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USING INVERTIBLE FUNCTIONS TO CONSTRUCT NCP
FUNCTIONS

CHEN-HAN LEE, CHU-CHIN HU, AND JEIN-SHAN CHEN

ABSTRACT. In this paper, we provide a novel idea to construct NCP functions,
which is new to the literature. More specifically, we present under what con-
ditions the category of invertible functions can be emploved to construct new
NCP functions. Demonstrations of generated NCP functions with their figures
are shown as well. There are many possible research directions theorectically and
numetically based on the newly discovered NCP functions.

1. INTRODUCTION

The nonlinear complementarity problem (NCP) is to find a vector z € R™ satis-
fying the following:

(1.1) z>0, F(z)>0, 2TF(z)=0,

or equivalently,
(1.2) x; 20, Flz)=0, and zFix)=0 i=1,--: n,
where F is a function from RB™ to E™.

During the past few decades, the nonlinear complementarity problem has at-
tracted much attention due to its various applications in operations research, eco-
nomics, and engineering, see [6, 7] and references therein. There have many methods
proposed for solving the NCP. Among which, one of the most popular and powerful
approaches is to reformulate the NCP as a system of nonlinear equations |15 or
as an unconstrained minimization problem [8, 10]. For these two approaches, they
indeed rely on the so-called NCP functions. Officially, a function ¢ : R? — R is said
to be an NCP function if it satisfies

(1.3) ¢la,b) =0 <= a=0 b=0andab=0.

In light of the above the NCP function, one can define the vector-valued function
¢, R" = R" by

¢(x1, F1(z))

3, (x) = ;

(2, Fn(z))
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Then, it is clear to see that original NCP (1.1) is equivalent to the problem of solving
® . (z) = 0. Equivalently, one can also transform the problem to finding the global
minima solutions of its merit function, that is,

min ¥ (z) := 1||{Ii (x) |2_

zeRn it

In the literature, there have many NCP functions which were discovered grad-

ually. One of them is the well-known Fischer-Burmeister function ¢y, (a,b) =
va?+b% —a —b. An advantage of this function is that it is convex and is twice
differentiable at every point except at the origin. A natural extension of ¢, 1s the
generalized Fischer-Burmeister function given by

¢P{ﬂ: b] = |||{(I, b}”P —a- b1 p = 1

which is also an NCP function, where |[(a, b)|l, = (Jal? + [b|P)}/P. The function ¢,
can be viewed as a natural “continuous extension” of ¢, and its geometric view
is depicted in [16]. Another different type of popular NCP function is the natural
residual function ¢, : R? — R given by

¢np (@, b) = a — (a — b)y = min{a, b}.

Albeit the function ¢, is not differentiable on the line a = b, Chen, Ko, and Wu
[4] figured out a way, which is called “discrete generalization”, to smoothize this
function. To achieve it, they generalize it by adding a p-power to each term, that
is, by defining

¢ (a,b) = aP — (a — b)L,

where p > 1 is an odd integer. Note that p being positive odd integer is very crucial,
more details can be found in [4].

In fact, there exist some systematic ways to construct NCP functions. The first
general way was given by Magasarian in [15]. Some subsequent ways were proposed
by Luo and Tseng [13]; and by Kanzow, Yamashita, and Fukushima [11]. Recently,
more rigorous discussions and further study on how to construct NCP functions
were investigated by Galantai in [9], and by Alcantara and Chen, et al. in [1, 2].
In particular, in contrast to “discrete generalization” in [4], Alcantara and Chen
proposed a novel “continuous extension” of ¢, in [1]. More specifically, a family
of NCP functions is constructed, which is defined by

. = sen(a)laf’ - [(a—b), 7,

where p € (0, 0¢). The main idea behind is that if ¢ = ¢ — ¢ is an NCP function
and a given function f is one to one, then ¢ = f(¢1)— f(¢2) is also an NCP function.
Indeed, it can be verified that

¢ = f(a) - f((a—1b),),

P is an one to one function. By this construction, the value

where f(t) = sgn(t)|t

p (positive odd integer) is extended to any positive real number. Moreover, ¢Ff

reduces to ¢f = when p is an odd integer and p > 1.
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In this paper, we provide another novel idea to construct NCP functions, which
is new to the literature. More specifically, we present under what conditions the
category of invertible functions can be employed to construct new NCP functions.
The motivation comes from discovering three specific NCF functions and observing
their structures. Demonstrations of generated NCP functions with their figures are
shown as well. There definitely have many possible research directions theorectically
and numerically based on the newly discovered NCP functions in this paper.

2. THREE SPECIFIC NEW NCP FUNCTIONS

As mentioned in Section 1, the motivation of our study comes from three specific
new NCP functions. First, we show out the three new NCP functions as below:

(2.1) ¢ (a,b) = ln{ral” + eltl — 1) — max(a, b);
(2.2) D e (@, 0) = In(el®! + €l — 1) — (a + b);
(2.3) B is—exp (B 0) = |a] + |b] — %0 — ela.

The first two functions ¢, and ¢ ___ _ are composed of the functions, exp(-)
and In(.), with an additional term to keep the function value zero on the nonnegative
sides of the axes. These three new NCP functions are discovered from observing the
construction ways in [1, 2]. Note that these three NCP functions are not differen-
tiable since they involve the absolute value terms. Therefore, we need to compute
their subdifferentials [5] due to subsequent analysis. To this end, we will use sign
function

1 ift>0,
sgu(t) 1= 0 ift=0,
1 if £t <0.

and the definition of convex hull of all limits points of Jacobian sequence.

Proposition 2.1. Let ¢ :R? = R be defined in (2.1), that is,
¢, . (a,b) = In(e! +e® — 1) — max(a, b).

Then, the following hold.

(a) The function ¢ is an NCP function.
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(b) The subdifferential of ¢, is described by

—max

ar}ln :rraxl::a b}
{Eu_"-; =1, o) if (a,b) €1; = {(a,b)|a,b >0 and a > b}.

]

e — —1) if{a, b) € Iz = {(a,b)|a,b > 0 and b > a}.

{ 4 {'!" 17 eogeb—1
—g—® &b
_u+Eb 1 E—u._l_FJ_l o 1)} { E ]:3 - {{a". b:]|ﬁ { UJ h } [}}

(2 .:.z._}i - e {,_i 2=l a,b) € 1y = {{a,b)|a,b< 0 and b > a}.
( _—u:,el : — 1, E_ufﬁ_bu_l} a,b) € Is = {(a,b)|a,b < 0, and a > b}
(e - L ey a,8) €T = {(a,b)la > 0, b < 0}

{ € Ly = {(a,b)|la =0, b > 0}

e* 1 : i“
{(zeﬂ L ) ’ ( 2et—1 ) } if € Ly = {(a,b)|a,b >0, and a = b}.
Zeo—1 Sea—1 — 1

b)
)
)
)
)€ Ly = {(a,b)|la >0, b=0}
)
)
{(-1,p—1)| —e® < p<e?} %

{b
if (a,b
if (a,b
if (a,b
(p, 0) 1*4,0'-':1} if (a,b
(a,b
if (a,b
if (a,b

)
)
€ Ly = {(a,b)la < 0, b=0}.
€ Lg = {(a,b)|la =0, b < 0}.
)

G ﬂq_ﬂ [ Enﬂ ]- .
o { ( Zen 1 ) : (Jﬂ Elq )} if (a,b) € L = {(a,b)|a,b < 0, and a = b}.
2e 1 1 Ze—2-1]

{ (0,1,01,0), e
|,, w{ (—1.-2). (—2, 1) } if (a,b) = (0,0).

where co(S) denotes the convex hull of the set S.
Proof. (a) “=" Suppose ¢, (a,b) = 0, we need to show a > 0, b > 0, ab = 0.
To proceed, we discuss two cases.

(i) If @ > b, then el@l + e/l — 1 = 2. The left-hand side of this equality is greater
than or equal to 1 since the absolute value is always nonnegative. Hence, e® must
be greater than or equal to 1. This leads to a being greater than or equal to 0.
Thus, a = 0 and el’l —1 =0, which says a = 0 and b = 0.

(i) If b = a, by the symmetric form of the function ¢,___ | we see thata =0, b = 0.
Therefore, a = 0, b=0o0r a =0, b = 0. This is equivalent toa = 0, b = 0, ab= 0.

“«=" Conversely, ifa >0, b >0, ab=0,thena >0, b=00ra=20, b = 0. For
a>0,b=0,then ¢_ __(a,b) = In(ell +el’! — 1) — max(a,b) = |a] —a = 0. For
a=0, b>0, then ¢ (a,b) = In(e'?l 4 el — 1) — max(a,b) = |b| — b = 0. Thus,

the proof is done.

In —rnax

(b) Note that ¢____  1is differentiable at (a,b) € Ij ~ I, whereas it is not differen-
tiable in other cases. Hence, we need to calculate each case separately.
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Case (1): (a,b) € I ={(a,b)|a,b >0 and a > b}.

elal

o e bb
" ,b) = 1
wln—maxn:a’ ) ((Ela + elbl — l}|a| ’ (ﬁ|ﬂ| 1+ elbl — 1)|h )

B e 1 el
C Nerteb—1 et 4 eb—1

Case (2): (a,b) € I ={(a,b)|a,b>0and b > a}.
al . bb
ea e
Vd ) = , -1
‘:Jl-n. —m:ux(a' :I ({ﬂlﬂ, | [:!lhl 1)|a| [ﬂlﬂ.l | ﬂlb 1)|b| )

et Eh 1
ed 4 eb — 1" ea el -1

Case (3): (a,b) € I3 ={(a,b)|a <0, b> 0},

elal

.1e] g e’lb
vy ,b) = ~ 1
Pl s (@ B) (EM+am_um-@m+db—UW )

e e?
= -1
(E_“—Fﬂb—f e~ +eb—1 )

Case (4): (a,b) € Iy = {(a,b)|a,b <0, and b > a}.

al |6 b
e%a -
|. a‘] b ? 1
'-' g In —m:lr{ ) ({E’,lﬂ’ | E‘Llhl 1}|a| [ﬂlﬂl | ﬂlb 1:]|b| )

o —e b
= ) 1
(E_':‘—I-E_b— 1" ee4+eb—1 )

Case (5): (a,b) € I = {(a,b)|a,b <0, and a > b}.

elal

|al g el®lb
v L b) = 1
™ max{a’ ) ((glﬂ- + elbl — 1)|a| ’ (E|ﬂ| + elbl — 'l)|b )
- e @ _q e
CNeaqeb_] ema4eb 1
Case (6): (a,b) € Is = {(a,b)[a>0, b<0}.
al b
el®la elh
Vi :b = i l:
(‘?Jll.ﬂ.—:|'|:‘.i:;:l&:{'|:'[I } ({Blﬂr | ﬂlbl 1}||a| I:ﬂlﬂl |' ﬂlh 1)|h)

e —e?
= - 1, -
(e“—-—ﬁ—f’—l ' e‘l-l—ﬁ—b—l)

Case (7): (a,b) € Ly ={(a,b)|a >0, b=0}.
Since the point (a, 0) is adjacent to the region I; and Iy, let {(ax, bx)} be the sequence
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such that limg_, o (ag. bg) = (a,0).
If {(ak,bx)} €1 ={(a,b)|a,b> 0 and a > b}, then

etk ebx
lim V¢, _ (ag, b)) = lim ( -1 )

k—oa koo \ etk 4+ ebr — ] ' etk + ebe — 1

e . el
_(EE-I-ED—] " ﬁ“-l—e“—l)

1
L

If {(ap,bi)} €I ={(a,b)la >0, b<0}, then

lim Vé b 1 etk —e 7ok
1 Wb op, = lim — 1, .
e ln ma.}r.( k k] ﬂ:—'.*l:nc-{ﬁak + E—bk — J_ et + E—bk — ]_)
a 0
(— ——)
et 4l -1 e* +¢€% -1
—1

Thus, by definition of subdifferential, we have

poummen ={ (1), (3)}

S CRIEETEFY

L&) e

Case (8) ~ (12): For the region L, i = 2,--- , 6 and the origin point (0, (), the way
to calculate the subdifferential is similar to L;, so we omit them here. O

The next proposition is about the second NCP function ¢, __ . In fact, comput-

ing the subdifferential of ¢, is more complicated than ¢ since the term

In —sum
max(a, b) together with the absolute value function partition the plane to more
picces where it is differentiable. In addition, we can obtain the results regarding
@ .. DY using some parts in Proposition 2.1, Before presenting the proof, we
point out two special observations regarding ¢, __ . Note that max(a,b) = a+b
when a > 0, b = 0, ab = 0, hence ¢, (a,b) = ¢, _ (a,b) =0 when a > 0,
b >0, ab =10. In view of these, we make a guess that ¢_ _  is also an NCP
function. In order to verify that ¢, __  is indeed an NCP function, we need to
check the value of the the function ¢,___  on other regions.

LTI

Proposition 2.2. Let ¢, :R%2 5 R be defined in (2.2), that is,

I —&urn

Bro —eum (@ 0) = In(el*! + el — 1) — (a + b).
Then, the following hold.
(a) The function ¢,___ _ is an NCP function.
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(b) The subdifferential of ¢, is described by

f ({ﬂﬂ l‘i;l“ 7l -1, @ 11"1{: W l)} if a # 0 and b # 0.
[p—LUHiﬁﬁi,ﬂﬂiﬁ} if a=0,b>0.
: pg_#} if @ =0,b<0.
([},p—l}|;|—1‘:_ip*i_iﬂl} if a>0b=0.
B b= s ﬂ} if 0 <0,b=0.

el

| {(&,n)| —2<¢&n<0} ifa=b=0.

0, v (@,0) = 4

Proof. To prove (a), we nced to show ¢, __  satisfies condition (1.3). From Propo-
sition 2.1, it is obvious that ¢ a,b) is zero on the nonnegative sides of the
a, b-axes, and positive on the negative sides of the a, b-axes. Thus, we only have to

la —sum{
check the four quadrants of the ab-plane. Suppose ¢ (a,b) = 0. To proceed,
we consider four cases as below:
Case (i): If @ > 0 and b > 0, then e® 4+ ¢® — 1 = e®e®. Then, we have

0=e%(e’ —1)+ (" —1) = (e* = 1)(e* — 1).

Since @ > 0 and b > 0, we should have (e®* — 1)(¢® — 1) > 0 which leads to a
contradiction. Thus, ¢ __(a,b) # 0 in case ().

Case (ii): If a < 0 and b > 0, then e ® +¢€® — 1 = e%e® and hence tiq +e” =1 = e%®,
which gives (e%)%e® — 1 — e + e = 0. It follows that

0= e®l(e® — 1) + (e® — 1) = (e%e® 4 1)(e® — 1).

But, e®e? + 1 > 0 and e® — 1 < 0, it says (e%® + 1)(e* — 1) < 0, which contradicts
the above equation. Thus, ¢, (a,b) # 0 in case (ii).

Case (iii): Suppose a < 0 and b < 0. Obviously, e ol 4+ elbl —1 is greater than 1, and
e%e? = e*t? is less than 1. Hence, ¢, . (a,b) # 0 in case (iii).

Case (iv): If @ > 0 and b < 0, then ¢,
¢, . (a,b) and the arguments in case (ii).

# 0 by noting the symmetry of

[k — BT

To sum up, from all the above, we prove that ¢ (a,b) =0<+<=a>0,b=0o0r
a=0,b>20<=0a>0,b=20, ab=0.

(b) Again, by using the definition of subdifferential, we calculate each case sepa-

rately.
Case (1): If a # 0 and b # 0, then ¢ is differentiable. Then, we have

In —sum

[’,la a E_",l&lh
2.4 b) = -1 ik
( ) vlq:‘l'r]z:. sum (ﬂ“" ) ( : & ﬁl l}|E'J| )

(elel + eltl — 1)]a (ela

Case (2): Suppose a = 0 and b > 0. we compute subdifferential by the definition
of convex hull of all limits points of Jacobian sequence. Let {ag,bx) — (0,b) as
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k — co. Applying (2.4) yields

(a,b)|a > 0,b> 0}.

L 1,00 if {(ax,br)} C
lim Vo, mm{fihf’k}:{(gi ] o EE( b)la < 0,b >0}

}
ko0 (7 —1,0) if {(ax, bx)}

This concludes d¢,___(a,b) = {(p—1,0) p € [ ]} The other cases exclude
the case a = b = 0, which are similar to the ;tbmt L-:-Lh{‘-.- Therefore, it remains to
prove the case when a = b = (.

For the case a = b = 0, let (ax,by) — (0,0). Compute the limit of (2.4) as
(ak,br) — (0,0), we have
((0,0) if {(ax,bx)} € {(a,b)|a > 0,b > 0}.

< {{(
R (—=2,0) if {(ag,bx)} C {(a,b)|a < 0,b > 0}.
A Vi, e (a5 B8) = (=2,-2) if {(ax,bx)} € {(a,b)|a < 0,b < O}.
[ (0,-2)  if {(ax, b&)} € {(a,b) [a > 0,b < 0}.

Hence 9, .. (0,0) = co { (g) : (_02) , (_{]2) , (:2)} ={(&,n)| —2< €&, <0}

O

Proposition 2.3. Let ¢ ' R?2 — R be defined as in (2.3), that is,

abhs—exp
('b:l.'l'm—r!:-c;: (a? b} = |a| + |.E} i Eub — Ebﬂ..
Then, the following hold.

(a) The function ¢,,, . is an NCP function.
(b) The subdifferential of ¢

15 described as

abs—exp

( {(sgn( ) — e — b sgn(b) — ePa—e*)} ifa#£0, b#£0.
{(0, a — e®) 1<p<1} ifa=0, b=0.
o [p—b—?b 0] -1<p<1 ifa=0, b>0.
d{'i}dbﬁ -::h:p'l'(‘:I b)_': J{[( Z,p—ﬂ.—t"‘ |—J_“':p{}l} ifﬂ.{ﬂ,bzﬂ.
{(p—b—et -2)| —1<p<1} if a=0, b<0.

L {Em) ] -2<&n <0} ifa=b=0.

Proof. (a) First, we rewrite the function ¢ as

abs—oxp

d}ahs—e;gp{a'a b} = M(Sgll[:ﬂ,:] cb] ‘i b{ﬁﬂll(b} ﬁﬂ},l

which possesses the below piecewise expression:

0 if a>0, b>=0, and ab=20.
. B a(l —e J b(l—e%) if a>0 b>0.
Dby (0, 6) = a(l+e®)+b(l—e®) if a<0, b>0.

—a(l+e?) —b(l+e*) if a<0, b<0.
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It is noted that ¢ a, b) is negative in the second case, and positive in the third
and last cases. In light of the symmetry of ¢, (a,b), we obtain that ¢ a,b)
is also positive on a > 0, b < 0. Therefore, ¢, is an NCP function.

-I]':IEF —EXD [:

abs cxp{

(b) We discuss a few cases in order to calculate the subdifferential of ¢

aba—exp ™

Case (1): If @ # 0 and b # 0, we have

(2.5) ?’ri:m_exp{mb):(sgn(a} e?b — ¢, sgn(b) — ea c“)_

Case (2): Suppose a > 0, b = 0 and (ag,bx) — (a,0) as k — oo. From expression
(2.5), we know

;i,.lilh-lri'i:l ?‘;ﬁdhs—ﬂxp {ak ! bk] -

{{[‘J,'l—a,—ﬁ“} if {(ag,bx)} € {(a, )|&}Uh}{1}
(0,—1—a—e*) if {(uk hk}(:_{{ |a}ﬂ'h{{}}

Then, it follows that d¢

AnE—EXD (

a,b)={(0,p—a—e")| —1<p<1}

For the other cases except for the case when a = b = (), the calculation is similar to
case (2), so we omit them here.

Case (3): Suppose a = b = 0 and (ax,bx) — (0,0) as & — oo, From expression
(2.5), we compute that

((0,0) if {(ax,b)} € {(a,b)|a > 0,b> 0}.

i Vo (anba) = ¢ (~2,0) if {(ax,b)} C {(a,b)|a < 0,b > 0}.
boo (-2,-2) if {(ax,b)} C {(a,b)|a < 0,b < O}.
[(0,-2)  if {(ax,bx)} C {(a,b)|a >0,b < 0}.

This concludes d¢,,, .. (0,0) = {({,n)| —2<&n <0} O

To close this section, we point out that the function ¢, is discovered in a
different way from the previous two NCP functions. The main difference lies on the
fact that the term |a| + |b| can be viewed by the 1-norm of (g, b), and the term e®, e

are the monotone cofactors added to b and a.

3. NCP FUNCTIONS GENERATED BY INVERTIBELE FUNCTIONS

By looking into the structures of those three newly discovered NCP functions in
Section 2, we figure out a way for further generating NCP functions by employing in-
vertible functions. From the first two NCP functions, ¢, (a,b) and ¢ (a,b),
it is clear to see the presence of a common term In(el®l + el®! — 1) which involves

In —sum

invertible functions. Therefore, we generalize the common term to

FOE M al) + £ 1Bl — £ 1(0)),
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where f 1s a real valued function defined on some domain and satisfies some as-
sumptions. Accordingly, their natural extended formats become

(3.1) $(a,b) = f(f~"(lal) + f7H(Ib]) — 1) — max(a, b);

(3.2) la,b) = f(f~ (lal) + F7H(Ib) = 1) — (a + b);

(3.3) $(a,b) = fF(f~(lal) + F7H(l) — 1) — g(a)b — g(b)a.

Clearly, if f(t) = Int, then the functions (3.1) and (3.2) reduce to those functions
(2.1) and (2.2). If f71(t) =t + 1 and g(t) = €*, then the function (3.3) reduces to
the function (2.3). In this Section, we provide a complete discussion on under what

conditions of f, (f~!)’ and g, the above functions defined as in (3.1), (3.2) and (3.3)
will be NCP functions.

Proposition 3.1. Suppose [ is a real valued function defined on R with f(1) =0
and f|; denotes the restricted function of f on I T R. If f|; satisfies one of the
following conditions:

(a) flr:[1,0¢) = [0,00) is invertible, or

(b) flr: (—oc,1] = [0, 00) is invertible,
then ¢(a,b) = f(f ' (la]) + £ 1(|b]) — £71(0)) — max(a,b) is an NCP function.

Proof. (a) Without loss of ambiguity, we still use [ instead of f|; in our analysis.
Since f : [1,00) — [0, oc) is invertible and f(1) = 0, f is strictly monotone increasing
on [1,00). In addition, f~! is also strictly monotone increasing. To verify that ¢ is
an NCP function, we need to show that ¢ satisfies condition (1.3).

“=" Suppose ¢(a,b) = 0, we consider the two regions on the a, b-plane which are
a=>bandb>a.

Case (1): If a > b, then f(f~Y(la]) + f71(|b])) — f71(0)) = max(a,b) = a. Since
FYal) + (b)) — £ 1(0) > 1 and f is strictly monotone increasing on [1,0c),
soa= f(f~!(lal) + £7(lb]) — £71(0)) = £(1) = 0. Then, f~1([b]) -1 = f"}(a) -
f~Y(]a|) = 0 since a is nonnegative. This says b= 0, a > 0.

Case (2): If b > a, by the symmetric form of the function, we obtain a =0, b > 0.
Therefore, a 20, b=0o0r b =0, a = 0. This is equivalent toa = 0, b = 0, ab = 0.
“4«=" Conversely, suppose that a > 0, b > 0, ab = 0. Then, we have a > (0, b=0or
b=0,a>0.Ifa>0, b=0,itis clear that ¢(a,b) =|a| —a=0. Ifb=0, a >0,
it is also clear that ¢(a,b) = |b| — b= 0.

(b) Since f : (—oc, 1] — [0,00) is invertible and f(1) = 0, f is strictly monotone
decreasing. In addition, f ' is also strictly monotone decreasing. Next, we show
that ¢ is an NCP function.

“=" Suppose ¢(a,b) = 0, we consider the two regions on the a, b-plane which are
a>band b > a.

Case (1): If @ > b, then f(f_lﬂﬂn + f_l“b” 5 f_lm}) = g. Since f_l( al) +
f 3(|t'?'|) — 1 (0) < 1 and f is strictly monotone decreasing on (—oc, 1], a =
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FUla)+£71(0) — £71(0)) = £(1) = 0. Then, f~H(|8))—1 = f~(a)—

0 since a is nonnegative. Hence b= 0, a = 0.

Case (2): If b = a, by the symmetric form of the function, we obtain that a
, b > 0. Therefore, a > 0, b = 0or b =10, a > 0. This is equivalent

0
a>=0,b>=20 ab=20.

357

“«=" Conversely, suppose that ¢ > 0, b > 0, ab = 0. Then, we have a =2 0, b= 0

orb=0,a >0 Fora>0, b=0,itis clear that ¢(a,b) = |a|
b=10, a =0, it is also trivial that ¢(a,b) = |b| — b= 0. O

a = (. For

Example 3.2. Here are examples of [ satisfying condition in Proposition 3.1{a).

{l} fl“ { l}|[1 oc)
(2) fa(t) =n(®)]; .-
(3) f3(t) = (¢t - V2| -
(4) falt) = (t - l)”r [1,00)"
Then, their corresponding NCP functions are as below
(1) ¢, (a,b) = |a| + |b] — max(a, b).
(2) ¢;,(a,b) =In(e ol + elbl — 1) — max(a, b).
(3) ¢y, (a,b) = |(a,b)]|2 — max(a,b).
(4) ¢, (a,b) = ||(a,b)||s — max(a,b).

(a) Graph of ¢ ;, in Example 3.2 (b) Graph of ¢ s, in Example 3.2

(c) Graph of ¢ s, in Example 3.2 (d) Graph of ¢ s, in Example 3.2

Ficure 1. Graphs of NCP [unctions shown in Example 3.2
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For the case of Proposition 3.1(h), since every strictly monotone decreasing func-
tion can be produced by adding a negative sign to the strictly monotone increasing
function, the examples for Proposition 3.1(b) can be obtained immediately from
Example 3.2.

Proposition 3.3. Suppose [ is a continuously differentiable real valued function
with f(1) = 0. If f satisfies the following condilions:

(1) f:[1,00) = [0,00) s tnvertible, and
(ii) (f~1) is strictly monotone on [0, 00),

then ¢(a,b) = f(f '(lal) + F (b)) — £71(0)) — (a + b) is an NCP function.

Proof. To verify that ¢ is an NCP function, we need to show that ¢ is equal to
zero only on the nonnegative sides of the a, b-axes. To proceed, we have to check
the four quadrants on the a, b-plane. For the analysis of the second, third, and the
fourth quadrant, we only use the monotonicity of f~!. We need the monotonicity
of (f~1) only when analyzing the first quadrant.

Case (1): Suppose a > 0 and b > 0. If (f~1)’ is strictly monotone increasing on
[0, 0c), then we have

a+b
la—-— - 1 _ lr:r.:x;
£ b}fib}];(f Y (z)d

¢ 1KY
> [0 @
= f"!(a) = f7(0)
= f1(a) - 1.

Thus, 1 < f~'(a)+ f 1 (b)—1 < f~}(a+b). Since f is strictly monotone increasing
on [1, 00), so

FUMa)+ ) =1 < f(f Ha+b) =a+b.
Thus,
d(a,b) = f(fHa)+ f71(b) —1) — (a + b) < 0.

If (f 1) is strictly monotone decreasing on [0, oc), then we have
+b

1__1:ﬂ 1Y () de
f\a b}f(b}fb(f Y(z)d

Thus, 1 < f 1(a+b) < f (a)+ f 1(b)— 1. Since f is strictly monotone increasing
on |1, 00), we see

FEHa)+ FUB) —1) > f(f Ma+b)=a+b
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Then, it is clear that
d(a,b) = f(fa) + f7L(b) — 1) — (a + b) > 0.

Case (2): Suppose a < 0 and b > 0. Under this case, if a+b > 0, since f ! is strictly
monotone increasing on [0, o0), so we have f=1(|b]) — f~1(0) > f~Ha+b)— f~(|a|).
Thus,
FHa) + e = 1> fH (a+b) > 1.

Since f is strictly monotone increasing on [1, o0), we have

FUHal) + £7HB) = 1) > f(fHa + b)) =a+b.
If a+b <0, westill have f(f '(|la|) + £ 1(|b]) — 1) > a+ b because f is positive on
(1,00) and f *(|a|) + f '(|b]) — 1 > 1. Thus, there holds

¢(a,b) = f(f7 (lal) + F7H(J6]) — 1) = (a+ ) > 0.

Case (3): Suppose a < 0 and b < 0. Since f~(Ja])+ f71(|b)) =1 > 1, f(1) = 0, and
f is strictly monotone inereasing on [1,0c), f(f~!(la|) + f~1(|8]) — 1) > 0. Thus,
we have

#(a,b) = f(f (lal) + f7H(Ib]) = 1) = (@ +b) > 0.

Case (4): Suppose a > 0 and b < 0. This case is the symmetric case of a < (0,6 > 0.
Thus, there holds

B(a,b) = F(f (lal) + £ (b)) = 1) —a+b>0.

Case (5): Suppose a >0, b=0ora =10, b > 0. In this case, ¢ is zero.
Case (6): Suppose a <0, b=0o0r a =0, b < 0. In this case, ¢ is positive.

In summary, ¢ is zero only on the nonnegative sides of a, b-axes. O

By similar arguments as in Proposition 3.3, we can conclude the results when f
is strictly monotone decreasing.

Proposition 3.4. Suppoese f is a continuously differentiable real valued function
with f(1) = 0. If f satisfies the following conditions:

(i) f:(—oc,1] — [0,00) is invertible, and

(ii) (f~1) is strictly monotone on [0, o0),

then ¢(a,b) = f(f 1(|lal]) + fF (b)) — £ 1(0)) — (a + b) is an NCP function.

Example 3.5. Here are examples of f satisfying the conditions in Proposition 3.3.
(1) A = @),
(2} JFIE“'} = “‘ l}l’f?h]?mj.
(3) fa(t) = (¢ = )5 -
Then, their corresponding NCP functions are as below.
(1) ¢, (a,b) =In(e a4+ elfl — 1) — (a +b).
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(2) ¢,,(a,b) = ||(a,b)|lz — (a +b).
(3) ¢, (a,b) = |l(a,b)|ls — (a+b).

{a) Graph ol ¢, in Example 3.5 (b} Graph of ¢, in Example 3.5

() Graph of & s, iD Example 3.5
FIGURE 2. Graphs of NCP functions shown in Example 3.5

Proposition 3.3 provides the sufficient condition of f and (f~!)’ making ¢ to
be an NCP function. However, it is not the necessary condition. There are some
choices of f such that (f~!)' is neither strictly monotone increasing nor decreasing.
Below are two counterexamples of [ providing that ¢ is also an NCP function,

Example 3.6. Let f be a real valued function defined by

—/38—2t+6, if 1<t<185.
fB) =4 V2t—36+4, if 185 <t <20.
£ —4, if 20<t¢t.

Then, we compute that

L 46t+1, if 0<t<5,

FA) =8 2 —4t+26, if 5<t<6.
2t + 8, if 6 <t
and
—t+6, if 0<t<5.
(fTHY@#)=¢ t—4, if 5<t<6.
2, if 6<t.

Consider ¢(a,b) = f(f~1(|la]) + F~1(|8]) — F~1(0)) — (a + b), we see that ¢ is zero

on the nonnegative sides of the a,b-axes and positive on the negative sides of the
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a, b-axes. In addition, by using the monotonicity of f !, ¢ is positive on the second,
third, and fourth quadrant due to Proposition 3.3. Thus, we ounly have to check
the value of ¢ on the first quadrant. From the expression of (f~1), we can draw a
diagram of the function and easily find that fU‘I(f—ljf'{.f,}dg, > fbﬂ | ﬁ(f_l)’(i'.]dé for all
a,b > 0. This implies
fTHa) =1> fHa+b) - f7H(b)

— fHa)+ ) -1> fHa+b)>1

= [T @+ O -1D)>f(fa+b) =a+b

= [T @)+ T -1~ (a+b) >0,
which says ¢(a,b) > 0 on the first quadrant. Hence, ¢ is an NCP function.

r ]
| —vBE—Ir+6 if1=z<1an
Arl=y JE-T6+4 if s cxc® .
| =z HETE: | Z.:,_—.h; Gzzoh
e} = f 27
I ‘! dr+d if 3z
/.’___.. i'.'{1-.l i [
- |

(c) Graph of (f~')" in Example 3.6

FicUrRE 3. Graph of f, f~! and (f~!) in Example 3.6

Example 3.7. Let f be a real valued function defined by
Va2t —1-—1, if 1<t<18.5.
fity=4 —v=2t+73+11, if 185<t<24.

V2t — 2341, if 24 <t

Then, we compute that

L +e+1, if 0<t<5,
=9 -S+11t-24, if 5<t<6.
=i if 6<t.

and
t+1, if 0<t¢t<5.

(YY) ={ —t+11, if 5<t<6.
S if 6<t.
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Consider ¢(a,b) = f(f~(la]) + F71(B]) — £F71(0)) — (a + b), we see that ¢ is zero
on the nonnegative sides of the a, b-axes and positive on the negative sides of the
a, b-axes. In addition, by using the monotonicity of f~1, ¢ is positive on the second,
third, and fourth quadrant due to Proposition 3.3. Thus, we only have to check
the value of ¢ on the first quadrant. From the expression of (f~!), we can draw

a diagram of the function and easily find that [j'(f 1) (2)dz < fﬁ“%{ Y (z)dx
Ya,b > 0. This implies
fTHa) 1< fTHa+b) — f7H(b)
= l<f Y a)+f'®)-1<f a+b)
— S @+ T B - D) < U a+ b)) =a+b
= [T @)+ ) - 1) — (a+b) <0,
which says ¢(a,b) < 0 on the first quadrant. Hence, ¢ is an NCP function.

YECL i Log s !
Jial = —“ESTA0 i BSgas M ' |'I LA | if Beh
FEE A 41 i mEE ¥

(¢) Graph of (f~1)' in Example 3.7

FIGURE 4. Graphs of f, f~! and (f~!)’ in Example 3.7

(a) Graph of ¢ in Example 3.6 (b) Graph of ¢ in Example 3.7

FIGURE 5. Graphs of two ¢ functions in Example 3.6 and Example 3.7
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There 1s a possibility to further extend the NCP function of Proposition 3.3.
We find that we can add another functions satisfying some conditions in front of
the terms negative ¢ and negative b, a class of totally new NCP functions will be
formulated. We elaborate it in the next proposition.

Proposition 3.8. Suppose [ is a continuously differentiable real valued function
with f(1) = 0 and g is a real valued function with g(0) = 1. If f and g satisfy the
following conditions:
(i) f:[1,00) = [0,0¢) is invertible;
(ii) (f~1) is strictly monotone increasing;
(iii) g(0) =1, g(t) = 1Vt >0, and 1 > g(i) > Tl vt < 0.

Then, ¢(a,b) = F(f~ a|)+f71(b)— f71(0)) - (g(b)a+g(a)b) is an NCP function.

Proof. To show that ¢ is an NCP function, we have to verify that ¢ is zero only on
the nonnegative sides of the a, b-axes. To this end, we check all the regions of the
a, b-plane.

Case (1): Suppose a > 0 and b > 0. By Proposition 3.3, we have
FOFM(al) + £71(B) = 1) < a+b < g(b)a + g(a)b,
which yields
FUF (al) + £72(18) = 1) = (g(b)a + g(a)b) < 0.
Case (2): Suppose a < 0 and b > 0. By Proposition 3.3, we have
U al) + F7H(b]) = 1) > a + b > g(b)a+ g(a)b,
which implies

FOE N al) + £7H(B]) = 1) = (g(b)a + g(a)b) > 0.

Case (3): Suppose a < 0 and b < 0. Since f ! and (f ')’ are both strictly monotone
increasing on [0, o), we know that f ! is strictly convex on [0, 0). This indicates
that

f_lilﬂlJ t f_1{|b|_} I}Zf_l (|a|—2|—|b|) l::-f_l ( a ‘2" ‘5|) =

In addition, using f being strictly monotone increasing on [1, oo}, it gives

(7 (lal) + £ 1{|an_1;.}f(zf (%) _1)

> f (f—l (Ialzl Ibl)) _ Ialé bl

Thus, we obtain
la| + [b]

fUFlal) + £77(10]) = 1) = g(b)a — g(a)b > ——— — (g(b)a + g(a)b)
i

=5 (sgn(a) — 2g(b)) +% (sgn(b) — 2g(a))
> (.
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Case (4): Suppose a > (0 and b < 0. This case is the symmetric case of a < 0, b > 0.
Due to

FE lal) + £71() = 1) > a+ b 2 g(b)a + g(a)b,

it 1s clear to see
FU(al) + F71(Bl) — 1) = (g(b)a + g(a)b) > 0.

Case (5): Suppose a > 0,b=0or a = 0,b > 0. In this case, ¢ is zero.
Case (6): Suppose a < 0,b=0o0r a =0,b < 0. In this case, ¢ is positive.

From all the above, ¢ is zero only on the nonnegative sides of the a, b-axes. Hence,
¢ is an NCP function. O

Example 3.9. Here are examples of f and g satisfying those conditions in Propo-
sition 3.8.

(a) Three examples for function f:
(a) fi1(t) = 1““‘”:1,@0}'
(b) fot) = (£ - )V .
(©) f3(t) = (t - DY3| | ..

(b) Three examples for function g:
(a) g1(t) = €'
(b) g2(t) = 4;;:11
(€) ga(t) = YEHE

P

Then, applying those f and g functions in Example 3.9, we can generate the
following nine NCP functions.

d1(a,b) = In(el® + el — 1) — eba — e,
4—e® 4—e¢
: _ Ja| o lbl
da(a,b) In(e' + e 1) TPE L e b,
/52 /2
¢3(a,b) = 111{&'” 4 elbl — 1) — b }24 ; E}a— a4 ;4 } ah,
d1(a,b) = |(a,b)]l2 — ¢’a — e,

4—e® 4—e "

#5(a,t) = @bz~ 1550~ T aab
bo(@b) = labla— Ytitl, Veidta,
$r(ab) = (ab)]s — eba— e,

G e ([ e s e

ST 1+ 20" T 1420

| B2 A4 b M+a
do(a,b) = ll(a,b)lls — ————a— ————b
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FiGurE 6. Graph of g functions given in Example 3.9

(a) Graph of ¢ from Example 3.9 (b) Graph of ¢2 from Example 3.9

(c) Graph of ¢3 from Example 3.9  (d) Graph of ¢4 from Example 3.9

RN

(e) Graph of ¢5 from Example 3.9  (f) Graph of ¢ from Example 3.9
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axin
= & & - 8 B

(g) Graph of ¢+ from Example 3.9  (h) Graph of ¢z from Example 3.9

(i) Graph of ¢¢ from Example 3.9

FiGUurE 7. Graphs of generated NCP functions by Proposition 3.8

The next proposition is a counterpart to Proposition 3.4 whose arguments are
quite similar to those for Proposition 3.8 by using the monotonicity and concavity
of f~1 on [0, ¢). We omit the proof.

Proposition 3.10. Suppose [ is a confinuously differentiable real valued function
with f(1) = 0 and g is a real valued function with g(0) = 1. If f and g satisfy the
following conditions:
(i) f:(—00,1] = [0,00) is invertible,
(ii) (f 1) is strictly monotone decreasing;
(iii) g(0) =1, g(t) > 1Vt >0, and 1 > g(t) > 3L V& < 0.

Then, ¢(a,b) = f(f~(Ja])+ f7(|B]) = f71(0)) — (g(b)a+g(a)b) is an NCP function.

In Proposition 3.8, if we use f(t) = £t—1, then we have f(f~!(|a|)+ f~1(|8]))-1) =
la| + |b]. In this case, (f ')’ is not strictly monotone increasing. Nonetheless, we
find that if the function g satisfies the strict inequality condition rather than the
equality condition on (0, oc), then ¢ will be an NCP function. Thus, we take it
as an extended case of Proposition 3.8. The following type of NCP functions was
discovered in [2], which is connected to Proposition 3.8 in this paper.

Remark 3.11. Suppose that ¢(a,b) = |a| + |b| — (g(a)b + g(b)a), where
g R—=R, g0)=1, g(t) >1¥t>0, and 1 > g(t) > -1Vt < 0.
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Then, ¢ is an NCP function. Note that the third condition 1 > g(t) > —1, ¥t < 0
is a bit weaker than 1 > g(t) > —%, ¥t < 0, appeared in Proposition 3.8 and
Proposition 3.10. This is because that our analysis involve both f and g, whereas
the one in (2] only use g.

Example 3.12. For Remark 3.11, we point out that the same examples of g as in
Example 3.9 also satisfy the conditions in Remark 3.11.

1) a®)=e.
(2) ga(t) = .
(3) gs(t) = VAL,

Then, their corresponding NCP functions are as below.

! _ b i
(1) &, (a,b) = |a| + |b] — e’a — b,

—e— b —e 2
(2) ¢,,(a,b) =|a| + |b] — =£=5a — {=£<b.

(3) ¢,,(a,b) = |a| + |b] — LEEt, _ YaTidiay,

;

{a) Graph of ¢, Example 3.12 (b) Graph of ¢,, Example 3.12

P i 4 bands

(c) Graph of ¢, Example 3.12

FioUrE 8. Graphs of NCP functions generated in Example 3.12
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4. CONCLUSION

In this paper, we present a novel idea to construct NCP functions by using certain
invertible functions. This can produce a very large pool of new NCP functions. In
general, the NCP functions we discover are neither convex nor differentiable on the
whole domain. However, it will be interesting to study whether they are semismooth

or not. Numerical side lies in clarifying what types of generated NCP functions can
be employed to real algorithms. We leave them as our future resecarch directions.

1]
2]
3]
4]

5]

6]
7]

8]
9]

[10]
1]
[12]

[13]

14]
15]

[16]

REFERENCES

J. H. Alcantara and J.-5. Chen, A novel generalization of the natural residual function and a
neural network approach for the NCP, Neurocomputing 413 (2020), 368 382.

J. H. Alcantara, C.-H. Lee, C. T. Nguven, Y.-L. Chang, and J.-S8. Chen, On construction of
new NCP functions, Oper. Res. Lett. 48 (2020), 115-121.

J-S. Chen, On some NCP-functions based on the generalized Fischer-Burmeister function,
Asia-Pac. J. Oper. Res. 24 (2007), 401-420.

J.-5. Chen, C-H. Ko, and X.-R. Wu, Whal 15 the generalizalion of natural residual funcltion
for NCF, Pac. J. Optim. 12 (2016), 19-27.

F. H. Clarke, Optimization and Nonsmooth Analysis, Wiley, New York, 1983

F. Facchinei and J.-8. Pang, Finite-dimensional variational inegquality and complementarity
problems, Springer-Verlag (New York), 1 (2003), 1-10.

M. C. Ferris and J.-5S. Pang, Engineering and economic applications of complementarity prob-
lems, SIAM Review 39 (1997), 669-713.

A. Fischer, A special Newton-type eptimization metheds, Optimization 24 (1992), 269284,
A. Galantai, Properties and construction of NCP functions, Comput. Optim. Appl. 52 (2012),
805-824.

C. Kanzow, Nonlinear complementarity as unconstrained optimization, J. Optim. Theory Appl.
88 (1996), 139-155.

C. Kanzow, N. Yamashita, and M. Fukushima, New NCFP-Functions and Their Properties, J.
Optim. Theory Appl. 94 (1997), 115-135.

T. D. Luca, F. Facchinei, and C. Kanzow, I Semismooth Egquation Approach To The Solulion
Of Nonlinear Complementarity Problems, Math. Program. 75 (1996), 407-439.

Z.-Q. Luo and P. Tseng, A new class of merit functions for the nonlinear complementarity
problem, In: Ferris, M.C., Pang, J.S. (eds.) Complementarity and Variational Problems: State
of the Art, 204-225. SIAM, Philadelphia, 1997,

P.-F. Ma, J.-5. Chen, C-H. Huang, and C.-H. Ko, Discovery of new complementarity functions
for NCP and SOCCP, Comput. Appl. Math. 37 (2018), 5727-5749.

(. L. Mangasarian, Fpuivalence of the Complementarily Problem to a System of Nonlinear
Egquations, SIAM J. Appl. Math. 31 {1976), 89-92.

I1.-Y. Tsai and J.-5. Chen, Geomelric views of the generalized Fischer-Burmeister funciion
and its induced merit function, Appl. Math. Comput. 237 (2014), 31 59.

Manuscript recetved 26 Awgust 2020
revised 16 Oetober 2020



USING INVERTIBELE FUNCTIONS TO CONSTRUCT NCP FUNCTIONS 369

C.-H. LEE
Department of Mathematics, National Taiwan Normal University, Taipei 11677, Taiwan

E-mail address: alien1212762@8gmail.com

C.-C. Hu
Department of Mathematics, National Taiwan Normal University, Taipei 11677, Taiwan

E-mail address: cchul@ntnu.edu. tw

J.-5. CHEN
Department of Mathematics, National Taiwan Normal University, Taipei 11677, Taiwan

E-mail address: jschen@math.ntnu. edu. tw



	p1
	p2
	p3
	p4
	p5
	p6
	p7
	p8
	p9
	p10
	p11
	p12
	p13
	p14
	p15
	p16
	p17
	p18
	p19
	p20
	p21
	p22
	p23

