)=p.z-p) <0. (3.21)
From (3.19) and (3.21), it follows that

lim sup(f(p) — p, x**! = p) < lim sup(f (p) — p, xK1 — xky + lim sup(f (p) — p. x* = p)

< limsup(|L/(p) - PIIIX*! = x ) + limsup(/(p) - . X —p)
<0. (3.22)
Applying Lemma 2.2 for (3.15) with
G 1= X = pl?. 0 1= Bl = 67). 7 1= 26,/ () = p.x**! = ),

we have the limit lim,_,, a;, = 0. Note that lim,_,, 7, <0 by (3.22). Thus, three sequences {x*} and {)*} converge strongly to the
unique solution p of the problem (3.10).
Case 2. It does not exist a positive integer k, such that
a L ag, Yk 2> k.
By using the interesting subsequence introduced first by Maingé in Lemma 2.1, there exists a nondecreasing sequence {n;} C {1,2, ...}
such that lim;_, , n; = co and the following relations hold:

a Sa,,/Jrl,ajSa,,/H, Vj>1. (3.23)

nj

By (3.14), we have
bllx" =y |1* < (1 =26, — AZLD)|x" =y |12
<IN = pl? = X+ = pl> + B, M
< ﬁ,,/M.
Taking the limit as j — oo and using lim,_, , , = 0, we get

fim [|y" - x"/ | = 0.
j—ooo
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By a similar work as in Case 1, we also have
Jim [l = 2% = 0, lim flx"*! = x"7]| = 0,
and
limsup(/(p) — p,x"1*' = p) <0.
oo
Substituting k := n; into (3.15) and using (3.23), it yields
@y =l = pll?
<[1 =4, (1 = 6M)la,, +2p, (f (@) = p.x"*" = p)
<[1 = f,, (1 = 6D)la 1 +26, (f (@) = p.x"*! = p).
Which implies that

0 2<f(p) - p,x"it! —p>
N
Sy = I pl? s S

a

Consequently,

hj‘li‘.fp a1 =0,
and hence limsup;_,, a; = 0. Thus, the sequences {x*} and {y*} converge strongly to the unique solution p of the problem (3.10).
This completes the proof.
O

4. Application to electricity production models
In this section, we consider electricity production models which can be regarded as an extension formulation of the Nash-Cournot

economic equilibrium model in electricity markets. The latter model has been investigated in some research results in [36, oligopolistic
electricity models], used later in [42]. In these electricity production models, it is assumed that

Let N companies, each company j (j = 1,..., N) may possess x; generating units;

Denote g, ; by the quantity of material / (/ = 1, ..., m) for producing one unit electricity by the generating unit j (j = 1,..., N). Let
A be the matrix whose entries are g, ; and it is usually called quantity matrix. Then, the entry / of the vector Ax is the quantity of
material / for producing x. Using materials for production may cause pollution to environment for which companies have to pay
environmental fee. Suppose that g(Ax) is the total environmental fee for producing x;

The price p;(s) = @ — ;s is a decreasing affine function, where s = Z]'V: X5

Let ¢;(x;) be the cost for generating x; by unit j;

Assume that the strategy set of the model is x = (x|, ..., x N)T eC.

The task now is to find a production x* such that it is a Nash equilibrium point with minimum environmental fee. By [7,42], this
problem can be formulated as the variational inequality problem: Find x* € C such that

(Bx* —a+Veo(x*),x —x*) >0, VxeC, “.1)
x* = argmin{g(Ax) : x € C}, '
where the g : R™ - R and ¢ ' (j=1,...,N) are convex and differentialbe,
N
P(x) = x"Bx+ Y ¢;(x).H :=R".a=(a,....0)" €H, (4.2)
j=1
and
B 0 0 0 o K B . B
s_|0 B 0 N O T S
o 0 0 N )y Pv Bnv B Oy
Now we define two new mappings .A;(i = 1,2) from H to H as follows:
A (x) = Bx —a+ Vo(x), (4.3)
Ay(x) = ATVg(Ax). (4.9

Then, it is clear that the problem (4.1) is written in the form of finding a common solution x* of the problem MVI(C, A,) and the
problem MVI(C, A,).
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Proposition 4.1. Assume thatthe Ve;(j =1, ..., N) is L ;—Lipschitz continuous. Then, the cost mapping A, defined in (4.3), is pseudomono-

tone and Lipschitz continuous with constant

Ly =||B|l +2||Bll + max{L; : j=1,...,N}.

Proof. By using [43, Proposition 3.2], the cost mapping A, is pseudomonotone on H.

For each x,y € H, we have

14, ) = A Wl
= ”Bx —a+ Vo) — (By—a+ Vo)) H
<IBx =yl + [IVo(x) = Vo)l
< Bl =yl + IVe(x) = Vol

On the other hand, from (4.2) it follows that

Vo(x) = 2Bx + (Vey (x)), .., Ve (xp)

and hence
IVo(x) = Vel
= ”2B(x — )+ (Vey(x) = Ve (7)) - Ven () — VcN(yN))T“

<20Bllllx =yl + || (Ver (i) = Vey 5 oo, Vey (o) = Ve o) ||

=2|Bllllx - yll + \/IIV61(X1) = Ve DIP + ... + [[Ven Gen) = Vey (rp)lI?
< CIBI+ Dllx = yll,
where £ := max{L; : j=1,....N}. Combining this and (4.5), it yields
4, = Ay < (I1BI+201BIl + L) llx = yll,  ¥x,y € H.
Thus, the cost mapping A, is L,—Lipschitz continuous, where
Ly =Bl +2||B|l + L.

The proof is complete. [

(4.5)

Proposition 4.2. Assume that the Vg is L—Lipschitz continuous. Then, the cost mapping A, defined in (4.4), is monotone and L, :=

| A||2£—Lipschitz continuous.

Proof. Since g is convex and differentiable, so the gradient mapping Vg is monotone. Then, for every x,y € H, we have

(Ay(x) = Ay(x), x = y) = (ATVg(Ax) — ATVg(Ay).x - y)
= (Vg(Ax) — Vg(Ay), Ax — Ay)
> 0.
Since (4.4) and Vg is £-Lipschitz continuous, it yields
14>(x) = A, W)l = [IATVg(Ax) — ATVg(Ay)|
< lAllIVg(Ax) = Ve(Ay)|
< AL Ax — Ay]|
< lAIPLIx =yl Vx,yeH.

This implies the proof. [

Basing on the idea of Von Neumann Alternating Method for finding common solutions to variational inequality problems proposed
by Censor et al. [44]., we apply the algorithm VIP for finding a common solution of the problem MVI(C, 4,) and the problem

MVI(C, A,) as follows.

Algorithm 4.1. (MVIP - Modified Viscosity Inexact Projection Algorithm)
Initialization: Choose an arbitrary point x° € H,y € (0, 1).
Iteration step: k =0, 1, ....

Step 1. Find two inexact projection points:
. k
Went [xk - 2, 4,65, vi=1.2.

If y¥ = x* for all i € {1,2}, then Stop. Otherwise, go to Step 2.

10
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Step 2. Evaluate
2 = P/ )+ (= B [yf = A (A0 = AP vi=1.2,
X =y2b 4+ (1 - )2k
Step 3. Increase k by 1 and return to Step 1.
In light of the condition (3.1), parameters are chosen in the following restrictions, for each i = 1,2:

b€ (0,1),0 < 4 <a5min{% Ci= 1,2},

I,

Bix € (0, 1), ZZ‘LO Bix = oo, limy_, o Bk =0,

1= 265 = 2, L2 2 by > 0, (4.6)

where L; is Lipschitz constant of the mapping A;.

Theorem 4.1. Let the cost mappings A;(i = 1,2) be defined in (4.3)-(4.4). Under Conditions (4.6), the sequence {x*} generated by the
algorithm MVIP converges strongly to a common solution of the problem MVI(C, A,) and the problem MVI(C, A,).

Proof. It is the same ways as the proof of Theorem 3.1 and [44, Theorem 3.10].
To test the algorithm MVIP, the strategy set is given in the form:

C:={x€eH:|x|| <R {dx)<r},

where R > 0,d € H and r € R. Now, we test the proposed algorithm MVIP with the cost function given by a convex quadratic
programming:
¢;(x;) = %ajxf, +bx;+¢, a,>0b,€R,¢;€R,j=1,...,N. 4.7)
The total environmental fee g(v) is given in the form:

g(v) = %UTEU +e'v, YveEH, (4.8)
where the E = (N x N) is a positive semidefinite matrix and e € R". Then, we get
Vo(x) = 2Bx + (Ve (x)), ..., Vey (xy)) |
= 2Bx + (&lxl +by, . dyxy + BN)T.
Using (4.3), it yields

A (x) = Bx—a+ Ve(x)
(B+2B)x—a+(ax +by,...ayxy +by)T.

From (4.4), it follows
Ay(x) = ATVg(Ax)
= AT[E(Ax) + e].
Note that at each iteration, the main iteration step of the algorithm MVIP is to compute an inexact projection point via x* as
follows:
vk e ng-k’xk(x" = A Ay (xF)).
By using (2.3), it yields
(uf =iy =y < eyl =< 1%, vyec,
where u¥ :=x* — & A,(x*). This is equivalent to
max{(u;c —y{.‘,y—y{.‘) 1 y€E C} = —min{(yl’.‘ —ul’.‘,y—y{.‘) I yE C}
< eyt - X2 (4.9

Then, by using the well-known Gradient Descent Method, it is formally defined to compute an inexact projection point y”.‘ of a point
uf.‘ onto the set C by Procedure 2.1. Moreover, solving the problem (4.9) with error ¢, | yf.‘ — xk||2 is simple and more effective on
software Matlab 2023 than computing exact the projection I (x — 4, A,(x*)) via auxilary function such as Quadratic Program.

All  programming is implemented in Matlab R2023a running on a PC with Intel(R) Core(TM) i9—
9900KS CPU @ 4.00GHz 32.0 GB Ram. The inexact projection Iz is computed via the Matlab optimization toolbox by
fmincon or quadratic functions.

Test 1. Let us test in RN where N = 5. We apply the proposed algorithm MVIP for solving the electricity production model (4.1)
in the space R". Data of the (4.1) are described as follows:

11
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Table 1
Iterations and CPU times with randomly different starting
points x°.
Problem  Starting point x° Iterations ~ CPU times
1 (1,2,3,4,57 2756 77.4063
2 0,1,2,3,4)7 2995 100.0781
3 (-1,0,1,2,3)7 1890 81.0938
4 (-2,-1,0,1,2)T 2007 82.0781
5 (=3,-2,-1,0, )7 2769 89.7031
6 (—4,-3,-2,-1,0)7 2746 82.4844
7 (=5,-4,-3,-2,-)T 2780 81.9219
8 (1,0,0,0,10)" 2773 86.6094

- the matrices B and B:
p=1243j, Vj=1,...,N;

- the vector a: a = 20;
- the cost function c;(j=1,....5)is defined by (4.7):
a;=3j—1,b; =42 -5.¢;=5-4j;

- the quantity matrix A:

1 2 3 4 5

3 5 7 9 11
A=|-1 0 5 3 =7 ;

0 3 4 8 9

-2 9 2 -6 3

- the environmental fee g : R™ — R is defined by (4.8):

1 2 0 0 0 1

2 5 0 0 O 2
E=|0 0 7 0 1 ,e=| 6 ;

o 0 0 2 0 9

0 0 1 0 9N =5) v«

- the strategy set C:
R=10,d=(2,-3,6,-9,8)T,r = 4.

By using Proposition (4.1) and Proposition (4.2), computing on Matlab Sotfware shows that
Ly = | Bl +2IIBll + max{L; : j=1,..., N} = 154.1276,
L = ||E|| =9.4142,
L, = AL = 4.7977¢ + 03.
From eig(E) = {0.1716,2.0000, 5.8284, 6.5858,9.4142}, it follows that the matrix E is semipositive. (Fig. 2)
Parameters in the algorithm MVIP are chosen as follows: y = 0.5395, f(x) = %x, b =0.001,a = min { Vi-b ti=1, 2},

2L,
2,2
b —a— 1 . _1_Li/1i4,k_bﬁ. _ 1 .
T 20k 4+ 10007 K T 4 PPk T 25k +150°
By Remark 2 and Step 1 of the algorithm MVIP, if y* = x¥ for all i = 1,2, then x¥ is a solution of the problem MVI(C, A,). This implies
that the stopping criterion is I'; := max{|| yf,‘ - xf.‘ll :i=1,2} <€, where € > 0. The numerical results are showed in Fig. 2, Table 1

and Fig. 3. The approximation solution is x?7*¢ = (0.0026, 0.0028, —0.0007,0.0051,0.0019)".

Since the preliminary numerical results reported in Figs. 2-3 and Table 1 of the algorithm MVIP for solving electricity production
models (4.1), we can see that the convergence speed of the algorithm is very sensitive to the different starting points x°. The CPU
time (second) and the number of iterations of the proposed algorithm are quite effective when solving the problem (4.1). (Table 2)

Test 2. Let us compare the algorithm MVIP with three other algorithms via the electricity production model (4.1): The Projection
Algorithm (PA) for solving split feasibility problems proposed by Yen and Muu in [42, Algorithm 3.1] and the Von Neumann Alter-
nating Algorithm (VNAA) introduced by Censor, Gibali and Reich in [44, Algorithm 3.4] and the Efficient Self-Adaptive Algorithm
(ESAA) of Tuyen and Ha in [45, Algorithm 1].

12
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Fig. 1. The algoithm MVIP: Convergence of the sequence {x*} with the tolerance ¢ = 1073 and the starting point x° = (1,2, ...,5)T.
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Fig. 2. The algoithm MVIP: Convergence of the sequence {x*} with the tolerance ¢ = 1073, the starting point x° = (-1,0,1,2,3)T, C={x € R’ :
xl
lIxl < 10,37, % < 1)

Now we test with the following data. Choose randomly x° = (1,2, ..., N)T, the tolerence is T, < ¢ = 107>, Let A, be an n X n matrix,
By be an N x N skew-symmetric matrix, D, be an N X N diagonal matrix and the matrix E = Aa—AO + By + D, (as generated in [24,
Section 5]). To choose randomly on MATLAB software, we use the commands as follows:

A=2xrand(N,N),Ay =5 *rand(N,N), By = skewdec(N, 1), Dy = diag(l : N),

and d =3 * rand(N,1),e = 4 = rand(N, 1). Then, the E is a positive semidefinite matrix. All other remaining parameters are the same

as those given is Test 1.
Parameters and data processing in each above algorithm are evaluated as the follows.

- MVIP: As in Test 1.

13
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Fig. 3. The algoithm MVIP: Convergence of the sequence {I',} with the tolerance ¢ = 10~ and the different starting points x° of the problems

1,...,8.
Table 2
Iterations and CPU times with randomly different parameters, where
x0=(1,2,3,4,5)7 and b= 0001, a = min { Y= - = 1,2},
Test ik Iter. CPU times
1 1
1 25k+150 4= 1000 2756 6.9375
1 1
2 2064100 ¢~ Tokrioo 3104 8.7856
1 1
s To0kes 4= Togtrsm 1805 5.1753
_1 1
4 100k+15 078~ s 1905  5.0081
1 1
5 120k+200 09a - s 3820  7.8651
1 1
6 Fe 0.5a - 4002 8.2571
! 1
7 125k+1000 08a - orss 1852 5.3825
- PA:
a=001,b=084,a, =000 + —2— e=1,p, =3,6=0.12,
10K + 100
1 k+1 1
6, =2+ ,—a;, = s = .
k %7 %= Zr 100 = Tok+ 0
- VNAA:

ay i=min{f;,d; :i=1,...,N},a, = |[AT(EA)||, A = min{a;, a,}.

- ESAA: H, = H, = R", the matrix £ is the unit, B, = A, (k = 1,2), the mappings T;(i = 1, ..., N) and S;(j = 1,..., M) are the identity

mapping,

1
b=

ce = PG =05.a, = 05,0 = 1,4 =0.9999,a, = 10,4, = 9.

From the test results via the electricity production models of our Modified Viscosity Inexact Projection Algorithm MVIP and the
algorithms PA, VNAA and ESAA reported in the tables and figures, we observe that

- The convergence rate of MVIP is quite sensitive to choice of the starting point x’;

- Test with different N—dimensions, the number iterations (No. Iter.) of the algorithms PA, VNAA and ASAA are less than of our
proposed algorithm MVIP. Note that, at each iteration k, the MVIP only requires computing two evaluations of the cost mapping
A;(i =1,2) and two computations of the inexact projection point without using I-. This leads to fact that its CPU time is the

smallest as shown in Table 3.

14
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Table 3
Comparison of the algorithms with different dimensions of R .
N=5 N =10 N =20 N =100
Alg. No. Iter. CPU Times No. Iter. CPU Times No. Iter. CPU Times No. Iter. CPU Times

MVIP 2702 6.9375 3024 9.2031 5639 17.9903 23855 85.0482

PA 270 12.0864 371 19.4493 492 48.3319 9501 97.5938
VNAA 43 7.0382 59 11.9405 103 23.0492 796 185.4495
ESAA 403 19.0842 683 57.0052 1092 179.9905 12,058 957.5538

5. Conclusion

In this paper, we present a new viscosity inexact projection algorithm for solving the multivalued variational inquality problem
MVI(C, A) and applications to electricity production models via self-adaptive step size, viscosity techniques, and inexact projection
in a real Hilbert space. Very interesting is that strong convergence of iteration sequences is proved and numerical experiments onto
the electricity production model have showed the effective performances of the proposed algorithm.
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