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Abstract
This paper presents a unified framework for constructing smoothing functions tailored
to a broad class of widely used regularizers, including the plus function, the pinball
function, the �0-norm, the �p-norm for 0 < p ≤ 1, theMCP, and the SCAD. By trans-
forming nonsmooth regularizers into smooth approximations, the proposed framework
facilitates the application of efficient optimization algorithms to sparse optimization
problems. The framework is systematically derived from continuous approximations
of the step function, offering a principled approach to generating smoothing func-
tions across various regularizers. These approximations are, in turn, constructed using
polynomial functions and the Dirac delta function.

Keywords Regularizer · Regularized function · Smoothing function

Mathematics Subject Classification 49J52 · 90C26 · 90C90 · 94A12

1 Introduction

A general sparse optimization problem, frequently encountered in fields such as
machine learning, data science, and artificial intelligence, can be formulated as fol-
lows:

min
x∈�

f (x) + λR(x), (1)
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where � ⊆ IRn is the feasible set. The function f : IRn → IR typically represents a
loss or cost function, serving as a data-fitting term, while the regularizer R : IRn → IR
promotes sparsity and mitigates overfitting. The design of R(x) aims to incorporate
structural constraints that guide the solution toward desired properties. The hyper-
parameter λ governs the trade-off between fidelity to the data and the strength of
regularization, thereby striking a balance between model complexity and generaliza-
tion. In general, � may also be a subset of IRm×n when considering matrix-valued
sparse optimization problems, such as low-rank matrix recovery. In this setting, one
similarly considers f , R : IRm×n → IR.

Numerous regularization functions have been introduced in the literature, includ-
ing the plus function, the pinball function, the �0-norm, the �p-norm for 0 < p ≤ 1,
the minimax concave penalty (MCP), and the smoothly clipped absolute deviation
(SCAD) function. Model (1) typically falls under the class of nonsmooth optimization
problems, owing to the nonsmoothness of either the objective function f or the regu-
larizer p, or both. To address this inherent nonsmoothness, smoothing techniques are
often employed to approximate nonsmooth functions with smooth surrogates, thereby
enabling the application of gradient-based optimization algorithms. These techniques
facilitate efficient computation while preserving critical features of the original prob-
lem, such as sparsity and, in some cases, convexity.

A substantial body of research has been devoted to reformulating nonsmooth prob-
lems as smooth ones in order to leverage the power of well-established optimization
methods. For instance, Chen [6] investigated smoothing functions for the �p-norm
(0 < p ≤ 1) in the context of nonsmooth and nonconvex optimization, extending
earlier work by Chen and Mangasarian [5] on smoothing the plus function. Beck and
Teboulle [1] proposed the infimal convolution smoothing technique for nonsmooth
convex minimization, which encompasses several existing methods, including Nes-
terov’s smoothing scheme [17]. In addition, a wide range of nonsmooth optimization
problems have been successfully addressed through smooth approximations, as docu-
mented in works such as [2, 3, 11, 14, 18–21, 27, 28, 32], among others. These studies
firmly establish the effectiveness of smoothing techniques in handling nonsmooth
optimization. Motivated by this, we propose a unified and systematic framework for
constructing smoothing functions tailored to various regularizers, thereby facilitating
the solution of a broad class of nonsmooth optimization problems.

To proceed, the notion of a smoothing function for a nonsmooth function is formally
defined as follows.

Definition 1.1 [6, 20] Let f : IRn → IR be a continuous function. A function φ :
IRn×IR++ → IR is a smoothing function of f if it satisfies the following properties:

(i) φ(·, τ ) is continuously differentiable for any τ > 0;
(ii) lim

z→y,τ→0+ φ(z, τ ) = f (y) for any y ∈ IRn .

It is well known that two principal techniques have been developed for constructing
smoothing functions for the plus function: convolution-based smoothing [5, 11, 20]
and infimal-convolution smoothing [1]. Beyond these, various other methods have
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also been proposed in the literature [26, 29, 32]. This paper introduces new smoothing
techniques that offer a simpler approach to constructing smoothing functions for the
plus function than existingmethods. The central idea is to employ continuous functions
that approximate the step function. In particular, we propose two distinct approaches
for constructing such approximations:

1. Polynomial-based approximation: Continuous approximations of the step func-
tion are constructed using polynomial functions derived from Bézier curves.

2. Dirac delta-based approximation: By leveraging the intrinsic connection
between the step function and the Dirac delta function, we derive continuous
approximations from classical smooth approximations of the Dirac delta function.

As a brief review of smoothing functions forwidely used regularizers, earlywork on
the smoothed �0-norm appeared in [14, 15], where smoothing functions were derived
from approximation functions of the Kronecker delta. However, these approxima-
tions were not explored in depth, and only a few illustrative examples were provided.
Smoothing functions for the MCP and SCAD regularizers were studied in [7], based
on smoothing functions of the plus function. In particular, their formulations involve
integrals of the smoothed plus function, which can present difficulties in numerical
implementation. Specific smoothing techniques for the pinball function have also been
proposed, as discussed in [31, 34]. Meanwhile, the �p-norm with 0 < p ≤ 1 has been
the subject of various smoothing approaches, including those found in [6, 30].

It is important to note that regularizers play a pivotal role in sparse optimization, as
many models can be reformulated through the incorporation of suitable regularization
terms. In Section 3, we demonstrate how several sparse optimization models can
be cast into forms involving regularizers. This reformulation facilitates the use of fast
smoothing-basedmethods such as Newton, quasi-Newton (e.g., BFGS), and conjugate
gradientmethods to efficiently solve the resulting smooth approximations of originally
nonsmooth problems.

In this work, we uncover a fundamental connection between a range of regularizers
and the step function. In particular, we construct smoothing functions for the �0-
norm and the plus function by exploiting their intrinsic links to the step function.
Furthermore, since the MCP and SCAD regularizers can be expressed in terms of
absolute value functions, their smoothing functions can be naturally derived from
those of the absolute value function. We also establish a general form for smoothing
functions of the pinball function by leveraging its relationship with the plus function.
Similarly, smoothing functions for the �p-norm with 0 < p ≤ 1 are readily obtained
using our framework, which is again built upon smooth approximations of the absolute
value function.

These findings demonstrate that our approach offers a unified and systematic frame-
work for constructing smoothing functions across a broad class of regularizers. This
framework not only simplifies numerical implementation by usingC1 orC2 smoothing
functions, but also ensures desirable theoretical properties, including provable error
bounds with respect to the plus function, gradient boundedness, and gradient con-
sistency. These properties are critical in establishing convergence results for smooth
approximations, therebymaking our technique a powerful and reliable tool for solving
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Fig. 1 Structure of Smoothing Functions of Regularizers

nonsmooth optimization problems. The overall structure of the smoothing functions
for various regularizers is illustrated in Figure 1.

2 How to Construct Smoothing Functions

2.1 Smoothing Approximation of Step Function

In this section, we construct continuous approximation, potentially smoothing, func-
tions of the step function, derived from polynomial functions and the Dirac delta
function.

Definition 2.1 σ(x) is called the step function if

σ(x) =
{
1 if x > 0,
0 if x ≤ 0.

Since σ(x) is discontinuous, Definition 1.1 does not apply directly for defining its
smoothing function. Instead, we introduce the notion of a continuous approximation
for a discontinuous function, as formally defined below.
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Definition 2.2 Let f : IR → IR be a discontinuous function. A function ψ : IR ×
IR++ → IR is referred to as a continuous approximation function of f if it adheres to
the following conditions:

(i)ψ(·, τ ) is continuous for any τ > 0;
(ii) lim

τ→0+ ψ(x, τ ) = f (x) almost everywhere.

Moreover, if ψ(x, τ ) is C1, then ψ(x, τ ) is a C1-approximation function of f (x).

Definition 2.3 Let f : IR → IR be a discontinuous function. A function ψ : IR ×
IR++ → IR is referred to as a smoothing function of f if it adheres to the following
conditions:

(i)ψ(·, τ ) is continuously differentiable for any τ > 0;
(ii) lim

τ→0+ ψ(x, τ ) = f (x) for any x ∈ IR.

2.1.1 Approximation Via Polynomial

Inspired by the Bézier curve, specifically, the fact that it always passes through the
first and last points of a given set of control points. We are motivated to construct
continuous approximation functions for σ(x) using Bernstein polynomials. To that
end, we begin by briefly introducing the formulation of a Bézier curve.

Definition 2.4 Consider a set of n+1 control points P0, . . . , Pn . A Bézier curve based
on these points is defined by

B(t) =
n∑

i=0

(
n

k

)
(1 − t)n−i t k Pk 0 ≤ t ≤ 1,

where
(n
k

)
are the binomial coefficients defined by

(
n

k

)
= n!

k!(n − k)! .

In particular, we will describe two examples using polynomial with degrees 1 and
2 to construct a continuous approximation function for σ(x) based on a Bézier curve.
Given two points P0 = (−τ, 0) and P1 = (τ, 1) with τ > 0, a linear Bézier curve is
given by

B(t) = (1 − t)P0 + t P1 = (−τ(1 − t) + τ t, t), 0 ≤ t ≤ 1.

A corresponding parametric equation:

x(t) = −τ(1 − t) + τ t
y(t) = t

⇐⇒
x(t)
τ

= −(1 − t) + t = 2t − 1
y(t) = t .
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Hence,

y = 1

2

( x
τ

)
+ 1

2

is a straight line through P0 = (−τ, 0) and P1 = (τ, 1). Then a corresponding
continuous approximation function of σ(x) is

ψ(x, τ ) =
⎧⎨
⎩
0 if x < −τ
1
2

( x
τ

) + 1
2 if |x | < τ

1 if x > τ.

Given three points P0 = (−τ, 0), P1 = (0, 0), P2 = (τ, 1) with τ > 0, a quadratic
Bézier curve can be defined as follows

B(t) = (1 − t)2 P0 + 2 (1 − t) t P1 + t2P2

=
(
τ

(
t2 − (1 − t)2

)
, t2

)
, 0 ≤ t ≤ 1.

A corresponding parametric equation:

x(t)
τ

= t2 − (1 − t)2

y(t) = t2.

Hence,

y = 1

4

( x
τ

)2 + 1

2

( x
τ

)
+ 1

4

is a quadratic curve through P0 = (−τ, 0), P2 = (τ, 1). Then a corresponding con-
tinuous approximation function of σ(x) is

ψ(x, τ ) =
⎧⎨
⎩
0 if x < −τ
1
4

( x
τ

)2 + 1
2

( x
τ

) + 1
4 if |x | ≤ τ

1 if x > τ.

From the above examples, we observe that if we take n + 1 points P0, . . . , Pn with
P0 = (−ατ, 0), Pn = (βτ, 1) and other points Pi , i = 1, . . . , n − 1, then there is
always a corresponding polynomial degree n which is a curve through two points P0
and Pn . This leads us to define a form of continuous approximation functions of σ(x)
as follows. For any τ > 0,

ψ(x, τ ) =
⎧⎨
⎩
0 if x < −ατ

g(x, τ ) if − ατ ≤ x ≤ βτ

1 if x > βτ,

(2)

where g(x, τ ) is a polynomial degree n of x
τ
, n ≥ 1, i.e.,

g(x, τ ) = an
( x

τ

)n + · · · + a1
( x

τ

)
+ a0, an 	= 0, (3)
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satisfying
g(−ατ, τ ) = 0
g(βτ, τ ) = 1

(4)

with
α ≥ 0
β > 0

or
α > 0
β ≥ 0.

(5)

Theorem 2.1 Suppose that ψ(x, τ ) given by (2). Then ψ(x, τ ) is continuous approx-
imation of σ(x). Consequently, ψ(x, τ ) acts as a smoothing function of σ(x) if it is
C1 and a0 = 0.

Proof From (2)-(5), we have that ψ(τ, ·) is continuous for any τ > 0. If x = 0, then
ψ(x, τ ) = g(0, τ ) = a0 for any τ > 0. Otherwise, if x 	= 0, there exists a sufficiently
small value τ such that

x < −τα if x < 0
x > τβ if x > 0.

These imply

lim
τ→0+ ψ(x, τ ) =

{
σ(x) if x 	= 0
a0 if x = 0.

Thus, ψ(x, τ ) sever as a continuous approximation of σ(x). According to Definition
2.3, it is evident that ψ(x, τ ) becomes a smoothing function of σ(x) when ψ(x, τ ) is
C1 and a0 = 0. 
�

We will now construct continuous approximation functions of σ(x) by using
ψ(x, τ ) as defined in (2). For n = 1, g(x, τ ) is a first degree polynomial, that is

g(x, τ ) = a1
( x

τ

)
+ a0.

It is from the condition (4) that

g(−ατ, τ ) = 0
g(βτ, τ ) = 1

⇐⇒ −αa1 + a0 = 0
βa1 + a0 = 1

⇐⇒ a1 = 1
α+β

a0 = α
α+β

.

For example, we have the following continuous approximation functions of σ(x).

ψ1(x, τ ) =
⎧⎨
⎩
0 if x < 0
x
τ
if 0 ≤ x ≤ τ

1 if x > τ

with α = 0 and β = 1. (6)

ψ2(x, τ ) =
⎧⎨
⎩
0 if x < −τ
x
2τ + 1

2 if |x | ≤ τ

1 if x > τ

with α = β = 1.

For n = 2, i.e., g(x, τ ) is a polynomial degree 2, we have
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Fig. 2 Graphs of ψi (x, τ ) with
τ = 0.5.

g(x, τ ) = a2
( x

τ

)2 + a1
( x

τ

)
+ a0,

where a0, a1, a2 satisfy
α2a2 − αa1 + a0 = 0
β2a2 + βa1 + a0 = 1.

For example, we have the following continuous approximation functions of σ(x).

ψ3(x, τ ) =
⎧⎨
⎩
0 if x < 0

λ
( x

τ

)2 +(1 − λ)
( x

τ

)
if 0≤x≤τ

1 if x > τ

with α = 0 and β = 1, a2 = λ ∈ IR.

ψ4(x, τ ) =
⎧⎨
⎩
0 if x < −τ

λ
( x

τ

)2 + 1
2

( x
τ

) + 1
2 − λ if |x | ≤ τ

1 if x > τ

with α = β = 1, a2 = λ ∈ IR.

Let λ = 1
3 , the graphs representing these functions are illustrated in Figure 2.

Remark 2.1 For n = 1 and n = 2, the function ψ(x, τ ) given by relation (2) serves
as a continuous approximation to σ(x), but it is not a C1-approximation. We propose
another way to construct a C1-continuous approximation of σ(x) when n = 2 by
modifying the form ofψ(x, τ ). In particular, we consider a form ofψ(x, τ ) as follows.

ψ(x, τ ) =

⎧⎪⎪⎨
⎪⎪⎩

0 if x < −ατ

g1(x, τ ) if − ατ ≤ x ≤ 0
g2(x, τ ) if 0 ≤ x ≤ βτ

1 if x > βτ,

where α > 0, β > 0 and

g1(x, τ ) = a2
( x

τ

)2 + a1
( x

τ

)
+ c and g2(x, τ ) = b2

( x
τ

)2 + b1
( x

τ

)
+ c.
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We wish ψ(x, τ ) is C1. Then the following conditions must hold.

g1(−ατ, τ ) = 0
g2(βτ, τ ) = 1
g′
1(−ατ, τ ) = 0
g′
1(0, τ ) = g′

2(0, τ )

g′
2(βτ, τ ) = 0.

Therefore,
a2 = 1

α(α+β)

b2 = − 1
α(α+β)

a1 = b1 = 2
α+β

c = α
α+β

.

Let α = β = 1, we have a corresponding C1-approximation function of σ(x) as
follows.

ψ5(x, τ ) =

⎧⎪⎪⎨
⎪⎪⎩

0 if x < −τ
1
2

( x
τ

)2 + x
τ

+ 1
2 if − τ ≤ x ≤ 0

− 1
2

( x
τ

)2 + x
τ

+ 1
2 if 0 ≤ x ≤ τ

1 if x > τ

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if x < −τ
(x+τ)2

2τ 2
if − τ ≤ x ≤ 0

1 − (x−τ)2

2τ 2
if 0 ≤ x ≤ τ

1 if x > τ.

(7)

The following theorem establishes C1-approximation functions of σ(x) with poly-
nomial g(x, τ ) degree n ≥ 3.

Theorem 2.2 Suppose that ψ(x, τ ) is given by (2). Then for n ≥ 3, ψ(x, τ ) is a
C1-approximation function of σ(x) if coefficients ai (i = 0, 1, . . . , n) of polynomial
g(x, τ ) satisfy the following system of linear equations

Ax = b, (8)

where A is the 4 × (n + 1) matrix satisfying

A =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜⎜⎝

−αn αn−1 . . . −α 1
βn βn−1 . . . β 1

nαn−1 −(n − 1)αn−2 . . . 1 0
nβn−1 (n − 1)βn−2 . . . 1 0

⎞
⎟⎟⎠ if n is odd,

⎛
⎜⎜⎝

αn −αn−1 . . . −α 1
βn βn−1 . . . β 1

−nαn−1 (n − 1)αn−2 . . . 1 0
nβn−1 (n − 1)βn−2 . . . 1 0

⎞
⎟⎟⎠ if n is even,

(9)

123



   56 Page 10 of 35 Journal of Optimization Theory and Applications           (2026) 209:56 

and
x = (an, . . . , a0)

T ∈ IRn+1, b = (0, 1, 0, 0)T . (10)

Proof Calculating the derivative of g(x, τ ) given by (3), we have

g′(x, τ ) = nan
xn−1

τ n
+ · · · + a1

1

τ
.

Then for n ≥ 3, ψ(x, τ ) is a C1-approximation function of σ(x) if the following
conditions hold: {

g(−ατ, τ ) = 0, g(βτ, τ ) = 1
g′(−ατ, τ ) = g′(βτ, τ ) = 0.

If n is odd, then the coefficients ai (i = 0, 1, . . . , n) of polynomial g(x, τ ) are a
solution of the following equations

−αnan + αn−1an−1 + · · · − αa1 + a0 = 0
βnan + βn−1an−1 + · · · + βa1 + a0 = 1

nαn−1an − (n − 1)αn−2an−1 + · · · + a1 = 0
nβn−1an + (n − 1)βn−2an−1 + · · · + a1 = 0

⇐⇒ Ax = b,

where A, x, b are given by (9)-(10). Similar to the case n even. 
�
Note that the system equations (8) has a unique solution when n = 3 due to

detA = − (α + β)(2α4 + 9α3β + 15α2β2 + 11αβ3 + 3β4)

2α + 3β
	= 0

withα, β satisfying (5). For the case n > 3, the system (8) has infinitelymany solutions
which says that there are a lot of C1-approximation functions of σ(x) if n > 3. For
example, let n = 3, 4, 5 and α = β = 1, the following C1-approximation functions
of σ(x) can be readily obtained.

ψ6(x, τ ) =
⎧⎨
⎩
0 if x < −τ

− 1
4

( x
τ

)3 + 3
4

( x
τ

) + 1
2 if |x | ≤ τ

1 if x > τ.

(11)

ψ7(x, τ ) =
⎧⎨
⎩
0 if x < −τ

λ
( x
τ

)4 − 1
4

( x
τ

)3 − 2λ
( x
τ

)2 + 3
4

( x
τ

) + 1
2 + λ if |x | ≤ τ

1 if x > τ

for any λ ∈ IR. (12)

ψ8(x, τ ) =

⎧⎪⎨
⎪⎩
0 if x < −τ

λ
( x
τ

)5 + γ
( x
τ

)4 −
(
1
4 + 2λ

) ( x
τ

)3 − 2γ
( x
τ

)2 +
(
3
4 + λ

) ( x
τ

) + 1
2 + γ if |x | ≤ τ

1 if x > τ

for any λ, γ ∈ IR. Note that ψ6(x, τ ) and ψ8(x, τ ) with λ = 3
16 , γ = 0 are called

the Tishler-Zang C1-approximation functions of σ(x) in [23]. Let λ = 1
2 , γ = 0, the

graphs representing these functions are illustrated in Figure 3.
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Fig. 3 Graphs of ψi (x, τ ) with
τ = 0.5.

2.1.2 Approximation via Dirac Delta Function

In this subsection, we develop continuous approximation functions for σ(x) based on
the Dirac delta function. Notably, the step function σ(x) can be represented as the
integral of the Dirac delta function, as follows:

σ(x) =
∫ x

−∞
δ(s)ds,

where δ(s) represents theDirac delta function,which satisfies the following properties:

δ(s) =
{
0 if s 	= 0
∞ if s = 0

,

∫ ∞

−∞
δ(s)ds = 1.

To approximate δ(s), let ρ(s) be a piecewise continuous density function with a finite
number of pieces, satisfying

ρ(s) ≥ 0,
∫ +∞

−∞
ρ(s)ds = 1.

Then

t̂(x, τ ) := 1

τ
ρ

( x
τ

)
≈ δ(x). (13)

Theorem 2.3 Suppose that ρ(x) is a piecewise continuous density function. Then

ψ(x, τ ) =
∫ x

−∞
t̂(s, τ )ds (14)

is a continuous approximation function of σ(x), where t̂(s, τ ) is defined as in (13).
Moreover, if ρ(x) is continuous, thenψ(x, τ ) is a C1-approximation function of σ(x).
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Proof Since ρ(x) is piecewise continuous then ψ(x, τ ) is continuous. On the other
hand, we have

lim
τ→0+ ψ(x, τ ) = lim

τ→0+

∫ x
τ

−∞
ρ(s)ds =

{∫ 0
−∞ ρ(s)ds if x = 0

σ(x) if x 	= 0.
(15)

Hence, ψ(x, τ ) serves as a continuous approximation of σ(x). If ρ(x) is continuous,
then its derivative ψ ′(x, τ ) = t̂(x, τ ) is also continuous. Consequently, ψ(x, τ ) is a
C1-approximation of the step function σ(x). 
�

To illustrate, we present several examples of ρ, a continuous density function, as
follows:

ρ1(s) = 1

2(s2 + 1)3/2
,

ρ2(s) = e−s

(1 + e−s)2
,

ρ3(s) = 1

π(1 + s2)
,

ρ4(s) = e−s2

√
π

,

ρ5(s) = 1

2

(
1 − tanh2(s)

)
,

ρ6(s) = 2

π(es + e−s)
.

Applying the above theorem,weobtain the correspondingC1-approximation functions
of σ(x) as below:

ψ1(x, τ ) = 1

2

(
x√

x2 + τ 2
+ 1

)
, (16)

ψ2(x, τ ) = e
x
τ

e
x
τ + 1

, (17)

ψ3(x, τ ) = 1

π

(
arctan

( x
τ

)
+ π

2

)
, (18)

ψ4(x, τ ) = 1

2

(
erf(

x

τ
) + 1

)
, (19)

ψ5(x, τ ) = 1

2

(
tanh(

x

τ
) + 1

)
, (20)

ψ6(x, τ ) = 2

π
arctan(e

x
τ ), (21)
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Fig. 4 Graphs of ψi (x, τ ) with
τ = 0.5.

where the error function is defined by

erf(t) = 2√
π

∫ t

0
e−u2du ∀t ∈ IR.

Moreover, let ρ be the piecewise continuous density function given by

ρ7(s) =
{
1 if 0 ≤ s ≤ 1
0 otherwise,

ρ8(s) =
{

π
4 cos

(
πs
2

)
if |s| ≤ 1

0 if |s| > 1,

ρ9(s) =
{ 3

4

(
1 − s2

)
if |s| ≤ 1

0 if |s| > 1.

Then, the corresponding continuous approximation functions of σ(x) are

ψ7(x, τ ) =
⎧⎨
⎩
0 if x < 0
x
τ
if 0 ≤ x ≤ τ

1 if x > τ,

ψ8(x, τ ) =
⎧⎨
⎩
0 if x < −τ
1
2

(
sin

(
π
2
x
τ

) + 1
)
if |x | ≤ τ

1 if x > τ,

(22)

ψ9(x, τ ) =
⎧⎨
⎩
0 if x < −τ

− x3

4τ 3
+ 3

4
x
τ

+ 1
2 if |x | ≤ τ

1 if x > τ.

The graphs representing these functions are depicted in Figure 4.
We observe that when piecewise continuous density functions are used, the result-

ing continuous approximation functions ψ(x, τ ) for σ(x) share the same structure as
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the form given in (2), as seen in examples such as ψ7(x, τ ) and ψ9(x, τ ). Addition-
ally, ψ8(x, τ ) also exhibits a piecewise continuous form analogous to that of ψ(x, τ )

in (2), where the function g(x, τ ) := 1
2

(
sin

(
π
2
x
τ

) + 1
)
satisfies the condition (4).

Based on these observations, we propose the following general form of continuous
approximation functions ψ(x, τ ) for the step function σ(x):

ψ(x, τ ) =
0 if x < −ατ

g(x, τ ) if − ατ ≤ x ≤ βτ

1 if x > βτ,

(23)

where g : IR → IR is continuous and g(x, τ ) := g( x
τ
) satisfies

g(−ατ, τ ) = 0
g(βτ, τ ) = 1

(24)

with
α ≥ 0
β > 0

or
α > 0
β ≥ 0.

2.2 Smoothing Approximation of Plus Function

Definition 2.5 The mapping (x)+ : IR → IR+ is called the plus function if

(x)+ = max(0, x).

Note that there are close connections between (x)+ and σ(x), as described below:

(x)+ =
∫ x

−∞
σ(t)dt and (x)+ = xσ(x).

To proceed, we utilize the identity (x)+ = ∫ x
−∞ σ(t)dt to construct smoothing func-

tions for (x)+, as formally stated in the following theorem.

Theorem 2.4 Suppose that ψ(x, τ ) is defined as in (23)-(24). Let

φplus(x, τ ) =
∫ x

−∞
ψ(t, τ )dt .

(i) For fixed τ > 0

−τ

(∫ β

−α

|g(t)|dt + β

)
≤ φplus(x, τ ) − (x)+ ≤ τ

∫ β

−α

|g(t)|dt .

(ii) φplus(x, τ ) is a smoothing function of (x)+.
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(iii) For any x,
(
φplus(x, τ )

)′
x is bounded.

(iv) If g(x, τ ) is increasing on [−ατ, βτ ] then
{

lim
x→x̄,τ→0+

(
φplus(x, τ )

)′
x

}
⊂ ∂(x̄)+ =

⎧⎨
⎩

1 if x̄ > 0
0 if x̄ < 0

[0, 1] if x̄ = 0.

This relation is called the gradient consistency property.

Proof (i) For x < −ατ , it is clear that φplus(x, τ ) − (x)+ = 0. If x > βτ then

φplus(x, τ ) − (x)+ =
∫ βτ

−ατ

g(t, τ )dt +
∫ x

βτ

1dt − x = τ

∫ β

−α

g(t)dt − βτ.

Since g is continuous and −|g| ≤ g ≤ |g|, we have

−τ

(∫ β

−α

|g(t)|dt + β

)
≤ φplus(x, τ ) − (x)+ ≤ τ

∫ β

−α

|g(t)|dt .

If 0 ≤ x ≤ βτ , then

φplus(x, τ ) − (x)+ =
∫ x

−ατ

g(t, τ )dt − x .

Hence

−τ

(∫ β

−α

|g(t)|dt + β

)
≤

∫ x

−ατ

g(t, τ )dt − βτ ≤ x ≤ φplus(x, τ ) − (x)+

≤
∫ x

−ατ

g(t, τ )dt ≤ τ

∫ β

−α

|g(t)|dt .

If −ατ ≤ x ≤ 0, then

φplus(x, τ ) − (x)+ =
∫ x

−ατ

g(t, τ )dt .

Hence

− τ

∫ β

−α

|g(t)|dt ≤ φplus(x, τ ) − (x)+ ≤ τ

∫ β

−α

|g(t)|dt . (25)

From all above, we obtain the desired inequality.

(ii) Since ψ is continuous, φplus is continuously differentiable. From the inequality
(25) we have that

lim
x→x̄,τ→0+ φplus(x, τ ) = (x̄)+,

which says φplus(x, τ ) is a smoothing function of (x)+.
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Fig. 5 Graphs of (x)+ and

φ
plus
i (x, τ ) with τ = 0.25

(iii) Since g is continuous on [−ατ, βτ ], g is bounded on [−ατ, βτ ]. Hence ψ is also
bounded. Moreover, it is clear that

(
φplus(x, τ )

)′
x = ψ(x, τ ).

(iv) Since g is increasing on [−ατ, βτ ] and using the condition (24), it implies that
0 ≤ g ≤ 1 which yields 0 ≤ (

φplus(x, τ )
)′
x ≤ 1. Thus, we have

{
lim

x→x̄,τ→0+

(
φplus(x, τ )

)′
x

}
⊂ ∂(x̄)+.


�
Let ψ(x, τ ) be as defined in (6)-(7). Applying Theorem 2.4, we obtain the corre-

sponding smoothing functions for (x)+ as follows.

φ
plus
1 (x, τ ) =

⎧⎨
⎩
0 if x < 0
x2
2τ if 0 ≤ x ≤ τ

x − τ
2 if x > τ.

φ
plus
2 (x, τ ) =

⎧⎨
⎩
0 if x < −τ
x2
4τ + x

2 + τ
4 if |x | ≤ τ

x if x > τ.

(26)

φ
plus
3 (x, τ ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if x < −τ
(x+τ)3

6τ 2
if − τ ≤ x ≤ 0

x − (x−τ)3

6τ 2
if 0 ≤ x ≤ τ

x if x > τ

Note thatφplus
1 (x, τ ) corresponds to thePinar-Zenios smoothing function [18] for (x)+,

φ
plus
2 (x, τ ) is the Zang smoothing function [32], andφ

plus
3 (x, τ ) is aC2 function known

as the Ye-Liu-Zhou-Liu smoothing function [28]. The graphs of these smoothing
functions are depicted in Figure 5.
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Next, we use the relation (x)+ = xσ(x) to generate smoothing functions for (x)+
by the following theorems.

Theorem 2.5 Suppose thatψ(x, τ ) given by (23)-(24) is a C1-approximation function
of σ(x). Let

φplus(x, τ ) = xψ(x, τ ).

Then

(i) For fixed τ > 0, there exists M > 0 satisfying

∣∣∣φplus(x, τ ) − (x)+
∣∣∣ ≤ Mτ.

(ii) φplus(x, τ ) is a smoothing functions of (x)+.
(iii) For any x,

(
φplus(x, τ )

)′
x is bounded

(iv) For any x,

{
lim

x→x̄,τ→0+

(
φplus(x, τ )

)′
x

}
⊂ ∂(x̄)+, ∀ x̄ 	= 0.

Proof (i) If x < −ατ or x > βτ , then φplus(x, τ ) − (x)+ = 0. Since g is bounded on
[−ατ, βτ ] then there exists M0 > 0 such that

|g(x, τ )| ≤ M0.

If −ατ ≤ x ≤ 0

∣∣∣φplus(x, τ ) − (x)+
∣∣∣ = |xg(x, τ )| ≤ |x ||g(x, τ )| ≤ ατM0.

If 0 ≤ x ≤ βτ

∣∣∣φplus(x, τ ) − (x)+
∣∣∣ = |x (g(x, τ ) − 1)| ≤ |x ||g(x, τ ) − 1| ≤ βτ(M0 + 1).

Set M = max{αM0, β(M0 + 1)}. We have

∣∣∣φplus(x, τ ) − (x)+
∣∣∣ ≤ Mτ.

(ii) The result is obtained immediately from (i).

(iii) First, we observe that

(
φplus(x, τ )

)′
x

= ψ(x, τ ) + xψ ′(x, τ ).

Since ψ(x, τ ) is C1-approximation function of σ(x), ψ ′(x, τ ) is bounded. Hence,(
φplus(x, τ )

)′
x is also bounded.
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Fig. 6 Graphs of (x)+ and

φ
plus
i (x, τ ) with τ = 0.25.

(iv) If x̄ 	= 0 then for sufficiently small τ , we have either x > βτ or x < −ατ . This
implies that

lim
x→x̄,τ→0+

(
φplus(x, τ )

)′
x

=
{
1 if x̄ > 0
0 if x̄ < 0

.

Hence, it follows

{
lim

x→x̄,τ→0+

(
φplus(x, τ )

)′
x

}
⊂ ∂(x̄)+, ∀ x̄ 	= 0.


�
Note that the argument of Theorem 2.5 is also true when we define φplus(x, τ ) =

(x + ατ)ψ(x, τ ) or φplus(x, τ ) = (x − βτ)ψ(x, τ ). Let ψ(x, τ ) be given in (11). We
obtain the following smoothing functions of (x)+.

φ
plus
4 (x, τ ) =

⎧⎨
⎩
0 if x < −τ

− 1
4
x4

τ 3
+ 3

4
x2
τ

+ x
2 if |x | ≤ τ

x if x > τ.

φ
plus
5 (x, τ ) =

⎧⎨
⎩
0 if x < −τ

− 1
4
x4

τ 3
− 1

4
x3

τ 2
+ 3

4
x2
τ

+ 5
4 x + τ

2 if |x | ≤ τ

x + τ if x > τ.

φ
plus
6 (x, τ ) =

⎧⎨
⎩
0 if x < −τ

− 1
4
x4

τ 3
+ 1

4
x3

τ 2
+ 3

4
x2
τ

− 1
4 x − τ

2 if |x | ≤ τ

x − τ if x > τ.

The graphs representing these functions are illustrated in Figure 6.

Theorem 2.6 Suppose thatψ(x, τ ) given by (23)-(24) is a C1-approximation function
of σ(x). Let

φplus(x, τ ) = xψ(x, τ ) −
∫ x

−∞
tψ ′(t, τ )dt .
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Then, the following hold.

(i) For fixed τ > 0, there exists M > 0 such that

∣∣∣φplus(x, τ ) − (x)+
∣∣∣ ≤ τ

(
M +

∫ β

−α

|tg′(t)|dt
)

.

(ii) φplus(x, τ ) is a smoothing function of (x)+.
(iii) For any x,

(
φplus(x, τ )

)′
x is bounded.

(iv) If g(x, τ ) is increasing on [−ατ, βτ ], then
{

lim
x→x̄,τ→0+

(
φplus(x, τ )

)′
x

}
⊂ ∂(x̄)+, ∀ x̄ .

Proof (i) If −ατ ≤ x ≤ βτ , we know

∫ x

−∞
tψ ′(t, τ )dt =

∫ x

−ατ

tψ ′(t, τ )dt = τ 2
∫ x

τ

−α

tg′(t)dt .

Using the Triangle Inequality for Integrals, we have

0 ≤
∣∣∣∣∣τ 2

∫ x
τ

−α

tg′(t)dt
∣∣∣∣∣ ≤ τ 2

∫ x
τ

−α

|tg′(t)|dt ≤ τ 2
∫ β

−α

|tg′(t)|dt ≤ τ

∫ β

−α

|tg′(t)|dt .

which together with the proof of part (i) of Theorem 2.4, establishes the existence of
M > 0 such that

∣∣∣φplus(x, τ ) − (x)+
∣∣∣ ≤ Mτ + τ

∫ β

−α

|tg′(t)|dt = τ

(
M +

∫ β

−α

|tg′(t)|dt
)

.

(ii) It is easily derived from part (i).

(iii) Since
(
φplus(x, τ )

)′
x = ψ(x, τ ) and ψ(x, τ ) is bounded, it is clear that(

φplus(x, τ )
)′
x is also bounded.

(iv) The proof is the same as part (iv) of Theorem 2.4. 
�

In addition, we consider ψ(x, τ ) given in (11), (12) with λ = 1
10 and (22), which

provide the below smoothing functions of (x)+.

φ
plus
7 (x, τ ) =

⎧⎨
⎩
0 if x < −τ

− 1
16

x4

τ 3
+ 3

8
x2
τ

+ x
2 + 3τ

16 if |x | ≤ τ

x if x > τ.

φ
plus
8 (x, τ ) =

⎧⎪⎨
⎪⎩
0 if x < −τ
1
50

x5

τ 4
− 1

16
x4

τ 3
− 1

15
x3

τ 2
+ 3

8
x2
τ

+ 3
5 x + 289

1200τ if |x | ≤ τ

x + 7
85τ if x > τ.
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Fig. 7 Graphs of (x)+ and

φ
plus
i (x, τ ) with τ = 1

φ
plus
9 (x, τ ) =

⎧⎨
⎩
0 if x < −τ
x
2 − τ

( 1
π
cos

(
π
2τ x

) − 1
2

)
if |x | ≤ τ

x if x > τ.

The graphs representing these functions are illustrated in Figure 7.

Theorem 2.7 Suppose that ψ(x, τ ) is given by (14) and ρ(x) is continuous density
function. Then

(i) φplus(x, τ ) = xψ(x, τ ) is a smoothing function of (x)+.

(ii) For fixed τ > 0, |x |min

{
−

∫ 0

−∞
ρ(s)ds,

∫ 0

−∞
ρ(s)ds − 1

}
≤ φplus(x, τ ) −

(x)+ ≤ 0.
(iii) If xρ(x) is bounded then

(
φplus(x, τ )

)′
x is bounded.

(iv) For any x,

{
lim

x→x̄,τ→0+
(
φplus(x, τ )

)′
x

}
⊂ ∂(x̄)+, ∀ x̄ 	= 0.

Proof (i) First, we need to show that

lim
x→x̄,τ→0+ φplus(x, τ ) = (x̄)+.

Indeed, for x̄ 	= 0, we see that

lim
x→x̄,τ→0+ φplus(x, τ )= lim

x→x̄,τ→0+ x
∫ x

−∞
t̂(s, τ )ds= lim

x→x̄,τ→0+ x
∫ x

τ

−∞
ρ(s)ds=(x̄)+.

If x̄ = 0, by the definition of density function, we obtain

0 ≤
∫ x

−∞
t̂(s, τ )ds =

∫ x
τ

−∞
ρ(s)ds ≤ 1
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which leads to

0 ≤ |x
∫ x

−∞
t̂(s, τ )ds| ≤ |x |.

This further implies that
lim

x→0,τ→0+ φplus(x, τ ) = 0.

On the other hand, we have

(
φplus(x, τ )

)′
x

=
∫ x

−∞
t̂(s, τ )ds + x t̂(x, τ ).

Since
∫ x
−∞ t̂(s, τ )ds and t̂(x, τ ) are continuous,

(
φplus(x, τ )

)′
x is continuous which

means that φplus(x, τ ) is C1. Thus φplus(x, τ ) is a smoothing function of (x)+.

(ii) For x > 0, there hold

x

(∫ 0

−∞
ρ(s)ds − 1

)
≤ x

∫ x

−∞
t̂(s, τ )ds − (x)+ = x

∫ x
τ

−∞
ρ(s)ds − x ≤ 0.

For x ≤ 0, we have

x
∫ 0

−∞
ρ(s)ds ≤ x

∫ x

−∞
t̂(s, τ )ds − (x)+ = x

∫ x
τ

−∞
ρ(s)ds ≤ 0.

Hence, we obtain the desired result.

(iii) Since xρ(x) is bounded, it follows that x t̂(x, τ ) is also bounded. This together
with the boundedness of

∫ x
−∞ t̂(s, τ )ds implies that

(
φplus(x, τ )

)′
x is bounded.

(iv) If x̄ 	= 0 then

lim
x→x̄,τ→0+ x t̂(x, τ ) = lim

x→x̄,τ→0+ x .
1

τ
ρ

( x
τ

)
= 0

which leads to

lim
x→x̄,τ→0+

(
φplus(x, τ )

)′
x

=
{
1 if x̄ > 0
0 if x̄ < 0

.

Then, the proof is complete. 
�
Moreover, considerψ(x, τ ) given by (16)-(21), and applying Theorem 2.7, we have

the following corresponding smoothing functions of (x)+:

φ
plus
10 (x, τ ) = x

2

(
x√

x2 + τ 2
+ 1

)
, (27)

φ
plus
11 (x, τ ) = xe

x
τ

e
x
τ + 1

, (28)
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Fig. 8 Graphs of (x)+ and

φ
plus
i (x, τ ) with τ = 0.5

φ
plus
12 (x, τ ) = x

π

(
arctan

( x
τ

)
+ π

2

)
, (29)

φ
plus
13 (x, τ ) = x

2

(
erf(

x

τ
) + 1

)
, (30)

φ
plus
14 (x, τ ) = x

2

(
tanh(

x

τ
) + 1

)
, (31)

φ
plus
15 (x, τ ) = 2x

π
arctan(e

x
τ ), (32)

where the error function is defined by

erf(x) = 2√
π

∫ x

0
e−u2du ∀x ∈ IR.

The graphs representing these functions are illustrated in Figure 8.

Theorem 2.8 Suppose that ψ(x, τ ) is given by (14) and ρ(x) is continuous density
function. Let

φplus(x, τ ) = xψ(x, τ ) −
∫ x

−∞
s · t̂(s, τ )ds =

∫ x

−∞
(x − s)t̂(s, τ )ds.

Then, the following hold.

(i) For fixed τ > 0, −τ max

{∫ +∞

−∞
sρ(s)ds, 0

}
≤ φplus(x, τ ) − (x)+ ≤

τ

∫ 0

−∞
|s|ρ(s)ds.

(ii) φplus(x, τ ) is a smoothing function of (x)+.
(iii) For any x,

(
φplus(x, τ )

)′
x ∈ [0, 1].

(iv) For any x,

{
lim

x→x̄,τ→0+
(
φplus(x, τ )

)′
x

}
⊂ ∂(x̄)+, ∀ x̄ .
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Proof The proof follows directly from [5, Proposition 2.2]. 
�

To close this section, we point out that φplus(x, τ ) in Theorem 2.8 can be rewritten as

φplus(x, τ ) =
∫ +∞

−∞
(x − s)+ t̂(s, τ )ds,

which was previously investigated by Chen and Mangasarian [5].

2.3 Smoothing Approximation of �0-norm

Definition 2.6 The l0-norm function is defined as

‖z‖0 ≡ #{i : zi 	= 0}.

which is equivalent to

‖z‖0 =
n∑

i=1

ϑ(zi ),

where ϑ : IR → IR+ is defined by

ϑ(t) =
{
0 if t = 0
1 otherwise.

First, we observe that
ϑ(t) = (sgn(t))2 ,

where

sgn(t) =
⎧⎨
⎩

1 if t > 0
0 if t = 0

−1 if t < 0

with
sgn(t) = σ(t) − σ(−t).

In other words, the �0-norm can be expressed via sgn function as follows:

‖z‖0 ≡
n∑

i=1

(sgn(zi ))
2 =

n∑
i=1

(σ (zi ) − σ(−zi ))
2.

Using C1-approximation functions of σ(x), we are able to generate smoothing func-
tions for sgn(x) as the following theorem.

Theorem 2.9 Suppose that ψ(x, τ ) given by (23) is a C1-approximation function of
σ(x) then

ψ̄(x, τ ) = ψ(x, τ ) − ψ(−x, τ )

is a smoothing function of sgn(x).
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Fig. 9 Graphs of the �0-norm
with n = 1 and φ0(x, τ ) with
τ = 0.5

Proof Since ψ(x, τ ) and ψ(−x, τ ) are C1, so is ψ̄(x, τ ). On the other hand, we have
that

lim
τ→0+ ψ(x, τ ) =

{
σ(x) if x 	= 0
g(0, τ ) if x = 0,

and

lim
τ→0+ ψ(−x, τ ) =

{
σ(−x) if x 	= 0
g(0, τ ) if x = 0,

which lead to limτ→0+ ψ̄(x, τ ) = sgn(x) for all x ∈ IR. Thus ψ̄(x, τ ) is a smoothing
function of sgn(x). 
�

From the above theorem, if ψ̄(x, τ ) is a smoothing function of sgn(x), then

φ0(z, τ ) =
n∑

i=1

(ψ̄(zi , τ ))2

is a smoothing function of ‖z‖0. For example, let ψ(x, τ ) be as in (7), we have

ψ̄(x, τ ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−1 if x < −τ
(x+τ)2

τ 2
− 1 if − τ ≤ x ≤ 0

1 − (x−τ)2

τ 2
if 0 ≤ x ≤ τ

1 if x > τ

= sgn(x)

{
1 if |x | > τ

1 − (x−τ)2

τ 2
if |x | ≤ τ.

Then

φ0(x, τ ) =
{

1 if |x | > τ(
1 − (x−τ)2

τ 2

)2
if |x | ≤ τ

is a smoothing function of the �0-norm with n = 1. The graphs of the �0-norm and
F(x, τ ) are depicted in Figure 9.

Smoothing functions for sgn(x) can be constructed using density functions, as
formally stated in the following theorem.
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Theorem 2.10 Let ρ(x) be a continuous density function satisfying the symmetry con-
dition ρ(x) = ρ(−x). Then a smoothing function of sgn(x) is defined by

ψ̄(x, τ ) =
∫ x

−∞
t̂(s, τ )ds −

∫ −x

−∞
t̂(−s, τ )ds = 2ψ(x, τ ) − 1.

where t̂(s, τ ) is defined as in (13) and ψ(x, τ ) is given by (14).

Proof By symmetric of ρ(x), it follows that

ψ̄(x, τ ) =
∫ x

−∞
t̂(s, τ )ds−

∫ −x

−∞
t̂(−s, τ )ds = 2

∫ x

−∞
t̂(s, τ )ds−1 = 2ψ(x, τ )−1.

According to (15), we obtain

lim
τ→0+ ψ̄(x, τ ) = lim

τ→0+ 2ψ(x, τ ) − 1 =
{

0 if x = 0
sgn(x) if x 	= 0.

On the other hand, we have that

ψ̄ ′(x, τ ) = 2t̂(x, τ )

is a continuous function. Thus, ψ̄(x, τ ) is a smoothing function of sgn(x). 
�
To sum up, the corresponding smoothing function of ‖z‖0 is

φ0(z, τ ) =
n∑

i=1

(
2
∫ zi

−∞
t̂(s, τ )ds − 1

)2

.

Using ψi (x, τ ), i = 1, . . . , 6 given by (16)-(21) and notice that the corresponding
density function of ψi (x, τ ), i = 1, . . . , 6 is continuous and satisfies ρ(x) = ρ(−x).
Then, we obtain the corresponding smoothing functions of the �0-norm with n = 1 as
following:

φ0
1(x, τ ) =

(
x√

x2 + τ 2

)2

,

φ0
2(x, τ ) =

(
e
x
τ − 1

e
x
τ + 1

)2

,

φ0
3(x, τ ) =

(
2

π
arctan

( x
τ

))2

,

φ0
4(x, τ ) =

(
erf(

x

τ
)
)2

,

φ0
5(x, τ ) =

(
tanh(

x

τ
)
)2

,
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Fig. 10 Graphs of the �0-norm
with n = 1 and φ0

i (x, τ ) with
τ = 0.25

φ0
6(x, τ ) =

(
4

π
arctan(e

x
τ ) − 1

)2

.

The graphs of these smoothing functions are depicted in Figure 10.

2.4 Smoothing Approximations for Other Regularizers

2.4.1 Approximations for �p-norm (0 < p ≤ 1), MCP, SCAD

It is well known that the absolute value function can be represented in terms of

|x | = (x)+ + (−x)+ = 2(x)+ − x .

Then
φabs(x, τ ) = φplus(x, τ ) + φplus(−x, τ ) = 2φplus(x, τ ) − x

is a smoothing function of |x |, where φplus(x, τ ) is a smoothing function of (x)+. For
example, let φplus(x, τ ) be given by (26), then we have the corresponding smoothing
function |x |

φabs
1 (x, τ ) =

⎧⎨
⎩

−x if x < −τ
x2
2τ + τ

2 if |x | ≤ τ

x if x > τ.

Using the smoothing functions φplus(x, τ ) given by (27)-(32), we have the following
corresponding smoothing functions of |x |:

φabs
2 (x, τ ) = x2√

x2 + τ 2
,

φabs
3 (x, τ ) = x

e
x
τ − 1

e
x
τ + 1

,
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Fig. 11 Graph of smoothing functions of |x | and |x |1/2.

φabs
4 (x, τ ) = 2x

π
arctan

( x
τ

)
,

φabs
5 (x, τ ) = xerf

( x
τ

)
,

φabs
6 (x, τ ) = x tanh(

x

τ
),

φabs
7 (x, τ ) = 4x

π
arctan(e

x
τ ) − x .

Definition 2.7 The �p-norm function is defined by

‖z‖p =
(

n∑
i=1

|zi |p
) 1

p

for any z ∈ IRn , and p ∈ (0, 1].
We can utilize smoothing functions of |x | to derive smoothing functions for �1-norm

and positive smoothing functions of |x | to obtain smoothing functions of the �p-norm
(p ∈ (0, 1)). For example, sinceφabs

1 (x, τ ) > 0, the corresponding smoothing function
of |x |p (p ∈ (0, 1)) is:

φ
p
1(x, τ ) =

{(
x2
2τ + τ

2

)p
if |x | ≤ τ

|x |p if |x | > τ.

Note that φabs
i (x, τ ) ≥ 0, i = 2, . . . , 7, hence smoothing functions for |x |p (p ∈

(0, 1)) are generated by modifying φabs
i (x, τ ) as follows.

φ
p
i (x, τ ) =

(
φabs
i (x, τ ) + τ 2

)p
, i = 2, . . . , 7.

The graphs of smoothing functions of |x | and |x |p are depicted in Figure 11.
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Note that smoothing of the absolute value can also be applied to matrix norms. For i

nstance, consider the induced 1-norm ‖X‖1 = max
1≤ j≤n

m∑
i

|xi j |. A smooth approxima-

tion of ‖X‖1 is then given by

φ(X , τ ) = 1

τ
log

⎛
⎝ n∑

j=1

e
τ

m∑
i=1

φabs(xi j ,τ )

⎞
⎠ ,

where φabs(xi j , τ ) is smoothing function of |xi j |.
Definition 2.8 [33] The minimax concave penalty (MCP) function is defined by

f mcp(x) =
∫ |x |

0
(1 − s/(αλ))+ds, α > 0

=
⎧⎨
⎩

1
2αλ if x > αλ

|x | − x2
2αλ

if αλ ≤ x ≤ αλ
1
2αλ if x < αλ.

MCP function f mcp(x) can be rewritten as

f mcp(x) = αλ

2
+ |x | + |x − αλ| (x − αλ)

4αλ
− |x + αλ| (x + αλ)

4αλ
.

Then a smoothing function of MCP is

φmcp(x, τ )=αλ

2
+φabs(x, τ )+φabs(x − αλ, τ)(x − αλ)

4αλ
−φabs(x + αλ, τ)(x + αλ)

4αλ
,

where φabs(x, τ ) is a smoothing function of |x |. Using the preceding smoothing func-
tions of |x | given by (33)-(33), the graphs of smoothing functions of the MCP are
depicted in Figure 12.

Definition 2.9 [8] The smoothly clipped absolute deviation (SCAD) function is
defined by

f scad(x) =
∫ |x |

0
min

(
1,

(α − s/λ)+
α − 1

)
ds, α > 2

=

⎧⎪⎨
⎪⎩

λ(α+1)
2 if |x | ≥ αλ

2αλ|x |−x2−λ2

2λ(α−1) if λ < |x | < αλ

|x | if |x | ≤ λ.

SCAD function f scad(x) can be rewritten as
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Fig. 12 Graphs of the MCP with
α = λ = 1 and φ

mcp
i (x, τ ) with

τ = 0.25

f scad(x) =λ(α + 1)

2
+ |x | + (x − αλ) |x − αλ| − (x + αλ) |x + αλ|

4λ(α − 1)

+ (x + λ) |x + λ| − (x − λ) |x − λ|
4λ(α − 1)

.

Then a smoothing function of SCAD is

φscad(x, τ ) =λ(α + 1)

2
+ φabs(x, τ )

+ (x − αλ)φabs(x − αλ, τ) − (x + αλ)φabs(x + αλ, τ)

4λ(α − 1)

+ (x + λ)φabs(x + λ, τ) − (x − λ)φabs(x − λ, τ)

4λ(α − 1)
,

where φabs(x, τ ) is a smoothing function of |x |. Using the preceding smoothing func-
tions of |x | given by (33)-(33), the graphs of smoothing functions of the SCAD are
depicted in Figure 13.

2.4.2 Smoothing Approximation for Pinball Function

Definition 2.10 The pinball function is defined by

ρη(x) =
{

ηx if x ≥ 0
(η − 1)x if x < 0,

(33)

where η ∈ [0, 1].
Note that

ρη(x) =
{

(x)+ if η = 1
(−x)+ if η = 0,
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Fig. 13 Graphs of the SCAD
with α = 3, λ = 1 and
φscad
i (x, τ ) with τ = 0.8

and the pinball function (33) with η ∈ (0, 1) is called the quantile loss function [10].

The pinball function can be rewritten as

ρη(x) = η(x)+ − (η − 1)(−x)+.

Then a smoothing function of ρη(x) is defined by

φpin(x, τ ) = ηφplus(x, τ ) − (η − 1)φplus(−x, τ ),

whereφplus(x, τ ), φplus(−x, τ ) are smoothing functions of (x)+, (−x)+, respectively.

Definition 2.11 [9] The pinball function with ε zone is defined by

ρε
η(x) = max{x − ε, 0,−ηx − ε},

where 0 ≤ η ≤ 1, ε ≥ 0.

The pinball function with ε zone can be rewritten as

ρε
η(x) = (x − ε)+ + (−ηx − ε)+.

Then a smoothing function of ρε
η(x) is defined by

φpinε(x, τ ) = φplus(x − ε, τ ) + φplus(−ηx − ε, τ ),

where φplus(x−ε, τ ), φplus(−ηx−ε, τ ) are smoothing functions of (x−ε)+, (−ηx−
ε)+, respectively. Let φplus(x, τ ) be defined as in (27)-(32), the graphs of smoothing
functions of the pinball and the pinball with ε zone functions are depicted in Figure
14.
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Fig. 14 Smoothing functions of the pinball and the pinball with ε zone functions

3 Applications to Sparse Optimizations and Regularization

Sparse optimization encompasses techniques that encourage solutionswithmany zero,
proving especially valuable in fields such as signal processing, machine learning, and
statistical modeling. Regularization methods such as the �p-norm, MCP, SCAD, and
nuclear norm, introduce penalty terms that promote sparsity, thereby enhancing the
tractability of optimization problems. In this section, we present several key appli-
cations of model (1) in sparse optimization, which represent fundamental problems
in signal processing and machine learning. These examples highlight the pivotal role
of regularization in efficiently recovering structured solutions from high-dimensional
data.

(i) Sparse regression

In the classical linear regression problem, given a design matrix X ∈ IRm×n and a
response vector y ∈ IRm , the goal is to find a coefficient vector β ∈ IRn that minimizes
the squared error, which yields

min
β

‖y − Xβ‖2.

However, in high-dimensional settings with large datasets, many features are often
irrelevant, implying that several components of β should be zero—that is, β is sparse.
To promote such sparsity, a natural formulation is the following optimization model:

min 1
2‖y − Xβ‖2

subject to ‖β‖0 ≤ s,

where ‖β‖0 denotes the number of nonzero elements of β and s is the desired sparsity
level (i.e., the maximum number of predictors). Alternatively, a widely used approach
is to consider regularized formulations of the form

min
β∈IRn

1

2
‖y − Xβ‖2 + λR(β), (34)
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where R is a regularizer that induces sparsity, such as the �p (with 0 ≤ p ≤ 1), MCP
and SCAD regularizers [4, 13].

(ii) Compressive sensing

Compressive sensing seeks to efficiently acquire and reconstruct sparse signals by
solving underdetermined linear systems of the form Ax = b, where A ∈ IRm×n and
b ∈ IRm with m � n. This problem has a wide range of applications, including
magnetic resonance imaging (MRI), radar, sampling theory, and machine learning.
Mathematically, the objective is to solve the following sparsity-constrained problem:

min
x∈IRn

‖x‖0 subject to Ax = b.

However, owing to the nonconvexity and NP-hardness of this formulation [16], an
alternative approximate and relaxed models are commonly employed, such as:

min
x∈IRn

R(x) subject to Ax = b,

where R(x) is a sparsity-inducing regularizer that approximates �0. An even more
flexible formulation is given by the unconstrained problem

min
x∈IRn

1

2
‖Ax − b‖2 + λR(x),

which is mathematically similar to sparse regression (34).

(iii) Support vector machine

The Support Vector Machine (SVM) is a foundational model in machine learning,
particularly well-suited for classification tasks. Given a training dataset {(xi , yi )}mi=1,
where xi ∈ R

n are feature vectors and yi ∈ {−1, 1} are class labels, the objective of
SVM is to determine a hyperplane that best separates the two classeswhilemaximizing
the margin between them. This leads to the following optimization formulation:

minω,b
1

2
‖ω‖2

subject to yi (ωT xi + b) ≥ 1, ∀i = 1, 2, ...,m.

Here, ω denotes the normal vector to the hyperplane, and b is the bias term. In [9],
a variant of the SVM model was proposed using the pinball loss function, leading to
the following formulation:

min
ω,b

1

2
‖ω‖2 + C

m∑
i=1

Lη(1 − yi (ω
T xi + b)),

where Lη is pinball function given by

Lη(u) =
{
u if u ≥ 0
−ηu if u < 0, η ∈ (0, 1).
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The examples above illustrate only a subset of the many applications that arise
across various applied fields. Additional notable examples include image inpainting
[12], sparse signal separation [22], and the estimation of large sparse (inverse) covari-
ance matrices [25]. For a comprehensive survey of applications and models involving
regularization techniques, we refer the reader to [24]. A corresponding smooth approx-
imation of the nonsmooth optimization model (1) can be formulated as follows:

min
x∈�

f (x) + λRτ (x), (35)

where Rτ (x) is a smoothing function of R(x).
The boundedness of∇Rτ (x) as provided in Section 2, together the assumption that

f is coercive and continuously differentiable, ensures that the overall gradient

∇Fτ (x) = ∇ f (x) + λ∇Rτ (x)

cannot become arbitrarily large. This property is crucial for the stability of gradient-
based algorithms (e.g., gradient descent, BFGS, L-BFGS, and so on), as it guarantees
that step sizes can be chosen safely and prevents numerical instability when applying
continuation methods with decreasing τ . Moreover, the gradient consistency property
of Rτ (x) ensures that any accumulation point generated by the smoothing gradient
method is a Clarke stationary point of the original nonsmooth problem (1) (see in
[6, Theorem 3]). These properties of the smoothing function can be powerful for
establishing the theoretical results and designing algorithms for solving nonsmooth
optimization problems.

Futhermore, as established in the literature, the effectiveness of smoothing
approaches for nonsmooth problems hinges on both the choice of smoothing functions
and the solution methods employed. This underscores the importance of developing
a systematic framework for smoothing regularizers. Such a framework facilitates the
identification of suitable smoothing functions and supports the design of robust algo-
rithms for solving the smooth approximation problem (35).

4 Conclusion

This paper presents a systematic framework for constructing smoothing functions for
a broad class of widely used regularizers, including the plus function, the pinball func-
tion, the absolute value function, the �p-norm (p ∈ [0, 1]), the MCP, and the SCAD.
Our approach demonstrates that numerous well-known smoothing functions for the
plus function arise naturally emerge within this framework. The central idea is built
upon continuous approximations of the step function, which provide a foundational
structure for generating smoothing functions for various regularizers. These approxi-
mations are derived using polynomial functions—motivated by Bézier curves and the
Dirac delta function.
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As part of future research, we plan to further explore these smoothing functions to
identify those most effective for solving the sparse optimization problems discussed
in Section 3.
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