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Abstract

In this paper, we consider a class of stochastic inverse linear semidefinite optimal
value problems, in which the forward problem is a linear semidefinite programming
problem (LSDP), and the data in its constraints is affected by a random variable.
Under some mild assumptions for LSDP, the corresponding inverse optimal value
problem can be reformulated as a mathematical program with stochastic linear
semidefinite complementarity constraints (MPSLSDCC). By employing the tech-
niques of sample average approximation (SAA), we construct a series of smooth
SAA subproblems and transform them into nonlinear semidefinite programming
problems by utilizing the smooth Fischer-Burmeister function for linear semidefi-
nite complementarity constraints. In addition, we prove that the sequence of global
minimizer (respectively, KKT point) of these SAA subproblems converge with
probability one (w.p.1) to a global minimizer (respectively, an S-stationary point)
of MPSLSDCC under mild assumptions. Finally, some numerical experiments are
presented to show the ability of our method for solving the given stochastic linear
semidefinite inverse optimal value problems.

Keywords Inverse optimal value problem - Sample average approach - Stationary
points

1 Introduction

Inverse optimization problems have wide applications in network flow problems,
transportation problems, and portfolio optimization. The systematic study on inverse
problems began in some shortest paths problems initially analyzed by Burton and
Toint [4], whose results triggered a series of contributions on inverse network prob-
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lems [2, 3, 5, 9, 25, 26]. After that, several special inverse continuous optimization
models appear in the literature [10, 12, 13, 17, 19, 20, 23, 24, 27, 28], which include
inverse linear programming problems [23, 24], inverse quadratic programming prob-
lems [27], inverse second-order cone programming problems [28], inverse positive
semidefinite cone programming problems [12, 13, 17, 19, 20] and inverse conic pro-
gramming problems [10].

As a variant of inverse optimization problem, an inverse optimal value problem
aims to adjust parameter values in an optimization model that makes the optimal
objective value closest to a given target value. Some applications on inverse opti-
mal value problems for combinatorial models include the minimum spanning tree
problem [11, 15, 21, 22] and the shortest paths problem [29]. For the field of continu-
ous optimization problems, Ahmed and Guan [1] discussed the linear programming
problem, i.c.,

min ¢’z, st. Az <b, (1)

xT

where z € R", A € R™*"™ b € R", ¢ € R" and the corresponding inverse optimal
value problem (IOVP) is given by

1
min i(Q(C) —v*)% st ceCi={ceR":cF<c; <V ien]:=1,2,---,n}, (2)

where ¢, ¢V € R™ are respectively the lower and the upper bound of cost vectors,
v* is the pre-specified objective value of (1), O(c) is the optimal value of (1) under

the parameter ¢, i.e.,

Q(c) :=min {c"z: Az < b} .

They proved that the above IOVP (2) under the given data (4, b) is NP-hard and
obtain the optimal parameter by solving a series of linear and bilinear programming
problems under some special assumptions.

During the past three decades, linear semidefinite programming (LSDP) has drawn
great attention in optimization, engineering, and economics, which can be viewed as
an important generalization of linear programming and has the following form

min 'z, st. A(z) - BeS™, 3)

x

where ¢ € R”, S denotes the collection of m-dimensional real symmetric matrices,
A(-) : R™ — S™ is a linear operator, whose definition is

A(x) = Az + Agzo + - -+ Apy
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with Ay, Ao, -+, A, € S™, B € S™ and S™ denotes the collection of m-dimen-
sional real symmetric negative semidefinite matrices. In this article, we consider the
corresponding inverse optimal value problem of LSDP (3), an idea similar to the one
in [1], under some mild assumptions (such as problem (3) has an attainable optimal
value and the associated Slater’s condition holds, i.e., there exists a vector Z € R™
such that A(Z) — B € S™_, where S™_ denotes the collection of m-dimensional real

symmetric negative definite matrices), it can be transformed into the following opti-
mization problem with a linear semidefinite complementarity constraint

: 1 T *\2
min  o(cz—v7),
st. <<V, (ALY) +¢ =0, i€ [n),

, <t
A(z)—BeS™, Y €S, (A(x)— B,Y) =0,

where Y € S’ means that Y is positive semidefinite, (-,-) denotes the trace inner
product defined in S™, i.e., (W, V) := Tr (WV) for any given W,V € S™. Notice
that the parameters of LSDP are often obtained from historical data or experiments
when modeling practical problems and have strong statistical features. To the best of
our knowledge, there is no discussion about inverse optimal value problems under
data uncertainty.

Assume that the data (Ay,--- , A,, B) are affected by a random variable £ and
consider the following stochastic linear semidefinite inverse optimal value problem
(SLSDIOVP)

mi1}1/ %(CTl‘ —v*)?,
st L<e, <V, (E[Ai(€)],Y) +¢ =0, i€ [n], )

ELAE.2) - BE)] € 57, ¥ € 8. (B[A(,2) — BE).Y) =0,

where the operator A(¢, -) is given by
A&, x) = A (Oz1 + Ao(Ema + -+ + Ap()Tn, T := (21,22,-- ,2,)". (5)

For notational simplicity, we also denote A*(&,-) the adjoint of A(&, -), which is
given by

A (EY) = [(A1(€),Y), (A2(6),Y), -, {(Au(6), V)", Yes™  (6)

However, it is often difficult to calculate mathematical expectations, particularly in
computing high-dimensional integrals. To tackle this hurdle, an auxiliary approxi-
mate subproblem of (4) is constructed by using the sample average approximation
(SAA). Suppose that a sample set {£;, -+, {n } of N realizations of random vector £
is obtained, and assume that each random vector &; (¢ = 1,--- , N) is independently
identically distributed, the corresponding SAA subproblems (SAA-SLSDIOVP) of
(4) are described by
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1
min = (cTz —v*)?
c,z,Y 2

o L
st ¢

\ /\

<ec 1 S - =0. 1
< N ]; i(&k),Y ) +¢ =0, i€ [n], %)
N N
Z (ér,7) — B(&)] €S™, Y € ST, < ST IAGr 2) — B, Y> =0.
k;:

k=1

It is easy to see that the above SAA subproblems can be viewed as mathematical pro-
grams with linear semidefinite complementarity constraints (MPLSDCC). Compared
with the traditional nonlinear programming problems (NLP), the concepts in station-
ary point for NLP are not suitable for MPLSDCC, therefore we also need to discuss
these theoretical issues on MPLSDCC.

In this paper, we use the smooth Fischer-Burmeister function to deal with linear
semidefinite complementarity constraints that appeared in problem (7) and transform
the associated smooth SAA subproblems of the given inverse optimal value problem
into nonlinear semidefinite programming problems (NSDP). In addition, we prove
that the sequence of global minimizer (respectively, KKT point) of these SAA sub-
problems converge with probability one (w.p.1) to a global minimizer (respectively,
an S-stationary point) of SISDIOVP (4) under mild assumptions. Some numerical
experiments are presented to show the ability of our method for solving the given
stochastic linear semidefinite inverse optimal value problems.

The remainder of this article is organized as follows. In Sect. 2, we present some
preliminaries about stationary points in MPLSDCC and the smooth Fischer-Bur-
meister function for linear semidefinite complementarity constraint in MPLSDCC.
In Sect. 3, we discuss the relationship between the solutions of smooth SAA sub-
problems defined as in (18) with the one in problem (4) and show the associated
convergence results. In Sect. 4, we conduct some numerical experiments to test the
performance of our proposed method. Finally, some concluding remarks are drawn
in Sect. 5.

To close this section, we say a few words about notations. Through out this paper,
we denote by z := (¢, z,Y) and

f(z) = %(CTJT —v*)?, G(z) =Y,

g1(z) ==c—cF, g2(2) i=c—c

N
hi(2) = (E[Ai(§)].Y) + i, h¥(2) = ;Z[Ai(gk’)]vy> +e, ()

x>
Il
—

2 Preliminaries

For any given W € S™, it is known that it admits eigenvalue decomposition
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Ao
W =P 0

P, ©
A’Y

where P € S™ is an orthogonal matrix such that PT P = PPT = I, I,,, denotes
the m-dimensional entity matrix, «, 3, are three index sets whose definitions are
given by

a:={jem]: \;(W) >0}, B:={jelm]: \;(W) =0}, v:={j€lm]: \(W) <0},

where [m] := {1,2,--- ,m}. Here A, is a diagonal matrix whose entries are all real
positive eigenvalues of W € S™ and A, is a diagonal matrix whose entries are all
real negative eigenvalues of W € S™. In addition, we define X,Y € S™ such that
W = X 4+ Y. In particular, we define X and Y as

Ay Oa

X =gy (W) =P 0 PT Y =Mgm(W)=P 0p PT(10)

O’Y s
where Ilgr () denotes the projection operator onto S and Ilgm (-) denotes the pro-

jection operator onto S”". For subsequent need, we denote the matrix ¥ € S™ with

entries

max{\;(W),0} — max{\;(W),0}
X(W) = A, (W) ’

Zij = i7j:1,...,n, (11)
where 0/0 is defined to be 1.

As mentioned in Sect. 1, concepts in stationary points in NLP are unsuitable to
MPLSDCC. In light of the description of stationary points introduced in [18], for
notional simplicity, we rewrite problem (4) as

min  f(z)

st.  hi(2)=0, i €n],
91(2) 20, g2(2) <0, (12)
G(z) € ST, H(z) € S", (G(z),H(z)) =0,

where f, h, g1, 92, G, H are defined as in (8). Similarly, problem (7) can be recast as

min  f(z)
st. h¥(2)=0, icn],
91(2) 2 0, g2(z) <0,
G(z) € ST, HN(2) € S™, (G(2),H (2)) = 0.

(13)

Now, we present some concepts in stationary points of (4) in light of model (12).
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Definition 2.1 (Definition 3.3 in [18]) Let z* be a feasible point of problem (12) and
W = G(z*) + H(z*) has an eigenvalue decomposition as in (9).

(a) We say that z* is a W-stationary point of problem (12), if there exist A\; € R",
a1 € R™, A7, € R*, I', € S™ and I';; € S™ such that

VIE) + TN+ T 912N + Tg2(2) Mg + TG(2") T + TH(Z) Ty = 0,
A1 £ 0,{g1(2%), Azy) = 0,
>\ 20, (g2(2 )J\gz) 0,
) - 0 (FG)0/3 - 0 (FG)ﬂa = 0 (14)
)~ =0,(I%)ys =0, (FH)Bw =0,
I&)ay + (Bay = Bas) © (Fip)ay = 0,

(
(

e

G
H
(
where ¥ € S is defined as in (11), T, = PTT,P, I, = PTT% P with the
orthogonal matrix P defined as in (9), E is an m X m matrix whose entries are all
ones, o denotes the Hadamard product and Jh(z*), Jg1(2*), T g2(2*), TG(x*)
and JH (z*) denote the Jacobian of A, g1, g2, G and H at z*, JG(z*)* and
JH(z*)* denote the adjoint of JG(z*) and J H(z*).

O

(b) We say that z* is an S-stationary point of problem (12), if there exist A\j € R",
51 ER" AL, € R, TG € S™ and T, € S™ such that (14) holds and

(Te)ps € SV, (T%)ps € SIE.

A popular way for dealing with linear semidefinite complementarity constraints in
MPLSDCC appeared in (12) is to transform it into one or a sequence of equations
by utilizing smooth nonlinear complementarity functions. For instance, Chen and
Tseng [6] introduces several smooth nonlinear complementarity functions for analyz-
ing optimality conditions for MPLSDCC. In this paper, we use the smooth Fischer-
Burmeister (FB) function in the sequel, whose definition is given by

P (X,Y)=X —Y — (X2 + Y2+ 2,%I)3, (15)

where X € S, Y € S™ and p > 0. It follows from [8, Corollary 4.1] that the smooth
FB function has the following properties:

P,(X,Y) =0 as p—0 = XeS7, YeS" (X,Y)=0. (16)

Moreover, for any ¢ > 0 and X,Y,U,V € S, the smooth FB function ®,,(X,Y")
is differentiable and

Vx®, (X, Y)U)=U-! L(Lx(U)),
X@u(X Y)( ) (X_21+Y2+2#21)§( x(0)) a”
Vy®, (X, )(V)f*V+ﬁ(XQWQHHQI)%(£<_y>(V)),
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where £ denotes the Lyapunov operator, i.e., forany X € S™, Lx(Y):= XY+Y X,
Y € S™ with L" being its inverse (if it exists), i.e., forany Y € S™, Ly (Y) is the
unique Z € S™ satisfying XZ + ZX =Y.

3 The SAA method and convergence results

Due to the appearance of mathematical expectations in the stochastic model (4) (and
(12)), the sample average approximation (SAA) method is introduced that uses the
(quasi) Monte Carlo method to transform the expectation terms into the deterministic
summation structures under a given sample set.

In this section, we follow the SAA method to construct the corresponding sub-
problems defined as in (7) (and (13)). In light of the smooth FB function (15), we
propose the below model to approximate the problem (7) (and (13))

min (2)

st. h'(2) =0, i¢€n],
91(2) > 0, go(z) <0, (18)
. (G(2), HY (2)) = 0,

where f,h"™, g1, g2, G, HY are defined as in (8) and 1V is a sequence of positive sca-
lars that depend on monotonically decreasing in N such that ¥ — 0 as N — 4-o0.

To proceed, we present a technical lemma that describes the convergence proper-
ties of constraints function in (18).

Lemma 3.1 Let zy be a feasible point of problem (18), if zx converges with prob-
ability one (w.p.1) to z* as N — +oo, then for any i € [n],

h¥ (2n) = ha(2"), (w.p.1)
V hN (z ) = Vehi(2*) = e, (w.p.1)
Vh ( N) = Vihi(z*) =0, (w.p.1)
Vyh¥ (zx) = Vyh (z7) = E[Ai(8)], (w.p.1)
HN ( ~) — H(z%), (w.p.1)
VHN( )%VH( *) =0, (w.p.1)
Vo HY Wan) = Vo H (2") = (B[A1 ()], E[A2(S)], - E[AL DT, (wpl)
VyHN(zy) = VyH(z*) =0, (w.p.1)
O,x (Gan), HY (2n)) = 2(G(2%) — Mg (G(27) + H(2")), (w.p.1)

where e; € R"™ is the i-th column of entity matrix I,,.

Proof 1t follows from the definitions of A, H, ®,,~, and [18, Lemma 2.4] that the
above conclusions hold. O

Let Q2 be the feasible set of problem (4) (and (12)) and €2y be the feasible set of
problem of (18). For notational convenience, we denote

@ Springer
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Fz) = f(2) +Ia(2), FY(2) = f(2) + Iy (2). (19)
where fis defined as in (8). The epigraph of fis denoted by epi f, i.e.,
epi f:={(z,w): f(z) < w}.

Before establishing the convergence results, we make the following assumption on
the operator .A(¢, -) and a technical lemma on the relations between (2, epi fn)
and (€2, epi f).

Assumption 3.1 The operator A(¢, -) defined as in (5) has the following property

E[A(&w)] =0 = w=0.

Lemma 3.2 Suppose that Assumption 3.1 holds. If N — +oo, then ({2y, epifn)—
(22, epif) (w.p.1).

(a) Proof For any z* € limsup{y, there exists zy € Qn such that
N —+oco

zy — z* (w.p.1) as N — +oo. Notice that the last three constraints in
problem (7) (and (13)) can be reformulated as

G(2) ~ sy (G(=) + H(2)) = 0 0)

due to the characterization of Hgrp. Applying Lemma 3.1 and (20), we have

I
A
—~
—~
*
~——

uv (Glan), HY (21)) = 2(G(2%) — Mgy (G(2*) + H(2")),

which imply that z* € Q. Therefore, we obtain lim sup Qy C Q (w.p.1).
N—+oco
On the other hand, for any 2* € €0, there exist u}. € RIVzl and N € RINol

that (2%, uly«, v« ) is also a feasible point of the following problem
NL NU

min f(z)
Zquzva[*]
s.t. hi(z) =0, i € [n],
q15(2) =0, jeIj,
gik(z) —ui =0, k € N},
gZp(Z) =0, pE Il*]a
g24(2 +v§ =0, ¢ € Ny,

2(G(2) — sy (G(2) + H(2))) = 0,

where h;, g1, go; are respectively the i-th entry of h;, g1, g2 and
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I} .={j€n]:q(z*) =0}, Nj:=[n]\I}, @)
I = A{p € [n] : 92, (") = 0}, Ny := [0\ I
Again, for notional simplicity, we define
(sh)i = hi(z*), i € [n]; (s51); = g15(2%), j € ( st )k = g1ke(2%) — (u})?, k € N},
(s52)p = 92p(2"), P € 1775 (832)q := g24(2") — ( ) s Q€N sG=G(2"); sy —H( ")

In view of the continuity of h, AN ,gl,gg, G,HN | H, there exist (sY); (i € [n])

s (sg1); (5 € IL), (sgi)k (k € NT), (sg2)p (PGIU) (sg2)q (¢ € Niy), S and
Sg satisfying

(sM); =0, i€[n]; (s 1); =0, jelj; (sf]\'l)kz(), k e N},
(sh)p =0, pelf; (s gz) =0, g€ Ng; ®n(sgy,s5) =0

N N N
and (sp),sh, sho, s, s) = (55,501,552, 56, 577) as N — 400, Next, we

(22)

introduce the following function

N h(z> Sh
gl(zyuNE) Sg1
P(Z,UNE,UN[’},Sh,Sgl,SgQ,SG,SH) = gQ<Z5UNf}) - Sg2 (23)
H(z) sa
G(2) SH
where §1(z, UNZ) and go(z, UN;J) are given by
G1(z,uns) = 9532) ) jen, ken: (24)
’ I glk(z) _ uk Ll ’ ’
g2(z, o) == 925(2) 2 pe ), qe N (25)
) o) g2q(2)+vq 9 U>» U-

Then, combining (23), (24) and (25) yields
P(z*,u*NE,v}‘V[*],SZ, 521, 522, s¢&ysy) = 0.
For any given perturbation pair (Az, Auy; , Avn: ), we set
M = \7(z’uNz7vN5)73(z*,uj‘vz,v]*\,§,5275;1,5;275875’}{), M(Az7AuNZ,AUN5) =0,

* * * * * * * * :
where j(z,uNz’vNa)P(z ,uNz,vNé,sh,sgl,sﬁ,sG,sH) denotes the partial
Jacobianof P withrespectto (z, un: , vn: ) at(z", UNw s UNs 5 ST 15 852, 56 str)

, which implies
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ﬁci +(E(Ai(€)), AY) =0, i€ [n],

Cj = 0, jE€ Iz,
Ack — 2uf(Auyg) =0, k € N7,
Ac, =0, p € I},
Acy + 205 (Avg) =0, q € N,
E[A(¢, Az)] = 0, AY =0.

where I}, N, Ij; and Ny; are defined as in (21). It follows from these equa-
tions and Assumption 3.1 that the given perturbation pair (Az, Auy:, Avyy )

are all equal to zero, which means that the operator M is onto. In addition, from
Clarke’s implicit function theory, there exist € > 0, 6 > 0 and a Lipschitz con-
tinuous function 7(-) : Bs(s};, s;1, 5p2, 55, Sir) — Be(z*,u}‘vz,vj‘\,é) with Lip-

schitz constant ¢ > 0 such that

77(527 3217 8;2v 587 S;I) = (Z*’ U*N}: ’ 'U;(Vl*/)

and for any (sn, sq1, 542, 5G, SH) € Bs(s}h, 551,852, 55, 37 ) satisfies the follow-
ing equation

P(U(Sha Sg1,5892, SG> SH)a ShySg1,Sg2, SG, SH) =0. (26)

When N is sufficiently large, we have

max Dn(z,uns,vn=) — (55,85, 8%, 5%, s5)|| < &
(ZJLNZ,UN;)GBe(Z*7UTVz7UTV{])|| N( s WNT > NU) (h’ glr»2g2>°H>» G)H = 7(27)

where 0" := min{d, (2¢) !¢} and D (2, un; , vn; ) is given by

h(z) = B (=) + s
?vl

H(z) — HN( )+ s
s

From the relationship (27) and the Lipschitz property of 7, for any
(z,un:,vNg ) € ]B%e(z*,u}‘vz,v}*va), we obtain

(D (2, un; ), vnz)) — 77(8h> 5155251 56 ||
< ol Dx(zun: rows ) = (555500 850 5500 55|
< o <¢€/2,

which shows that 7(Dx(-)) is a continuous function from the convex set

B (2%, uly-, v+ ) to itself. It follows from Brouwer’s fixed point theory
L U

that there exists a fixed point (zN,u%* vN*) € B, (z*,u*Nz,v}‘VB) such

that W(DN(ZN,U%E,U%;;))Z DN(ZN,U%FU%;)- and (zN,u%Z,v%E)ﬁ

(2%, u’jvz , v}‘\,ﬁ) as N — +oc. In addition, from (26) and (27), we also obtain that
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,DN(ZNvu%*) UN*) € B. ((S;ku ;178;27577’8*6‘)) andp(n(DN(szu%27v%L*,))

DN(ZN,U]NV* uN: )= 0, e,

h(ZN) — (h(Z]\)]) — hN(ZN) + 82\1) = 0,

g1(z2n) = (s51); =0, Jely,
g1e(zn) = (ug)? — (sh)r = 0, ke Ny,
g2p(2n) — (s %?) =0, p € I,
924(2n) + (v)))? = (SN)q 0, q € Niy,
H(ZN)—(H( ~) — HY(zn) 4 sy) =0, G(zn) — 5§ =0,

which show that (zy, u%z , vﬁ,’é) is a feasible point of the following problem

min f(z)

Z,UNE,’UN{}

s.t. N (2) =0, i€ [n],
gl](z) = 07 J S Iza
qik(z) —ui =0, k € N},
g2p(z) = Oa pE I[*]a
g24(2) + Ug =0, ¢ € Ny,
P~ (G(2), HY (2)) =0,

where the last equation follows from (22). Therefore, zy € 2. Because
zy — z* as N — 400, we have z* € limsupy_,, ., 2. The proof of the first
part of the conclusion is complete.

(b) Now, we turn to show the second part of the conclusion. It is easy to
see that problem (4) (and (12)) and problem (18) are respectively equiv-
alent to min, f(z) and min, fV(z), where f and f are defined as
in (19). It follows from [14, Theorem 7.1] and Qn — Q (w.p.1) that
epi fy — epi f (w.p.1)as N — +oo. O

The next theorem shows that the sequence of global optimal solutions of problem
(18) converges with probability one (w.p.1) to a global optimal solution of problem
(4) (and (12)).

Theorem 3.1 Suppose that Assumption 3.1 holds. Let zn be a global optimal solution
of problem (18) and zn — 2* as N — +00, then z* is a global optimal solution of

problem (4) (and (12)) (w.p.1).

Proof From Lemma 3.2, when N — 400, we have epi fy — epi f (w.p.1).
Then, it follows from [14, Theorem 7.31] and Lemma 3.1 that

limsup arg min f¥ C arg min f, (w.p.1)
N—+oco

which shows that 2* is a global optimal solution of problem (4) (and (12)) (w.p.1).
(I
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We turn to analyze the behavior of stationary points of problem (18). The Lagrange
function of problem (18) is defined as

L(2, A, Ag1, Ag2,T) = f(2) + AN (2 )TAhfgl(Z) Ag1 + 92(2)T Ago 78
(1,0, (G(2), HY (2))) 28)

Given a feasible point zy € Qn, we say it to be stationary point of problem (18) if
there exist Ay € R, A, € R", A}, € R" and 'V € §™ such that

VoL 2w, AV AN AN, TV) =0, hN(zN) =0,
gl(ZN) > 0 )\N > 0 gl(ZN) %1 0
g2(2n) <0, Ay >0, gg(zN)T/\

(bﬂ (G(ZN> HN(ZN)> 0.

(29)

Any point (zx, AN, AN 910 92, I'V) satisfying the above system (29) is called a
Karush-Kuhn-Tucker (KKT) point of problem (18) and the pair (A}, )\;Vh )\52, "))
is the Lagrangian multiplier associated with 2.

Before ending this section, we make the following assumption on the operator
A*(&, ) and a technical lemma used in the sequel.

Assumption 3.2 The operator A* (&, -) defined as in (6) has the following property

E[A*(£,Y)] =0 = Y =0.

Lemma 3.3 Suppose that Assumption 3.2 holds. Let zy be a feasible solution of prob-
lem (18) and zy — z* as N — +oco. Assume that I} U I}, = 0, where I}, I}, are
defined as in (21), and W = G(z*) + H(z*) has an eigenvalue decomposition as in
(9) with B = (. Then the linear independent constraint qualification (LICQ) of prob-
lem (18) holds at a neighborhood of zny when N is sufficiently large.

Proof 1t follows from zy — z* and I} U I}; = () that when N is sufficiently large,
g1(zn) >0, ga(zn) < 0.
In order to show the conclusion, we only need to prove that
TR (zn) A+ T(L, @5 (G(zn), HY (28)))) =0 = A=0, I =0. (30)

In light of the definitions of bV, ® u~ and (17), the left-hand side of (30) is equivalent
to the following system

X =0, i€ n, 31)
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<(_I+ £(7c,}(zN)2+HN(zN)2+2MNI)1/2'C(fHN(zN)))(F)7‘Zli> =0, i€n], 32)
_ » B
D AN+ (= L geamn oyyrrauv o)D) =0 (33
i€[n]

where A; is the sample average of A;(¢;), i.e., 4; = + Ejvzl A;(&;). From (31), we
obtain that A = 0. Due to Assumption 3.2 and (32), when N — +o0,

—1
(_I + E(G(z*)2+H(Z*)2)1/2£(—H(z*)))(r> = O

In addition, it follows from the definition of £~! that when N — 400, the above
relation and (33) become the following equations

(G(z")? + H(z))? + H(Z)E +T((G(z")* + H(=")*)'? + H(z")) = 0,
(G(z*)? + H(z))Y? = Gz + T((G(=*)* + H(z")})'/? = G(z")) = 0.
In light of the relation (10) and 8 = (), we obtain
A Too Tay Too T A
(03 ~QOC NO( + NOC(X ~a"/ (0% — O’
0 R Tha Ty 0
0 | Fa'y Taa Fa'y 0
Loa v || see o =0,
Ay Pya Ty Tia Ty Ay
where ' := PTT P has the following form
-~ Too T
I = Laa L ay :| )
{ R
From the definitions of A, and A, we obtain
faa = O7f‘a’y = 0, 1:\’yoz = O,fav = 07
which yield that T" = 0. O

Remark 3.1 From the definitions of g; and go defined as in (8), we can always set
the lower bound ¢’ and the upper bound ¢V of cost vectors that makes the assump-
tion I} U I}; = () satisfied. On the other hand, the condition 5 = () means that the
strict complementarity condition holds at z* with respect to the system G(z) € ST,
H(z) € S™, (G(z), H(z)) = 0. Although this is a strong assumption in general, it is
commonly required in the convergence analysis of smoothing methods for comple-
mentarity problems.
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The next theorem shows that the sequence of KKT solutions of problem (18) con-
verges with probability one (w.p.1) to an S-stationary point of problem (4) (and (12))
under mild conditions.

Theorem 3.2 Suppose that Assumption 3.2 holds. Let zy be a KKT point of problem
(18) and zy — z* as N — +oo. Assume that I} U I}, = 0, where I}, I}; are defined
asin (21), and W = G(z*) + H(z*) has an eigenvalue decomposition as in (9) with
B = 0. Then z* is an S-stationary point of problem (4) (and (12)) (w.p.1).

Proof First, from the KKT condition of problem (18), the system (29) holds, that is,

VZ,C(ZN, )\}1;/7 )‘g];\[l’ )\é\é,FN) = O hN(ZN) = 07
g1(zn) >0, /\7\]1 >0, gl(zN)T)\N =
g2(2n) <0, A >0, ga(zn)T A = 0,
(P#N(G(ZN) HN(ZN)) 0
where the Lagrangian function £(-) is defined as in (28), A )\EJ,VI, )\éVQ, 'V are the
Lagrangian multipliers of problem (18) associated with zx. Applying Lemma 3.3,
when N is sufficiently large, g1(zn) > 0 and g2(zy) <0, it yields )} =0 and

AN, g2 = 0. Thus, the above system reduces to

Vi(n) + TR (an)" A + T (DY, @,n (Glan), HY (2n)))) = 0,

hN(ZN) = 0, (I)HN (G(ZN),HN(ZN)) =0. (34)

Because the LICQ condition holds at zx when N is sufficiently large, it is seen that
AN and TV are the unique multiplies that satisfy the relation (34). Therefore, the
sequence {A}, A0y, A%, TV} is convergent. Assume that Aj — A, AN — A% =0

/\ — Ao = 0 and I'N — T'* as N — +o0. From the relations (34) and (17) with
Lemma 3.1, when N — +o00, we obtain

g2

V) + TN+ TG )T = LGy ey Lae ) )

~ TH() " = LGy gr(amy2yn Ltz (TF) = 0,
h(z") =0, 2(G(z") — Hsn (G(z") + H(z")) = 0. (36)
From (36), we deduce that h(z*)=0, G(z*)eS?, H(z*)eS™ and

(G(z*), H(z*)) = 0, which means that z* is a feasible point of problem (4) (and
(12)) and

(G(z")* + H("))'/? = G(=") — H(2"). @7

For notional simplicity, we denote
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* L T -1 *
FG =1 — ‘CG(Z*l)—H(Z*)LG(Z*)(F )a (38)
F;I ="+ [:G(Z*)—H(Z*)E_H(Z*)(F*)'

It follows from (37) and (38) that the relation (35) becomes
VI(E) + TN+ Tg1(2) ANy + Tg2(27) N + TG(27) TG + TH(2") Ty = 0,

where we use the facts that A7, =0 and A7, = 0. In light of the assumption
Iy U I}, =0, where I, I}, are defined as in (21), then g;(2*) > 0 and g2(2*) < 0.
Moreover, due to the assumption 3 = ), we only need to deduce that z* is a W-sta-
tionary point of problem (4) and (12).

In view of the above discussions, the remaining work is to verify that the last three
relations in (14) are satisfied, i.e.,

- (le)aa =0, (f‘}il)’w :9, (39)
Yay o (I'G)ay + (Bay — Zay) 0 (If)ay =0,

where ¥ € S is defined as in (11), T, = PTT, P, T%, = PTT%;, P with the orthog-
onal matrix P defined as in (9), £ is an m x m matrix whose entries are all ones, o
denotes the Hadamard product.

According to the relation (38), we know
—H()I™ —T"H(z") = (G(z7) — H(2"))T'q + Ta(G(27) — H(2")), (40)
—GEIT —I7G(2") = (G(2") — H(Z"))Ty + T (G(z7) — H(z7)). (41)

Because W = G(z*) + H(z*) has an eigenvalue decomposition as in (9) with 3 =
, there exists an orthogonal matrix P € S™ such that

G(z*)=P {AO‘ OJ PT H(z*)=P {0“ A ]PT.

Y

We make the following notations

rx . pT* _ (I:w)oca (]?*>a'y
Sl S L
* . pTx* _ (f* )aa (f* )a"/
¢ =FTeh= [(f%’l)m <f§>w}’

Then, combining (40) and (41) yields
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o ][ E] s [ ][00 ]
L 7A’V_ (T )ya (I7)q4] LT )va (T4 7A’Y_

_ _Aoc —(Ii* )aoc (Ii* )a'y (li‘* )aa (f* )a'y A

B <r§>W_J - e 2] [ )
*Aa |:(1i‘*)aa (li‘*)av + (li‘*)aoc (li‘*)cw- |:A04 |
L 07_ (F*)'ya (F*)w_ _(F*)va (F*)w_ 07_

_ [Aa [(Ti)aa (Tir)ary (Ciaa (Ci)ay] [Aa

=M ] [ ] [ o)

which further implies

(fz:)aa =0,- (f*)a’yA'y = Aa(fg)a,y - (fE)MAW, (42)

Ty =0, = Aa(T)ay = Aa(Th)ay = Ci)ar Ay (43)

For any index pair (¢, ) € « X +, from the relations (42) and (43), we also obtain

- A -
T — LI,
’Lj’ )\Z _ AJ 1,]7

Tk Aj ok
T = By _J)\j Tr)i; =

which means
Xi(TE)i — X (T5)i; =0, V(i) € a x 7.

Thus, the last relation in (39) is verified.

4 Numerical experiments

In order to verify the ability of our method for solving the given stochastic lin-
ear semidefinite inverse optimal value problems, some numerical experiments are
conducted in this section. All experiments are run on a 64-bit PC with an Intel (R)
Core(TM) ) 19-12900 of 2.40 GHz CPU and 32.00 GB of RAM equipped with Win-
dows 11 operating system.

4.1 Experiment 1

Consider the following linear semidefinite programming problem

min 31‘1 + X2

r€R2
-1 —T1 —X2

s.t. -1 —1—29 0 €S2,
—XT2 0 —-1- T
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The corresponding optimal objective value is —3 with the global optimal solution
x* = [—1;0]. Let £ be a 3-dimensional random column vector that obeys a multivari-
ate standard normal distribution, A; (), A2(€), B(€) are defined as

0 —1 0
Ay (€)= [—1 0 0 |+R" diag ()R,
0 0 -1
0 0 -1
Ag@)r—l 0 -1 0 |+R"diag (R,
-1 0 0
1 0 0
B@ylo 1 0 | +R” diag (¢)R,
0 0 1

where R has the following two choices: (a) a 3-dimensional identity matrix;
(b) a 3-dimensional random orthogonal matrix. We also set v*=-—3, cF
= [2.5;0.5],cV = [3.5; 1.5], then the corresponding stochastic inverse optimal value
problem has the following form

mir)l/ %(CTJ) +3)%,
st el <e <V, (BlAE)Y) +e =0, i€ {12},
E[A(&,z) - B(§)] € S2, Y € 83, (E[A({,z) — B(§)],Y) =0,

where A(&, z) = A1 (€)x1 + Az(€)xa. Next, we use JuMP and Ipopt packages [16]
in Julia (Version 1.9) as the solver of the associated smooth SAA subproblems (18)
and the subproblems (7).

Remark 4.1 The introduction of diagonal noise to the matrix data serves to model
uncertainties in the forward problem. This choice is motivated by its practicality and
its property of preserving matrix symmetry and sparsity, a realistic feature in appli-
cations like structural mechanics. Robustness tests with full-matrix noise confirmed
that our method’s performance remains consistent.

Table 1 shows that the solvability of our method under the different values of i
and N, where “ obj-a " and “ res-a " respectively denote the objective value of the
smooth SAA subproblems and the residual that is the difference between the c-part
solution of the smooth SAA subproblems and the original cost vector [3; 1] under the
Euclidean norm with the matrix R in the case (a). Similarly, “ obj-b " and “ res-b
" respectively denote these results with the matrix R in the case (b). In addition, by
fixing ¢ = 0.01 and the number of samples N = 1000, Tables 2 and 3 investigate
the effect of our method with different initial point 2° and bound vectors ¢”, ¢V and
Table 4 shows the comparison of our method with the direct SAA+MPCC approach
for solving the subproblems (7).

From Table 1, the overall residual is decreasing as N increases and y tends to zero.
From Tables 2 and 3, numerical results show that our method is relatively stable for
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Table 1 Numerical results with different parameters p and N

w N Obj-a Obj-b Res-a Res-b Time-a Time-b
0.1 10 8.990e—20 9.720e-19 1.618e—2 1.895¢—2 0.010s 0.030s
100 8.965¢—20 9.690e—19 1.603e—2 1.884e—2 0.012s 0.032s
1000 8.951e-20 9.580e—-19 1.578e-2 1.878e—2 0.013s 0.033s
0.05 10 3.724e-20 4.875¢-19 1.123e-2 1.356e—2 0.012s 0.031s
100 3.577¢-20 4.786e—19 1.119¢-2 1.352e-2 0.013s 0.032s
1000 3.544e-20 4.698¢-19 1.114e-2 1.348e—2 0.014s 0.033s
0.01 10 1.435¢-20 2.598e—-19 7.080e—2 8.140e—2 0.015s 0.031s
100 1.423e-20 2.463¢—19 7.079¢e—2 8.120e—2 0.016s 0.033s

1000 1.401e—20 2.457e-19 7.075e—2 8.090e—2 0.018s 0.034s

Table 2 Numerical results with different initial point 2.0

20 Obj-a Obj-b Res-a Res-b Time-a Time-b
[0; 0] 1.423e-20 2.597¢-19 7.079e-2 8.151e-2 0.015s 0.033s
[—5;—1] 1.444e-20 2.614e-19 7.079¢—2 8.162¢—2 0.014s 0.034s
[2; 1] 1.340e-20 2.625¢-19 7.086e—2 8.170e—-2 0.016s 0.034s
[10; 10] 1.787¢-20 2.894¢—-19 7.320e—2 8.183e—2 0.015s 0.033s
[15; —15] 1.461e—20 2.604e—-19 7.079¢—2 8.093e—2 0.014s 0.031s

Table 3 Numerical results with different bound vectors ¢~ and ¢V

L U Obj-a Obj-b Res-a Res-b Time-a  Time-b
[2.90;0.90] [3.10; 1.10] 3.466e—20 8.215¢-19 7.079¢-2  8.354e—2 0.014s  0.034s
[2.50;0.50] [3.50;1.50] 1.423e—20 4.629¢—19 7.079¢—2  8.462¢—2  0.014s  0.033s
[2.00; 0.00] [4.00;2.00] 8.922¢—20 9.047e-19  7.079¢—2  8.726e—2  0.013s  0.032s
[1.00; —1.00] [5.00;3.00] 6.461e-20  7.529¢-19  7.150e—2  8.630e-2  0.012s  0.031s

Table 4 Comparison of our method with the direct SAA+MPCC approach

Our method The direct SAA+MPCC approach
Obj-a Res-a Time-a Obj-a Res-a Time-a
1.396e-20 7.064e—2 0.018s 4.319¢-16 4.280e—1 0.064s
Our method The direct SAA+MPCC approach
Obj-b Res-b Time-b Obj-b Res-b Time-b
2.361e—19 8.082¢—2 0.034s 8.421e-16 5.638e—1 0.138s

different initial values and bound vectors. From Table 4, our method has a better per-
formance for the given stochastic inverse optimal value problem.

4.2 Experiment 2
We conduct further numerical experiments for some stochastic linear semidefinite
inverse optimal value problems under different size (n, m) by fixing 1 = 0.001 and

the number of samples N = 10000, in which we first set random m x m matrices
A; and B with entries in [—10, 10] and use the package SCS [7] to achieve the corre-
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Table 5 Numerical results with different size (n, m)

m n Our method The direct SAA+MPCC approach

Obj Res Time Obj Res Time
5 5 3.449¢-20 7.079¢—2 0.024s 1.219e-15 4.280e—1 0.098s
10 10 5.003e—20 2.619¢—2 1.924s 2.319e-15 2.325e-1 8.127s
20 20 1.429e—-20 2.081e—2 5.006s 4.052e—-16 2.280e—1 20.532s
30 30 1.290e-20 1.918¢—2 31.772s 3.839¢-16 1.149¢-1 125.336s

40 40 1.069¢—-20 1.342e—2 188.568s 3.762e-16 1.145¢e-1 784.691s
50 50 3.401e-20 1.274e-2 222.658s 1.126e—15 1.083e—1 850.754s

sponding optimal value of problem (3) with a given random n x 1 vector ¢ and set it
to be the value of v* in the subproblem (7). Moreover, we also set € to be a n-dimen-
sional random column vector that obeys a multivariate standard normal distribution,
Ai(€) == A; + diag (€)(i € [n]), B(€) := B+ diag (£), c¥:==c—0.1%[ and
cV := ¢+ 0.1 x u, where / and u are random n x 1 vectors with entries in [0, 1].

A comparative analysis between our method and the direct SAA+MPCC approach
in the high-dimensional setting is presented in Table 5. The numerical results dem-
onstrate that our method efficiently solves these stochastic linear semidefinite inverse
optimal value problems. In particular, for a problem of size (n, m) = (50, 50), where
the corresponding SA A subproblems defined in (18) are solved using the Ipopt solver,
the formulation involves 2600 variables, 240,818 nonzeros in the equality constraint
Jacobian, and 3,027,798 nonzeros in the Lagrangian Hessian. Compared to the direct
SAA+MPCC approach, our method achieves superior accuracy and robustness, par-
ticularly when the sample size is large.

5 Concluding remarks

This article studies an SAA approach for minimizing a class of stochastic linear semi-
definite inverse optimal value problems. Under mild assumptions, we show that the
sequences of global minimizer (respectively, KKT point) generated by the proposed
approach convergers with probability one (w.p.1) to a global minimizer (respectively,
an S-stationary point) of the original inverse optimal value problem. Numerical
results show that our algorithm is suitable to solve the given inverse optimal value
problem. We believe that the framework of our algorithm can be adapted to solve
other types of stochastic inverse optimal value problems with general constraints. We
leave these further discussions as our future work.
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