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was developed based on a smoothed natural residual merit function involving an uncon-
strained minimization reformulation of the complementarity problem. We study the exis-
tence and convergence of the trajectory of the neural network. Moreover, we show some
stability properties for the considered neural network, such as the Lyapunov stability,
asymptotic stability, and exponential stability. The examples in this paper provide a further
demonstration of the effectiveness of the proposed neural network. This paper can be
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NR function viewed as a follow-up version of [20,26] because more stability results are obtained.
Second-order cone © 2013 Elsevier Inc. All rights reserved.
Stability

1. Introduction

In this paper, we are interested in finding a solution to the following nonlinear convex programs with second-order cone

constraints (henceforth SOCP):

min f(x)

s.t. Ax=b (1)

—-g(x) ek

where A € R™" has full row rank, b € R", f : R" - R, g = [g,,...,&]" : R" — R' with f and g/s being two order continuous
differentiable and convex on R", and K is a Cartesian product of second-order cones (also called Lorentz cones), expressed
as

K=K" x K™ x .- x K™
with N, nq,...,ny>1,n+---+ny=1and

Kho= {(Xi17Xi27---7Xini)T € R"| ||(Xiz, - - Xin,) || < Xi1 }-
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Here, || - || denotes the Euclidean norm and X' means the set of nonnegative reals R,. In fact, the problem (1) is equivalent to
the following variational inequality problem, which is to find x € D satisfying

(Vf(x),y—x) =0, VyeD,

where D = {x € R"|Ax = b, —g(x) € K}. Many problems in the engineering, transportation science, and economics commu-
nities can be solved by transforming the original problems into the mentioned convex optimization problems or variational
inequality problems, see [1,7,10,17,23].

Many studies have proposed computational approaches to solve convex optimization problems. Examples of these meth-
ods include the interior-point method [29], merit function method [5,16], Newton method [18,25], and projection method
[10]. However, real-time solutions are imperative in many applications, such as force analysis in robot grasping and control
applications. The traditional optimization methods may not be suitable for these applications because of stringent compu-
tational time requirements. Therefore, a feasible and efficient method is required to solve real-time optimization problems.
The neural network method is an ideal method for solving real-time optimization problems. Compared with previous meth-
ods, the neural network method has an advantage in solving real-time optimization problems. Hence, researchers have
developed many continuous-time neural networks for constrained optimization problems. The literature contains many
studies on neural networks for solving real-time optimization problems, please see [4,9,12,14,15,19-22,27,30-34,36] and
references therein.

Neural networks stemmed back from McCulloch and Pitts’ pioneering work a half century ago, and neural networks were
first introduced to the optimization domain in the 1980s [13,28]. The essence of neural network method for optimization [6]
is to establish a nonnegative Lyapunov function (or energy function) and a dynamic system that represents an artificial neu-
ral network. This dynamic system usually adopts the form of a first-order ordinary differential equation. For an initial point,
the neural network is likely to approach its equilibrium point, which corresponds to the solution to the considered optimi-
zation problem.

This paper presents a neural network method to solve general nonlinear convex programs with second-order cone con-
straints. In particular, we consider the Karush-Kuhn-Tucker (KKT) optimality conditions of the problem (1), which can be
transformed into a second-order cone complementarity problems (SOCCP), as well as some equality constraints. Following
areformulation of the complementarity problem, an unconstrained optimization problem is formulated. A smoothed natural
residual (NR) complementarity function is then used to construct a Lyapunov function and a neural network model. At the
same time, we show the existence and convergence of the solution trajectory for the dynamic system. This study also inves-
tigates the stability results, such as the Lyapunov stability, the asymptotic stability, and the exponential stability. We want to
point out that the optimization problem considered in this paper is more general than the one studied in [20] where g(x) = —x
is investigated therein. From [20], for solving the specific SOCP (i.e., g(x) = —x), we know that the neural network based on the
cone projection function has better performance than the one based on the Fischer-Burmeister function in most cases (ex-
cept for some oscillating cases). In light of considering this phenomenon, we employ a neural network model based on the
cone projection function for a more general SOCP. Thus, this paper can be viewed as a follow-up of [20] in this sense. Nev-
ertheless, the neural network model studied here is not exactly the same as the one considered in [20]. More specifically, we
consider a neural network based on the smoothed NR function which was studied in [16]. Why do we make such a change?
As in Section 4, we can establish various stability results, including exponential stability for the proposed neural network
that were not achieved in [20]. In addition, the second neural network studied in [27] (for various types of problems) is also
similar to the proposed network. Again, the stability is not guaranteed in that study, but three stabilities are proved here.

The remainder of this paper is organized as follows. Section 2 presents stability concepts and provides related results.
Section 3 describes the neural network architecture, which is based on the smoothed NR function, to solve the problem
(1). Section 4 presents the convergence and stability results of the proposed neural network. Section 5 shows the simulation
results of the new method. Finally, Section 6 gives the conclusion of this paper.

2. Preliminaries

In this section, we briefly recall background materials of the ordinary differential equation (ODE) and some stability con-
cepts regarding the solution of ODE. We also present some related results that play an essential role in the subsequent
analysis.

Let H : R" — R" be a mapping. The first order differential equation (ODE) means

du
E = H(U(ﬂ)? U(t()) =1Ug € R". (2)
We start with the existence and uniqueness of the solution of Eq. (2). Then, we introduce the equilibrium point of (2) and
define various stabilities. All of these materials can be found in a typical ODE textbook, such as [24].

Lemma 2.1 (The existence and uniqueness 21, Theorem 2.5). Assume that H: R" — R" is a continuous mapping. Then for
arbitrary ty > 0 and ug € R", there exists a local solution u(t), t € [ty T) to (2) for some 1 > to. Furthermore, if H is locally Lipschitz
continuous at uy, then the solution is unique; if H is Lipschitz continuous in R" , then t can be extended to cc.
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Remark 2.1. For Eq. (2), if a local solution defined on [ty, 7) cannot be extended to a local solution on a larger interval [tg, 1),
where 17 > 7, then it is called a maximal solution, and this interval [y, 7) is the maximal interval of existence. It is obvious
that an arbitrary local solution has an extension to a maximal one.

Lemma 2.2 (21, Theorem 2.6). Let H : R" — R" be a continuous mapping. If u(t) is a maximal solution, and [t,, T) is the maximal
interval of existence associated with uy and T < +oo, then limg||u(t)|| = +occ.

For the first-order differential Eq. (2), a point u* € R" is called an equilibrium point of (2) if H(u*) = 0. If there is a neigh-
borhood Q C R" of u* such that H(u*) = 0 and H(u) # 0 for any u € Q\{u*}, then u* is called an isolated equilibrium point. The
following are definitions of various stabilities, and related materials can be found in [21,24,27].

Definition 2.1 (Lyapunov stability and Asymptotic stability). Let u(t) be a solution to Eq. (2).

(a) An isolated equilibrium point u* is Lyapunov stable (or stable in the sense of Lyapunov) if for any ug = u(tp) and ¢ > 0,
there exists a é > 0 such that

lup —u|| <6 = |ju(t) —u*|| <¢fort = to.

(b) Under the condition that an isolated equilibrium point u* is Lyapunov stable, u* is said to be asymptotically stable if it
has the property that if ||ug — u*|| < 6, then u(t) - u* as t - oo.

Definition 2.2 (Lyapunov function). Let QCR" be an open neighborhood of ui. A continuously differentiable function
g:R" — R is said to be a Lyapunov function (or energy function) at the state i (over the set Q) for Eq. (2) if

gu) =0,
g(u) > 0Vue Q\{u},
d
B < 0, Vu e Q.
The following Lemma shows the relationship between stabilities and a Lyapunov function, see [3,8,35].

Lemma 2.3.

(a) An isolated equilibrium point u* is Lyapunov stable if there exists a Lyapunov function over some neighborhood €2 of u*.
(b) An isolated equilibrium point u* is asymptotically stable if there exists a Lyapunov function over some neighborhood €2 of u*
that satisfies

dg(;t(t)) <0, VueQ\{u}.

Definition 2.3 (Exponential stability). An isolated equilibrium point u* is exponentially stable for Eq. (2) if there exist w <0,
K >0, 6 >0 such that arbitrary solution u(t) to Eq. (2), with the initial condition u(to) = uo, ||uo — u*| < 4, is defined on [0, c0)
and satisfies
[u(t) —u(l < ke fJu(to) —u’|l, t > to.
From the above definitions, it is obvious that exponential stability is asymptotic stable.

3. NR neural network model

This section shows how the dynamic system in this study was formed. As mentioned previously, the key steps in the neu-
ral network method lie in constructing the dynamic system and Lyapunov function. To this end, we first look into the KKT
conditions of the problem (1) which are presented as below:

Vf(x)— Ay + Vg(x)z = 0,
zek, -gx)ek, z'g(x)=0, 3)
Ax—b=0,
where y € R™, Vg(x) denotes the gradient matrix of g. According to the KKT condition, it is well known that if the problem (1)
satisfies Slater’s condition, which means there exists a strictly feasible point for (1), i.e., there exists an x € R" such that

—g(x) € int(K) and Ax = b. Then x* is a solution of the problem (1) if and only if there exist y*, z* such that (x*,y*,z*) satisfies
the KKT conditions (3). Hence, we assume that the problem (1) satisfies the Slater’s condition in this paper.
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The following paragraphs provide a brief review of particular properties of the spectral factorization with respect to a sec-
ond-order cone, which will be used in the subsequent analysis. Spectral factorization is one of the basic concepts in Jordan
algebra. For more details, see [5,11,25].

For any vector z = (z1,2,) € R x R"(I > 2), its spectral factorization with respect to the second-order cone K is defined as

Z= /181 + ey,

where 4=z, + (=1)/||z2]|, (i=1,2) are the spectral values of z, and

.

with w € R'™! such that ||w]|| = 1. The terms ey, e, are called the spectral vectors of z. The spectral values of z and the vector z
have the following properties: for any z € R, there have 4; < 2, and

(L1, 270

llzil

1, (=D'w), z=0

Nl= N—=

M 20« zek.

Now we review the concept of metric projection onto K. For arbitrary element z € R/, the metric projection of z onto K is de-
noted by Px(z) and defined as

Px(z) := arg min||z — w||.
wek
Combining the spectral decomposition of z with the metric projection of z onto K yields the expression of metric projection
Pi(z)in [11]:
P (z) = max{0, 4, }e; + max{0, 1, }e,.

The projection function Py has the following property, which is called the Projection Theorem (see [2]).

Lemma 3.1. Let Q be a closed convex set of R". Then, for all x, y € R" and any z € Q,

(X = Pa(x))" (Pa(X) —2) = 0 and  [[Pa(X) — Pa(y)]| < [x =¥l
Given the definition of the projection, suppose z. denotes the metric projection Py (z) of z € R' onto K. Then, the natural
residual (NR) function is given as follows [11]:
Dr(X,Y) = X—(x—y), WX, yeR.
The NR function is a popular SOC-complementarity function, i.e.,
Or(x,y) =0« x€cK, ye Kand (x,y) =0.

Because of the non-differentiability of ®yg, we consider a class of smoothed NR complementarity function. To this end, we
employ a continuously differentiable convex function g : R — R such that

alirp g(a) =0, 3im(g(a) —-a)=0 and 0<g(a)<1. (4)

What kind of functions satisfies the condition (4)? Here we present two examples:

; va:+4+a
g@) =———

Suppose z = 21e1 + A,€,, where /; and e; (i = 1,2) are the spectral values and spectral vectors of z, respectively. By applying the
function g, we define the following function:

P = (2 )er + g (2)en 5)
Fukushima et al. [11] show that P, is smooth for any u > 0; moreover P, is a smoothing function of the projection Py, i.e.,
limy 0P, = Px. Hence, a smoothed NR complementarity function is given in the form of

Du(X,y) :=x—Pu(x-y).

In particular, from [11, Proposition 5.1], there exists a positive constant y > 0 such that

19u(%,¥) = Prr(X,Y)]| < V1

for any 1 >0 and (x,y) € R" x R".

and g(a) =In(e" +1).
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Now we look into the KKT conditions (3) of the problem (1). Let
u
Ax—b
L(x,y,2)
(pﬂ (Z, 7g(x))

L(x,y,z) = Vf(x) — A"y + Vg(x)z, H(u) =

and
1 2 1 2 1 2, 1 2 1,
W) = o IH@)IE = 82 ~g00)IE + 5 1Ly, DI+ 4% — I + 42,

where u = (u,xT,yT,ZT)T € R, x R" x R™ x R. It is known that ¥, (u) serves as a smoothing function of the merit function
¥ nr Which means the KKT conditions (3) are shown to be equivalent to the following unconstrained minimization problem
via the merit function approach:

min ¥, (u) = %HH(u)HZ. (6)

Theorem 3.1.

(a) Let P, be defined by (5). Then, V P,(z) and I — VP, (z) are positive definite for any u>0 and z € R

(b) Let ¥, be defined as in (6). Then, the smoothed merit function ¥, is continuously differentiable everywhere with
V¥ ,(u)=VH(u)H(u) where

T

1 0 0 . ((‘)P;L(iZ);g(X)))

VHu) = |0 A" Vf(x)+ Vg %)+ + Vg(x) —ViPu(z+g(x) | (7)
00 “A 0
0 0 vg(x)' I=V.Pu(z+g(x))

Proof. Form the proof of [16, Proposition 3.1], it is clear that VP,(z) and I — VP,(z) are positive definite for any x>0 and
z € R'. With the help of the definition of the smoothed merit function ¥ ., part (b) easily follows from the chain rule. O

In light of the main ideas for constructing artificial neural networks (see [6] for details), we establish a specific first order
ordinary differential equation, i.e., an artificial neural network. More specifically, based on the gradient of the objective func-
tion ¥, in minimization problem (6), we propose the neural network for solving the KKT system (3) of nonlinear SOCP (1)
with the following differential equation:

du(t
WO _ _pvwu). ulto) = o ®)
where p > 0 is a time scaling factor. In fact, if 7 = pt, then %4 = p %% Hence, it follows from (8) that %42 = — V¥ ,(u). In view

of this, for simplicity and convenience, we set p = 1 in this paper. Indeed, the dynamic system (8) can be realized by an archi-
tecture with the cone projection function shown in Fig. 1. Moreover, the architecture of this artificial neural network is cat-
egorized as a “recurrent” neural network according to the classifications of artificial neural networks as in [6, Chapter 2.3.1].
The circuit for (8) requires n+m+1+ 1 integrators, n processors for Vf(x), | processors for g(x), In processors for Vg(x),
(I+1)*n processors for Vf(x) + Zlevzgi(x), 1 processor for @, 1 processor for HD—IL“,n processors for V,P,,l processors for
VP, n?+4mn + 3In + I? + | connection weights and some summers.

4. Stability analysis

In this section, in order to study the stability issues of the proposed neural network (8) for solving the problem (1), we
first make an assumption that will be required in our subsequent analysis.

Assumption 4.1.

(a) The problem (1) satisfies the Slater’s condition.
(b) The matrix V2 flx) + V2g1(x) + - - - + V2g(x) is positive definite for each x.

Here we say a few words about Assumption 4.1(a and b). The Slater’s condition is a standard condition that is widely used
in optimization field. Assumption 4.1(b) seems stringent at first glance. Indeed, since f and g;'s are two order continuously
differentiable and convex functions on R", if there exists at least one function which is strictly convex among these functions,
then Assumption 4.1(b) is guaranteed.
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Fig. 1. Block diagram of the proposed neural network with smoothed NR function.
Lemma 4.1.

(a) For any u, we have
|[Hu)—Hu) - V@u-u")|=o(u—-u*]) for u—u* and V € 0H(u)

where OH(u) denotes the Clarke generalized Jacobian at u.
(b) Under Assumption 4.1, VH(u)" is nonsingular for any u = (i,x,y,z) € Ry, x R" x R™ x R!, where R_, denotes the set
{u |p>0}
(c) Under Assumption 4.1 and V € OPy(w) being a positive definite matrix where OPo(w) denotes the Clarke generalized Jacobian
of the project function P at w, there has

p T
1 0 0 _(9”#(2;5()())) |H=0
TeoHu)={ |0 A" VFX)+ Vg X+ +Vgx)  -V'Vgxr) ||V apy(W)
0 0 —A 0
0 0 Vg(x)" I-v

is nonsingular for any u = (0,x,y,2z) € {0} x R" x R™ x R.
(d) ¥, (u(t)) is nonincreasing with respect to t.

Proof. (a) This result follows directly from the definition of semismoothness of H, see [26] for more details.
(b) From the expression of VH(u) in Theorem 3.1, it follows that VH(u)" is nonsingular if and only if the following matrix



X. Miao et al./Information Sciences 268 (2014) 255-270 261

A 0 0
M= | VF(x) + Vg () + -+ Vig(x) —A" Ve
~VPu(z +g(x))" 0 (I-V:Pu(z+g(x)"

is nonsingular. Suppose v = (x,y,z) € R" x R™ x R'. To show the nonsingularity of M, it is enough to prove that

Myv=0 = x=0, y=0 and z=0.
Because —V,P,(z + g(x))" = —VP,(w)"'V g(x), where w = z + g(x) € R, from Mv = 0, we have

Ax=0, (V’f(x)+ Vg (x)+ -+ Vgx)x —Aly + Vg(x)z=0 9)
and

~VP,(w)"Vg(x)'x + (I - VPy(w))'z = 0. (10)
From (9), it follows that

A (V2F(x) + Vg, () + - + V2gi(x)x + (Vg(x)'%) 2= 0. (11)
Moveover, Eq. (10) and Theorem 3.1 yield
Vg(x)'x = (VP,w)") ' (I - VP (w))"z. (12)
Combining (11) and (12) and Theorem 3.1, under the condition of Assumption 4.1, it is not hard to obtain that x=0and z = 0.
By looking at Eq. (9) again, since A is full row rank, we have y = 0. Therefore, VH(u)" is nonsingular.
(c) The proof of Part (c) is similar to that of Part (b), in which the only option is to replace VP, (w) with V € 9 Po(w).
(d) According to the definition of ¥, (u(t)) and Eq. (8), it is clear that

A (u(t)) du(t)
dt dt
Consequently, ¥ ,(u(t)) is nonincreasing with respect to t. [

= V¥, (u(0)) = —pIV¥uu®)l® <o.

Proposition 4.1. Assume that VH(u) is nonsingular for any u € R, x R" x R™ x R'. Then,

(a) (x*,y*,z*) satisfies the KKT conditions (3) if and only if (0,x*,y*,z*) is an equilibrium point of the neural network (8);
(b) Under the Slater’s condition, x* is a solution to the problem (1) if and only if (0,x*,y*,z*) is an equilibrium point of the neural
network (8).

Proof. (a) Because &y = ®ng When p =0, it follows that (x*,y*,z*) satisfies the KKT conditions (3) if and only if H(u*) =0,
where u* = (0,x%,y*,z*)". Since VH(u) is nonsingular, we have that H(u*) = 0 if and only if V Y (u) = VH(u*)"H(u*) = 0. Thus,
the desired result follows.

(b) Under the Slater’s condition, it is well known that x* is a solution of the problem (1) if and only if there exist y* and z*
such that (x*,y*,z*) satisfying the KKT conditions (3). Hence, according to Part (a), it follows that (0, x*,y*,z*) is an equilibrium
point of the neural network (8). O

The next result addresses the existence and uniqueness of the solution trajectory of the neural network (8).
Theorem 4.1.
(a) For any initial point ug = u(ty), there exists a unique continuously maximal solution u(t) with t € [to, t) for the neural net-

work (8), where [to, T) is the maximal interval of existence.
(b) If the level set L(ug) := {u|¥.(u) < ¥Yu(uo)} is bounded, then t can be extended to +co.

Proof. This proof is exactly the same as the proof of [27, Proposition 3.4], and therefore omitted here. O

Theorem 4.2. Assume that VH(u) is nonsingular and that u* is an isolated equilibrium point of the neural network (8). Then the
solution of the neural network (8) with any initial point u, is Lyapunov stable.

Proof. From Lemma 2.3, we only need to argue that there exists a Lyapunov function over some neighborhood € of u*. Now,
we consider the smoothed merit function

V() = 5 IH@W)P.
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Since u* is an isolated equilibrium point of (8), there is a neighborhood € of u* such that
VY¥,u)=0 and VY¥,(u(t))=#0, Vu(t)eQ\{u}.

By the nonsingularity of VH(u) and the definition of ¥, it is easy to obtain that ¥ (u*) = 0. From the definition of ¥, we
claim that ¥ ,(u(t)) > 0 for any u(t) € Q\{u*}, where Q is a neighborhood of u*. Suppose not, namely, ¥ ,(u(t)) = 0. It follows
that H(u(t)) = 0. Then, we have V¥ ,(u(t)) = 0 which contradicts with the assumption that u* is an isolated equilibrium point
of (8). Thus, ¥, (u(t)) > 0 for any u(t) € Q\{u*}. Furthermore, by the proof of Lemma 4.1(d), we know that for any u(t) € Q

av,
L = T u0) TG = ~pIV o) <0 )

Consequently, the function ¥ is a Lyapunov function over €. This implies that u* is Lyapunov stable for the neural network
(8. O

Theorem 4.3. Assume that VH(u) is nonsingular and that u* is an isolated equilibrium point of the neural network (8). Then u* is
asymptotically stable for neural network (8).

Proof. From the proof of Theorem 4.2, we consider again the Lyapunov function ¥,. By Lemma 2.3 again, we only need to
verify that the Lyapunov function ¥, over some neighborhood € of u* satisfies

%<07 vu(t) € @\ {u'}. -

In fact, by using (13) and the definition of the isolated equilibrium point, it is not hard to check that the Eq. (14) is true.
Hence, u* is asymptotically stable. O

Theorem 4.4. Assume that u* is an isolated equilibrium point of the neural network (8). If VH(u)" is nonsingular for any
u=(1,xYy,z) € R, x R" x R" x R, then u* is exponentially stable for the neural network (8).

Proof. From the definition of H(u), we know that H is semismooth. Hence, by Lemma 4.1, we have

H(u) = Hw") + VH(u(t)) (u —u") + o(|ju — u*||), Vue Q\{u}, (15)
where VH(u(t))" € 0H(u(t)) and  is a neighborhood of u*. Now, we let

gu(e)) = u(t) —u?,  teto,o0).

Then, we have

) ey -y MO — 2p(u(t)  ur) T uu(t) = ~2p(u(t) - ) VHWH(). (16)

Substituting Eq. (15) into Eq. (16) yields

) _ ap(u(t) - ) V) (HOw) + VH@(O) w(6) - 1) + ofu(t) ~ w])
= =2p(u(t) = u") VH(u(®) VHu(D)" (u(t) - u) + o |lu(t) - u'[|*)

Because VH(u) and VH(u)" are nonsingular, we claim that there exists an x > 0 such that

(u(t) — w)" VH@)VHwW)' (u(t) — u') > llu(t) —u|*. (17)
Otherwise, if (u(t) — u*)'VH(u(t))V H(u(t))(u(t) — u*) =0, it implies that

VH(u(t))" (u(t) —u*) = 0.

Indeed, from the nonsingularity of H(u), we have u(t) — u* =0, i.e., u(t) = u* which contradicts with the assumption of u* being
an isolated equilibrium point. Consequently, there exists an x > 0 such that (17) holds. Moreover, for o(||u(t) — u*||*), there is
& >0 such that o(J|u(t) — u*||?) < & ||u(t) — u*||>. Hence,

dg(u(t))
dt

This implies

g(u(t) < e g(u(to))

< (=2pK +&)l|u(t) — u|* = (—2pK + &)g(u(t)).
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Table 1
Stability comparisons of neural networks considered in current paper, [20,27].
Current paper [20] [27]
Problem min  f(x) min  f(x) (F(x),y—x) =0, vyeC
st. Ax=b st. Ax=b C={x| h(x) =0,-g(x) € K}
—gx) ek xek
ODE Based on smoothed NR-function Based on NR-function and FB-function Based on NR-function and smoothed FB-function
Stability Lyapunov (smoothed NR) Lyapunov (NR) Lyapunov (NR)
Asymptotical (smoothed NR) Lyapunov (FB) Asymptotical (NR)
Exponential (smoothed NR) asymptotical (FB) Exponential (smoothed FB)

which means
[u(t) — w|| < e Fu(to) — u|.
Thus, u* is exponentially stable for the neural network (8). O

To show the contribution of this paper, we present the stability comparisons of neural networks considered in the current
paper, [20,27] in Table 1. More convergence comparisons will be presented in the next section. Generally speaking, we estab-
lish three stabilities for the proposed neural network, whereas not all three stabilities for the similar neural networks studied
in [20,27] are guaranteed. Why do we choose to investigate the proposed neural network? Indeed, in [20], two neural net-
works based on NR function and FB function are considered which does not reach exponential stability. Our target optimi-
zation problem is a wider class than the one studied in [20]. In contrast, the smoothed FB has good performance as is shown
in [27], but not all the three stabilities are established even though exponential stability is good enough. In light of these
observations, we decide to look into the smoothed NR function for our problem which turns out to have better theoretical
results. We summarize their differences in problems format, dynamical model, and stability issues in Table 1.

5. Numerical examples

In order to demonstrate the effectiveness of the proposed neural network, in this section we test several examples for our
neural network (8). The numerical implementation is coded by Matlab 7.0 and the ordinary differential equation solver
adopted here is ode23, which uses the Ruge-Kutta (2;3) formula. As mentioned earlier, the parameter p is set to be 1.
How is u chosen initially? From Theorem 4.2 in previous section, we know the solution converges with any initial point,
we set initial u =1 in the codes (and of course y — 0, as seen in the trajectory behavior).

Example 5.1. Consider the following nonlinear convex programming problem:

min e -3 H8+0a -1+ (-2 +(xs+1)?

st xe k>,
Here, we denote f(x) := e1-3"#5+0-1"+x-2"+(s+1* and g(x) = —x. Then, we compute

X1 —3 Z
X3 z
L(x,z) = Vf(x) + Vgx)z=2f(x) | xs —1 | — | z3 |. (18)
X4 —2 Z4
x5+ 1 Zs

Moreover, let x := (x1,X) € R x R* and z := (z,Z) € R x R*. Then, the element z — x can be expressed as

Z—X = Me1 + e

where j; =z — x; + (=1)'|z— X|| and &; = 1 (1, (~1)" = ) (i=1,2)ifz - x # 0, otherwise e; = 1 (1, (—1)'w) with w being any
vector in R* satisfying ||w| = 1. This implies that

(A (2
Dulz.-5(0) =2~ Pu(e-+ 800 =2 g (1 )er + 8 () s 19)
with g(a) = —“‘22*4*“ or g(a) = In(e® + 1). Therefore, by Eqs. (18) and (19), we obtain the expression of H(u) as follows:
u
H(u) = L(x,z)

d),u (Z, —g(x))
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This problem has an optimal solution x* = (3,0,1,2, —1)". We use the proposed neural network to solve the above problem
whose trajectories are depicted in Fig. 2. All simulation results show that the state trajectories with any initial point are al-
ways convergent to an optimal solution of the above problem x*.

Example 5.2. Consider the following nonlinear second-order cone programming problem:

min  f(x) = X2 + 2xX3 + 2x1x; — 10x; — 12x,
8 —x1 + 3%, >
s.t. X) =
8(X) {3 — X3 —2%1 + 2x; fxﬁ}
For this example, we compute that

s e 20 2010 (2 2 )
Since

z—g(x):{ Z1 —8+%x — 3% }

2y —34+x3+2X% — 2%, + X3

the vector z — g(x) can be expressed as

Z—X = le1 + e
where % =z; — 8 + % — 3%2 4 (—=1)z2 — 3 + X% + 2X; — 2X; + 3| and

e :%(1,(— ) |Z :giﬁ i;ij :;Z ii;>(i: 1,2), if 2 — 3+ + 2% — 2% + 22 =0,
otherwise, e; =1(1, (=1)'w) with w being any element in R satisfying |w| = 1. This implies that

(2, -5() =2~ Pu(z-+800) — 2 g (23 )er + g (%) s 1)
with g(a) = @ or g(a) = In(e* + 1). Therefore, by (20) and (21), we obtain the expression of H(u) as follows:

u
H(u) = L(x,2)
Py(z,-g(x))

This problem has an approximate solution x* = (2.8308,1.6375)". Note that the objective function is convex and the Hes-
sian matrix V>f(x) is positive definite. Using the proposed neural network in this paper, we can easily obtain the approximate
solution x* of the above problem, see Fig. 3.

3.5 T T T " "
x1
3 f(
25 1
x4
. 2
“>5< 1.5 ’//’—’_/_/—%
3 1 x3
S —
i 0.5 1
o x2
[ 0 I
-0.5 ]
1 x5
15 . . . .
1 2 3 4 5 6

Time (ms)

Fig. 2. Transient behavior of the neural network with the smoothed NR function in Example 5.1.
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Trajectories of x(t)

_05 ! ! !
0 5 10 15 20 25 30
Time (ms)

Fig. 3. Transient behavior of the neural network with the smoothed NR function in Example 5.2.

Example 5.3. Consider the following nonlinear convex program with second-order cone constraints [18]:

min  e® %) 4 3(2x%; — x5)* + /1 + (3% + 5%3)°

st.  —gx)=Ax+beck?
xek?

where
4 6 3 -1
A = b = .
AT
For this example, f(x) := e®1 %) +3(2x; — X3)* + 1/1 + (3% + 5x3)%, from which we have

ewi—%) 4 24(2x; — X,)°

—12(2x; — X )3 4 3Guisx) 41 -y I
Lx.y.2) = VI3 + Vexy = Vaz = e e e S A ZH e E-A B (22)
—eX1—%3) 1 _5B3%+5%3) 3}’] — 5y2 Z3
1+(3%4+5%3)?
Since
Vi —4x; — 6% —3x3 + 1
Yo +X1 — 7%, +5x3 — 2
{y +g(><)] _ 2 x, 7
zZ—X
Zy — X
Z3 — X3

y +g(x) and z — x can be expressed as follows, respectively,
Y+ 8(X) = Aer + Arey
and
Z—x:=Kifi + K22
where A=y, —4x; — 6x; — 3x3+1 + (—1)i|y2 +X1 — 7X2 + 5x3 — 2| and

E*—l (_1)1y2+X]77X2+5X372
b 7 [V2 + X1 — 7x2 + 5x3 — 2|

5 ) (i=1,2) if y,+x —7x3+5x3 -2 #0;

otherwise, e; :%(1,(—l)iw) with w being any element in R satisfying [w|=1. Moveover, let x := (X;,X) € R x R? and
z = (21,2) € R x R?. Then, we obtain that ki = z; — x; + (~1)'[|z - x| and f; = 3 (1, (=1)' 2= (i = 1,2) if Z— X # 0; otherwise
fi=1(1,(=1)'v) with v being any vector in R? satisfying ||v| = 1. This implies that
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Py +gy] | Y- He()er+ (e
Pul) = z-Puz-x) | 5 (K 5[

- AR 2= Hg (5 + 1g ()L

with g(a) = 7W'22*4*“ or g(a) = In(e® + 1). Therefore, by (22) and (23), we obtain the expression of H(u) as below:
[ ou

Hu) = | L(x,y,2)

L Pul)

The approximate solution to this problem is x* = (0.2324,—0.07309,0.2206)". The trajectories are depicted in Fig. 4. We want
to point out on thing: Assumption 4.1(a and b) are not both satisfied in this example. More specifically, for this example, the

Assumption 4.1(a) is satisfied, which is obvious. However, V2f(x) + V2g;(x) + - - - + V2g(x) is not positive semidefinite for each
x. To see this, we compute

(23)

exi—%) | 144(2x; — x;)? —72(2% — X2)? —elxi—x3)
2 2 2 2 —72(2%1 - x,)° 36(2% —X2)° + 9 15
V@) + Vg (x)+-- +Vgx) = Vf(x) = ( ) ( ) (143522 (14 (5%
ex1—x3) — 15 ei—xs) 25
(14(3%+5x3)2)2 (1+(3%2+5x3)%)2

which is not positive semidefinite when 2x; — x, = 0 (because the determinant equals zero). Hence, H(u) is not guaranteed to
be nonsingular and all the theorems in Section 4 do not apply for this example. Nonetheless, the solution trajectory does
converge as depicted in Fig. 4. This phenomenon also occurs when it is solved by the second neural network studied in
[27] (the stability is not guaranteed theoretically, but the solution trajectory does converges).

In addition, for Example 5.3, we also do comparisons among three neural networks based on FB function (considered in
[20]), smoothed NR function (considered in this paper), and smoothed FB function (considered in [27]), respectively.
Although Example 5.3 can be solved by all three neural networks, the neural network based on FB function does not behave
as good as the other two neural networks, see Fig. 5.

Example 5.4. Consider the following nonlinear second-order cone programming problem:

min  f(x) = €% +3(x; +x,)* — /1 + (2% — x3)° +1x% +1x2

s.t. h(x) = —24.51x; + 58%, — 16.67x3 — x4 —3x5 + 11 =0
3x3 + 2%y — X3 + 5x3
—g1(X) = | —5% +4x, — 2%+ 10x} | € K,

X3

—g,(x) = (;;5> e K2

0.3 T T T T T

0.25 x1 4

0.2 x3

7

Trajectories of x(t)

5 10 15 20 25 30
Time (ms)

Fig. 4. Transient behavior of the neural network with the smoothed NR function in Example 5.3.
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Fig. 5. Comparisons of three neural networks based on the FB function, smoothed NR function, and smoothed FB function in Example 5.3.

For this example, we compute

(x1X3)
X3e X1X3) 4 6(X1 +X2) 9X%y1 _ le%yz

2(2Xy—X3)
Vg (x)y Ok +22) + 1+(2x-x3)? 2y, +4y,
L(x,y,z) = Vf(x) + {V } = | xjetix) 4 2ok — | (10x3 — 1)y, + (30x3)y, + V3 |- (24)
8> (X)Z 1+(2%, —x3)?
X4 21
Xs 322

Moreover, we know

Vi — 3%3 — 2%, + X3 — 5x2
Y, +5%3 — 4xy + 2x3 — 10x3

e .
z B 30
+82(%) 21 — Xa

Zy — X5

Lety +g,(x) := (u,u) € Rx R?> and z+ g,(x) := (v,?) € R x R, where u = y; — 3x} — 2x; + x3 — 5x3,

Yy +5%3 — 4xy + 2x3 — 10x3
Y3 —X3

u=

and

V=21 — X4, UV=2y—Xs.
Then, y + g1(x) and z + g»(x) can be expressed as follows:

Y+81(x) == her + a6
and

248, (%) = Kifi + K262
where 7 = u -+ (~1)'|1ull, e =} (1, (_1)1‘”5_“) and k; = v+ (=1)'|7], f; =1 (1, (—1)"%) (i=1,2)if u#0and o #0, otherwise
ei = 1(1,(~1)'w) with w being any element in R? satisfying |w]|| = 1, and f; = 1 (1, (~1)'v) with v being any vector in R satis-
fying |v| = 1. This implies that

Bul) = {y ~ Puly + & (x))} yome()et ug(:ﬁz)ez N

Z—Pu(z+g,(x))
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03} 1
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Fig. 6. Transient behavior of the neural network with the smoothed NR function in Example 5.4.
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Norm of error
)
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Time (ms)
Fig. 7. Comparisons of two neural network based on smoothed NR function and smoothed FB function in Example 5.4.
. P _ Va?+4+a P _ a : : .
with g(a) = ¥=— or g(a) = In(e” + 1). Consequently, by Egs. (24) and (25), we obtain the expression of H(u) as follows:

u
H(u) = | L(x.y,2)

Pu()

This problem has an approximate solution x* = (—0.0903,—0.0449,0.6366,0.0001,0)" and Fig. 6 displays the trajectories
obtained by using the proposed new neural network. All simulation results show that the state trajectory with any initial
point are always convergent to the solution x*. As observed, the neural network with the smoothed NR function has a fast
convergence rate.

Furthermore, we also do comparisons between two neural networks based on smoothed NR function (considered in this
paper) and smoothed FB function (considered in [27]) for Example 5.5. Note that Example 5.5 cannot be solved by the neural
networks studied in [20]. Both neural networks possess exponential stability as shown in Table 1, which means the solution
trajectories have the same order of convergence. This phenomenon is reflected in Fig. 7.

6. Conclusion

In this paper, we have studied a neural network approach for solving general nonlinear convex programs with second-
order cone constraints. The proposed neural network is based on the gradient of the merit function derived from smoothed
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NR complementarity function. In particular, from Definition 2.1 and Lemma 2.3, we know that there exists a stable equilib-
rium point u* as long as there exists a Lyapunov function over some neighborhood of u*, and the stable equilibrium point u* is
exactly the solution of our considering problem. In addition to studying the existence and convergence of the solution tra-
jectory of the neural network, this paper shows that the merit function is a Lyapunov function. Furthermore, the equilibrium
point of the neural network (8) is stable, including the stability in the sense of Lyapunov, asymptotic stability, and exponen-
tial stability under suitable conditions.

Indeed, this paper can be viewed as a follow-up of [20,27] because we establish three stabilities for the proposed neural
network, but not all three stabilities for the similar neural networks studied in [20,27] are guaranteed. The numerical exper-
iments presented in this study demonstrate the efficiency of the proposed neural network.
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Appendix A

For the function P,(z) defined as in (5), the following Lemma provides the gradient matrix of P,(z), which will be used in
numerical computation and coding.

Lemma 6.1. For any z = (z; 7z§)T € R", the gradient matrix of Py(z) is written as

g3 if z, = 0
T
VPu(z)={ | b, e
] .
w2 ql (b - a,) % e
Izl “H T gy 2
where
o, - E(2) -2()
W= TR A
T

o-3el3) )

and I denotes the identity matrix.
Proof. See Proposition 5.2 in [11]. O
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