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Abstract. The aim of this paper is to study the difference gap function (for brevity, DG-function) and up-
per error bounds for an abstract class of variational-hemivariational inequalities with history-dependent
operators (for brevity, HDVHIs). First, we propose a new concept of gap functions to the HDVHIs and
consider the regularized gap function (for brevity, RG-function) for the HDVHIs using the optimality
condition for the concerning minimization problem. Then, the DG-function for the HDVHIs depend-
ing on these RG-functions is constructed. Finally, we establish upper error bounds for the HDVHIs
controlled by the RG-function and the DG-function under suitable conditions.
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1. INTRODUCTION

The theory of hemivariational inequalities developed by Panagiotopoulos is a well known
generalization of variational inequalities to address a variety of mechanical difficulties involving
nonconvex and nonsmooth energy potentials. It has been extended to variational-hemivariational
inequalities in the case of both convex and nonconvex potentials by using the idea of the Clarke’s
generalized gradient for locally Lipschitz functions; see, e.g., [29, 30]. Accordingly, many
authors have extensively studied on the theory of variational-hemivariational inequalities in
various directions. Especially, this theory has been applied to different fields of engineering,
mechanics, nonsmooth analysis and optimization. In particular, existence results for various
kinds of variational-hemivariational inequalities can be found in [17, 25, 23], the gap functions
and error bounds are investigated in [10, 14, 16, 38], the well-posedness and the stability in the
sense of convergence are studied in [11, 24, 41, 45, 46] and references therein.

Besides, a significant class of operators with definitions in vector-valued function spaces are
history-dependent operators. These operators arise in theories of differential equations, partial
differential equations, and functional analysis. In fact, history-dependent operators are partic-
ularly helpful for the analysis of models incorporating quasi-static frictional and frictionless
contact conditions with elastic or viscoelastic materials in contact mechanics. The integral
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operators and Volterra-type operators are two straightforward examples of history-dependent
operators. For more details, please refer to [26, 28, 33, 34, 35, 36, 47] and references therein.

On the other hand, Auslender [1] first introduced the notion of gap functions as a use-
ful tool for resolving related optimization problems involving variational inequalities. How-
ever, Auslender’s gap function is non-differentiable in general. To overcome this disadvan-
tage, Fukushima [9] originally proposed a regularized gap function (for short, RG-function)
for variational inequalities (also see, Yamashita-Fukushima [44]). It leads a variational in-
equality problem to an equivalent differentiable optimization problem with convex constraints.
Later, Peng [31] provided a difference gap function (for short, DG-function), also known as
D-gap function, which is a difference of two RG-functions, and showed that a DG-function
yields a variational inequality problem to an unconstrained optimization problem. Note that
the RG-function is also a gap function. Peng-Fukushima [32] established a global upper er-
ror bound result for variational inequalities by using DG-functions under the assumption of
strongly monotone functions. An upper error bound explores the upper estimate of the distance
between an arbitrary feasible point and the certain problem’s solution set. Hence, it is very cru-
cial in analyzing the convergence of iterative approaches to resolving variational inequalities.
Moreover, DG-functions and error upper bounds have been studied for various kinds of varia-
tional inequalities and equilibrium problems, see e.g., [2, 4, 13, 15, 18, 19, 21, 22, 37, 40]. Very
recently, Cen-Nguyen-Zeng [3] considered upper error bounds for the generalized variational-
hemivariational inequalities with history-dependent operators by using RG-functions. Chen-
Tam [5] proposed upper error bounds for a class of history-dependent variational inequalities
controlled by the DG-functions. Especially, Tam-Chen [39] derived upper error bounds for ab-
stract elliptic variational-hemivariational inequalities based on generalized DG-functions with
applications to contact mechanics. Following these tracks and directions, this work aims to
study DG-functions and upper error bounds for variational-hemivariational inequalities, which
are new to the literature.

As mentioned above, our aim in this paper is to continue investigations on DG-functions and
upper error bounds for a general class of variational-hemivariational inequalities with history-
dependent operators (for brevity, HDVHIs). We outline the main idea behind as below. First,
the RG-function of the Fukushima type [9] for HDVHISs is provided in terms of the optimality
condition for the concerning minimization problem. Then, we construct the DG-function for
HDVHIs based on two different RG-functions and give some its characterization. Finally, we
represent upper error bounds for HDVHIs by employing the RG-function and the DG-function
depending on the data of HDVHIs.

The rest of this paper is organized as follows. In Section 2, we review basic notations, defi-
nitions and their properties that will be used throughout the paper. We also introduce a general
class of variational-hemivariational inequalities with history-dependent operators (Problem 2.1)
and present its existence under some imposed hypotheses of Problem 2.1. In Section 3, we in-
vestigate the DG-function for Problem 2.1 in terms of RG-functions. Section 4 is devoted to
establishing upper error bounds for Problem 2.1 by using the RG-function and the DG-function
considered in Section 3 under some suitable assumptions.
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2. PRELIMINARIES AND FORMULATIONS

Given a reflexive Banach space V and its topological dual V*, the norm on V and the duality

pairing of V and V* are denoted by || - ||v and (-, )y, respectively. Let two normed spaces V and
Z, L(V,Z) denote the space of all linear continuous operators from V to Z. We first recall some
fundamental concepts and properties that will be used in the sequel. For more details, please
refer to [6, 7, 8, 27].

Definition 2.1. A function y: V — R := RU {+oo} is said to be

(a) proper if Y £ +oo;

(b) convex if y(rz+ (1 —1)v) <ty(z)+ (1 —1)y(v) forallz,v €V andt € [0,1];

(c) upper semicontinuous at zo € V if, for any {z,} C V such that z, — z¢, it holds limsup y(z,) <
v (z0);

(d) lower semicontinuous at zo € V if, for any {z,} C V such that z,, — 70, it holds y(zp) <
liminfy/(z,);

(e) upper semicontinuous (resp., lower semicontinuous) on V' if y is upper semicontinuous
(resp., lower semicontinuous) at every zg € V.

Definition 2.2. An operator a: V — V* is said to be

(a) bounded if @ maps bounded sets of V into bounded sets of V*;
(b) Lipschitz continuous if there exists a constant L, > 0 such that

la(v) —a(z)|lvs < Lg||lv—z]ly forall z,v € V.

Definition 2.3. Let 4: V — R be a proper, convex, and lower semicontinuous function. The
convex subdifferential d°h: V = V* of h is defined by

9°h(z) ={w* e V* | (W ,v—2)g <h(v)—h(z) forall veV} forall z€V.

An element w* € d°h(z) is called a subgradient of hatz € V.

Definition 2.4. A function y: V — R is said to be locally Lipschitz if, for every z € V, there
exist a neighbourhood .4; of z and a constant /, > 0 such that

(W (ur) —w(u)| < L|luy —uslly forall uy,up € .4,

Given a locally Lipschitz function y: V — R, we denote by y°(z;w) the Clarke’s generalized
directional derivative of y at the point z € V in the direction w € V defined by

y'(z;w) == limsup vy tiw) —yly)

y—z, t—0t !

The generalized gradient of y at z € V, denoted by dy(z), is a subset of V* given by

dy(z) ={{ eV*] Vo (zw) > (C*,w)y forallw e 43

The following lemma provides some useful properties of the Clarke’s generalized gradient

and directional derivative of a locally Lipschitz function, see, e.g., [6, Proposition 2.1.1].

Lemma 2.1. Let V be a real Banach space and y: V — R be a locally Lipschitz function. Then,
the following assertions hold.

(1) For each z €V, the function V > w l//o(z;w) € R is finite, positively homogeneous,
subadditive and Lipschitz continuous.
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(ii) The function V xV > (z,w) — y%(z;w) € R is upper semicontinuous.
(iii) For every z, w €V, it holds y°(z;w) = max { ({,w)y | { € dy(z) }.

Definition 2.5 (see [20]). A function A: V — R is said to be uniformly convex if there exists a
continuously increasing function : R — R such that 7£(0) = 0 and that for all z,v € V and for
eachr € [0, 1], we have

Atz +(1=1)v) <tA2) + (1 =) AW) =t (1 =)z ((lz=vllv) [z = vllv.
If w(r) = kr for k > 0, then A is called a strongly convex function.

Next, we recall the existence and uniqueness of solutions for a convex optimization problem
involving A.

Lemma 2.2 (see [43], Chapter 1, Section 3, Theorem 9). Suppose that K C V is a nonempty,
convex, and closed set, A: V — R is a uniformly convex and lower semicontinuous function.
Then, the optimization problem

min — A(z)
zek
has the unique solution 7" € K.
Throughout the paper, unless otherwise specified, for each i € {1,...,1}, let V be a reflexive

Banach space, V; be a Banach space, @; >0, K CV,0< T <oo,a: [0,T|xV = V*, y: V=V,
A C([0,T];V) — C([0,T];V*) be operators, h: V xV — R, ¥;: V; — R be functions, and
f€C([0,T];V*). We now consider the following abstract variational-hemivariational inequality
with history-dependent operator:

Problem 2.1. Find a function z: [0,7] — K such that
(a(s,2(5)) + (A2)(s),v —2(s))v + h(z(s),v)
l
+ ¥ ) (5 1 —2(6)) 2 ) v =25y

i=1
forallve Kandae. s € [0,7T].

When!/=1,%¥; =Y and y; = 7, Problem 2.1 is equivalent to the following class of history-
dependent variational-hemivariational inequality studied by Cen-Nguyen-Zeng [3]:

Problem 2.2. Find a function z: [0,7] — K such that
{a(s,z(s)) + (Hz)(s),v—z(s))v + h(z(s),v)
+ 0 (y2():7(v —2(s)) = (f(s),v—2(s))v
forall ve K and a.e. s € [0,T].

When ¥; =0foralli € {1,...,1}, h(z,v) = ¢(v) — §(z) for all z,v € K, Problem 2.1 reduces
to the following history-dependent variational inequality considered by Sofonea-Pdtrulescu [34]
in the interval of time [0, T:

Problem 2.3. Find a function z: [0,7] — K such that

(a(s,z2(s)),v=z(s))v + ((H2)(s),v—2(s))v + 9 (v) = B (2(s) = (f(s),v —2(s))v
forall ve K and a.e. s € [0,T].
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To proceed, we now impose the following hypotheses on the data of Problem 2.1.
$(a): For the operator a: [0,T] xV — V*,

(i) for all s € [0, T], the mapping z — a(s,z) is continuous, and is strongly monotone, i.e.,
there exists m, > 0 such that

(a(s,z1) —a(s,22),21 — 22)v > mallz1 — 22|, V21,220 €V, Vs € [0, T];
(i1) there exists [/, > 0 such that
lla(s1,2) —a(s2,2)||lv < la|s1 —s2|, Vz € V, Vs1,80 € [0,T];
(iii) there exists L, > 0 such that
lla(s,z1) —a(s,22)||lv < Ldl|z1 — 22]|v, V21,22 € V, Vs € [0, T].

$H(A€): For the operator .7: C([0,T];V) — C([0,T];V*), there exists a constant L 5 such that

[7721)(s) = (A z2)(s) v+ SL%/O 121 () = 22(0) [|v dt,
for all z;,z, € C([0,T];V) and for all s € [0, T].
$H(h): h: K x K — R is a bounded function such that

(i) for each z € K, v — h(z,v) is convex and lower semicontinuous;
(i) for each v € K, z+— h(z,v) is concave and upper semicontinuous;
(iii) for each z € K, h(z,z) = 0;
(iv) there exists my > 0 such that

h(z,v) +h(v,z) < —my|lz— V|3, Vz,v K. (2.1)

$H(¥): Foreach i € {1,...,1}, for the locally Lipschitz function ¥;: V; — R,

@ [IElly, < co+eillzllv, Vz€Vi, & € dWi(z) with some co,c1 > 0;
(ii) there exists Ly, > 0 such that

‘P?(wl;vz —v1) -I-‘P?(wz;vl —v)

< Ly, ||lwi —w2||g||vi —v2||E;, YW1, w2,v1,v2 € E;. (2.2)

S

(K): K is a nonempty, closed, and convex subset of V with Oy € K.

$H(Kp): K is a nonempty, bounded, closed, and convex subset of V with Oy € K.

$(y): Foreachi € {1,...,1}, for the operator ; € L(V,V;), there exists cy, > 0,

lvvllvi < cw[vlv-
H(f): fec((0,T):v7).
$(0): mg+my — Yh_; Ly, > 0.

Remark 2.1. (i) The operator ¢ : C([0,T];V) — C([0,T];V*) satisfying condition $(57) is
said to be the history-dependent operator.
(i1) If wi = vy, wp = vy, then condition (2.2) reduces to

W) (vizva = vi) + W) (v23v1 = v2) < L [vi = w2y, Wvi,v2 € Vi
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To end this section, we provide existence and uniqueness result for Problem 2.1. The proof
is omitted because it is done by slightly modifying the arguments as in [28, 42],

Theorem 2.1. Assume that assumptions $)(a)(i,ii), H(h), H(), H(K), H(y), H(¥), H(f),
and $)(0) hold, then Problem 2.1 has a unique solution z* € C([0,T]; K).

3. DG-FUNCTIONS

In this section, using suitable conditions, we introduce a gap function of the Fukushima
regularized type for Problem 2.1. Furthermore, the DG-function for Problem 2.1 is constructed
based on different RG-functions. We begin with providing the exact definition of gap functions
for Problem 2.1 as below.

Definition 3.1. A real-valued function g: [0,7] x C([0,7];K) — R is said to be a gap function
for Problem 2.1 if it satisfies the following two properties:

(a) g(s,z) >0forallze C([0,T];K) and s € [0,T].
(b) z* € C([0,T];K) is such that g(s,z*) = 0 for all s € [0, 7] if and only if z* is a solution
to Problem 2.1.

Now, for each 6 > 0 fixed, let the function Ag ¢: [0,7] x C([0,T];K) x K — R be defined by

Ao .f(s,2,v) = (als,2(s)) + (H2)(s) = £ (s),v = z(s))v + h(z(s),v)
1

l
+ Y et () 10— 2(6)) + 55l =<1 G.1)

forall z € C([0,T];K), v € K, and all s € [0,T].
Lemma 3.1 (see Tam-Chen [39]). Foreachic {1,...,1}, suppose that ¥;: V; — R is a locally
Lipschitz function and v; € L(V,V;). Then, the function m;: V; x V; — R defined by

7 (ui, vi) = P9 (i vi — u;) (3.2)
satisfies the following properties:

(i) For each u; € Vj, the function v — m;(u;, ¥%;v) is continuous and convex;
(i) For each u € V, 95(m; o %) (u,v) C v 5V (viu; viv — yiu), where y¥: V¥ — V* is the
adjoint operator to y;, forall i € {1,...,1}.
Lemma 3.2. Suppose that all the assumptions of Lemma 3.1, $(h)(i), H(K), and H(f) hold.
Then, for each z € C([0,T];K) and 6 > 0 fixed, the optimization problem

néi}(l — Ag £(s,2,v), forall s € [0,T] (3.3)
v

attains a unique solution vg ¢(z) € C([0,T];K)

Proof. Foreachic {1,...,l}, by the condition $(4)(i) and Lemma 3.1(i), we obtain that func-
tions v — WV (y:z(s); v — %iz(s)) and v — h(z(s),v) are convex for all z € C([0,T];K) and all
s € [0,T]. Then, it can be seen easily that the function Ag f(s,z,-) is a strongly convex function
forall z € C([0,T];K) and all s € [0, 7]. Moreover, the function

l
v Y o (yiz(s): v — iz (s)) + hz(s),v)
i—1

1=
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is lower semicontinuous for all z € C([0,T];K) and all s € [0,T]. Hence, function Ag ¢(s,z,")
is also lower semicontinuous for all z € C([0,7];K) and all s € [0, T]. It follows from condition
$H(K) that K is a nonempty, closed, and convex set. Thus, applying Lemma 2.2, convex mini-
mization problem (3.3) attains a unique minimum vy #(z) € C([0,T]; K), for any z € C([0,T];K)
and 6 > 0 fixed. O

Next, a formulation of optimality condition for the minimization problem (3.3) is provided
in the lemma below.

Lemma 3.3. Suppose that all the conditions of Lemma 3.2 hold. Then, for each z € C(]|0,T];K)
and 0 > 0 fixed, the inequality

(als:260) + (£2(5) = F6) g 002)6) = (v ) )

Vv

!
+h(z(s),v) —h(z(s),ve,r(2)(s)) + ; oy (1iz(s)s v — Yve s (2)(5) 20 (3.4)

holds for all v € K and all s € [0,T], where vg ¢(z) € C([0,T];K) is the unique solution to
Problem (3.3).

Proof. For each z € C([0,T];K) and 6 > 0 fixed, let vg (z) be the unique solution to Prob-
lem (3.3). Applying the optimality condition for problem (3.3) (see [12, Theorem 1.23]),
Lemma 3.1(ii) and the chain rule for generalized subgradient in [27, Proposition 3.35(ii) and
Proposition 3.37(ii)] yields

0 € d5A0,f(s5,2,v0,£(2))
Ca(s,z(s)) + (H2)(s) — f(s) + 3h(z(s),ve £ (2)(s))
/
+ O‘zaz(ﬂlO%)( (s),ve,r(2)(s)) + %(Ve,f(z)(s)—z(s))
Ca(s,z(s)) + (H2)(s) — f(s) + Iz h(z(s),ve,£(2)(s))
1

Z 0y 95} (viz(s): 1i(ve,r(2)(s) —2(s))) + 5 (ve,r(2)(s) —2(s)),

+H

for a.e. s € [0,7], where m; is defined by (3.2), y*: V* — V* is the adjoint operator to 7;,
respectively for all i € {1,...,/}. This implies that there exists & (s) € d5h(z(s),ve, r(z)(s)) and

Gils) € 5 mi(%z(s), Yve,r(2)(5)) = 957 (%z(s): %(ve,r(2)(s) — 2(5)))

such that

—a(s,z(s)) = (A2)(s) +(s) = I(Ve £(2)(s) =2(5)) +ZOW, G(s)  (3.5)
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for all s € [0,T]. For eachi € {1,...,l}, since ¥ is the adjoint operator to ¥, it follows from
(3.5) that, forallv € K and all s € [0, T,

<—a<s,z<s>>—< (s)+ £(5) — 5 (v6,4(2) >—z<s>>,v—m,f<z><s>>

%
= (&(s),v—ve >V+Z%<% Gi(s),v—ve,r(2)(s))y
:<§(s) V_V9f >V+ZOC1<C1 Yvef( )(z )>l
< h(z(s),v) = h(z(s),ve,r(z )( ))
!
+ ; a; [mi(yiz(s), iv) — mi(%z(s), vive,r(2)(s))]
= h(z(s),v) = h(z(s),ve.r(2)(s))
Z o; [P )i Vv — ¥iz(s)) — 7 (%z(s): Yve (2) (5) — %z(s))]
!
< h(z(s),v) = h(z(s),ve.r(2)(s)) + ; i} (1iz(s): Yv — v, (2)(5)),
that 1s,
(ats.z60) + (2)(0) - £15) + gm,f(z) (5) ~2(s)).v - ve7f<z><s>>
v
+h(z(s),v) — h(z(s),ve r(z +Z% —%ve,f(2)(s)) > 0.
Thus, for each z € C([0,T]; K), inequality (3.4) holds for all v € K and all s € [0, T]. O

For each 6 > 0 fixed, we introduce the function .#p : [0,T] x C([0,T];K) — R defined by
%Q,f(saz) = Sup (—A97f<S,Z,V)) ) (36)
vek

for all z € C([0,T];K) and all s € [0, T], where the function Ag ¢ is given by (3.1). Then, .#j ¢
can be rewritten as follows:

Mo,4(5.2) = sup({a(s,2(s)) + (H2)(s)  f(5),2(5) = V)y = h(z(s),v)

vek
l
2
e o) - 351} )
i=1
In what follows, the function ///97 r1s called to be a RG-function for Problem 2.1 in the form
of Fukushima [9]. We now prove that .#p r is a gap function for Problem 2.1.

Theorem 3.1. Suppose the hypotheses of Theorem 2.1 hold. Then, the function #y ; defined
by (3.6) for any parameter 0 > 0 is a gap function for Problem 2.1.



UPPER ERROR BOUNDS OF DG-FUNCTIONS FOR HDVHIS 355

Proof. For any fixed parameter 8 > 0, we verify that the conditions of Definition 3.1 are satisfied
for function .#p ;.

(a) Let z € C([0,T]; K) be arbitrary. By the definition of .#y s, we have
Mo, 1(s,2) = sup (—Ag r(s,2,))
vek

> —A97f(S,Z,Z(S))
= (a(s,z(s)) + (H2)(s) — £(s),2(s) —z(s))v — h(z(s),z(s))

l
- % ) (el () —26)) = 52 <0

1
!
= Z o) (%iz(s); 0v,) = 0
i=1

for all s € [0, T]. This means that .#p ¢(s,z) > 0 forall s € [0,7] and all z € C([0,T];K).
(b) Suppose that z* € C([0,T];K) is a solution to Problem 2.1. From (3.6), we have

Mo 5(5,2") = sub (—Aa,f(s,2",v))

ve
— —inf Ag s (s,2"
inf Ag,f(s,2",v)

= —No.f(5:2"ve £ (2)(5)); 3.7)
where vg s(z*) € C([0,T];K) is the unique solution to the convex minimization problem

in — A *y), forall s € [0, 7).
min 6.7(s,2",v), forall s € [0, T]

Moreover, since z* € C([0,T];K) is a solution to Problem 2.1, for all v € K and all s € [0,T],
we obtain

(a(s,2"(5)) + (AZ")(s) = f(s),v0,7(z")(s) =27 (s))v + h(z"(s),ve.r(z")(s))
!
+ Y o (%2 (9): Yve r(2*) (s) — 12" (s)) > 0, (3.8)
i=1
Applying the result of Lemma 3.3 implies that

(al5.(6)+ (2)6) = £6) 5 00, )0) =26, (5) v ()9 )
4B (5).2°(5)) — (2" (5). v () 5)

!
+ Y 0 (v (5); %2" (s) — %ve,p(z¥) (s)) > 0. (3.9)
i=1

Vv

Combining (3.8) and (3.9), thanks to the assumption $)(W¥)(ii), we have

— 5 Vo))~ ()} 20

for all s € [0,T]. Hence, we obtain ||ve_(z*)(s) —z*(s)||% <0, for all s € [0,T] and so z* =
vg £(z*). Therefore, it follows from (3.7) that .#g f(s,z*) = 0 for all s € [0,7].
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Conversely, let z* € C([0,T];K) be such that .#p ¢(s,z*) = 0 for all s € [0,T]. Then, we
know that —Ag f(s,z*,v) <0, that is, Ag f(s,z*,v) > 0 for all v € K and all s € [0,T]. Since
Ag f(s,2%,2"(s)) = O for all s € [0,T], z*(s) solves the following convex minimization problem

— A
min 0.7(5,2",v).

It follows from the optimality condition of this problem that
0€ d5Ag £(s,2",2°(5)).
Fixing the first argument of Ag ¢, by the similar arguments for Lemma 3.3, we have
!
—a(s,2"(s)) = (HZ)(s) + f(5) = E"(s) + Y oy & (s)
i=1

where &*(s) € d5h(z*(s),z*(s)) and §F(s) € d5mi(yiz"(s); %iz"(s)) for all i € {1,...,1} and for
a.e. s € [0,T]. Then, for all v € K and a.e. s € [0,7T],

<—a(s,z*(S))—(%”Z*)(S) f(8),v=2"(s))y
= (& (s)v—2 +ZO@ (& (s),v=2"(s))y

= (&) v=2" (v + ; 0 (G (8), viv = 12" (s))y,

!
< (s),v) = h(Z"(s),2" () + Zi o [ (%iz" (s), %iv) — m(%z" (s), %iz" (5))]

V) + Z o; [¥ ) v — %2 (5)) — P (1" (8): 42" (s) — %iz" (s))]
Zaz — %z (s))
that is,
(a(s,2°(s)) + (HZ")(s),v = 2"(s))v +h(Z" +Za, s); (v —2°(s)))

> (f(s),y =2 (s))v-

This implies that z* is a solution to Problem 2.1. Therefore, .#y s is a gap function for Prob-
lem 2.1. [

Based on the RG-functions of the Fukushima type, we now establish DG-function for Prob-
lem 2.1.
Let 6 > 6 > 0 be fixed and the gap functions .# ; and .#5  be given in the form of (3.6).

We consider the function D{; 5: [0,T] xC([0,T];K) — R defined by
D{S?a(saz) = Mo f(5,2) — Ms f(5,2) (3.10)

forall z € C([0,T];K) and all s € [0,T]. Then, we achieve the following property of Df
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Lemma 3.4. Under the hypotheses of Theorem 2.1, for any 6 > & > 0, we have

295
I2(5) =vs, QG < 5—5D%5(5:2) < lz(s) =vo.r)(s)] - (3.11)

where

ve.£(z)(s) = argminAg ¢(s,z,v) and v57f(z)(s) = argminAs ¢(s,z,v),
vekK vekK

forall z € C([0,T];K) and all s € [0,T).

Proof. In light of the definitions of the gap functions .#y y,.#s ; and the function D{;? 50 We
know that

D/ 5(5,2) = sup{—Ag ;(5,2,v)} — sup{—As s(5,2,v)}
’ veK veK

< —Ag,f(s,z,ve,f(z) (8))+As f(sazvvf),f(z) (s)

(%—%> [EORTROIO]

Thus, the right-hand-side inequality in (3.11) holds. Similar arguments also lead to the left-
hand-side inequality in (3.11). 0

Theorem 3.2. Suppose that the hypotheses of Theorem 2.1 hold. Then, the function D s defined
by (3.10) for any parameters 6 > 6 > 0 is a gap function for Problem 2.1.

Proof. For any fixed parameters 6 > & > 0, we shall prove the conditions of Definition 3.1 are
satisfied for Dg s

(a) It clearly follows from (3.11) that D{; 5(5,2) >0, forall z € C([0,T];K) and all s € [0,T].

(b) Assume that z* € C([0,T]; K) is a solution to Problem 2.1. It follows from Theorem 3.1 that
Mo f(s,2") = M5 (s5,2") = 0 and so D]; 5(s,2°) =0forall s € [0,T].

Conversely, suppose that z* € C([0,T];K) with Dg 5(s,2%) =0 for all s € [0,T]. From (3.11),
we have z* = vs ¢(z*). Applying Lemma 3.3 with z = z* and 6 = §, there holds

(a(s,z"(s)) + («Wz*)(S) v=2'(s))v +h(Z(s),v)
+ZO¢1 ) h(v—2"(s5))) = (f(s),v=2"(s))v
for all v € K and a.e. s € [0,T], which implies that z* is a solution to Problem 2.1. Thus, Df

is a gap function for Problem 2.1. D

The following lemma states an important property regarding the gap functions .#y ; and
D]; 5 defined by (3.6) and (3.10), respectively.

Lemma 3.5. Assume that all the assumptions of Theorem 2.1 are fulfilled. If, in addition, K
is bounded, then, for any parameters 0 > & > 0 fixed and for each fixed z € C([0,T];K), the
functions s — My (s,2) and s — D£ 5(5,2) belong to LZ(0,T).
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Proof. 1t follows from the proof of [3, Theorem 3.2 (ii)] that, for any parameter 8 > 0 fixed,
function s — .#p ¢(s,z) belongs to L7 (0,T) for each fixed z € C([0,T];K). Hence, for any
parameters 0 > § > 0 fixed, the function

2 DY 5(5,2) := Mo §(5,2) — M 5(5,2)
also belongs to L7 (0,T') for each fixed z € C([0,T];K). O

Remark 3.1. Note the constraint set K of Problem 2.1 in Lemma 3.2 is bounded, but in the
general case, K is unbounded. However, Cen-Nguyen-Zeng proved that the unique solution
to Problem 2.1 with a suitable bounded set coincides with the unique solution of the original
problem with the constraint set K (see [3, Theorem 2.2]). Therefore, we always assume that the
constraint set K is bounded in the sequel.

Remark 3.2. (i) As mentioned in the introduction, DG-functions for history-dependent variational-
hemivariational inequalities have not been studied before. As a result, our Theorem 3.2 is new.
(i1) On the other hand, based on a formulation of the optimality condition in Lemma 3.3, the
proof method for the RG-function .#y ; in Theorem 3.1 is different and extends to the corre-
sponding result on the RG-function for Problem 2.2 studied in [3].

4. UPPER ERROR BOUNDS

In this section, we establish several upper error bounds for Problem 2.1 controlled by the
RG-function .#p r and the DG-function Dg s Which are introduced in Section 3.

Lemma 4.1. Let 7* € C([0,T];K) be the unique solution to Problem 2.1. Assume that the
hypotheses $)(a), H(F), H(Y), H(Kp), H(h) withh(z,v) = (v)—¢(z) forallz,ve K (¢: K —
R is a bounded convex and continuous function), $H(y), H(f) and $H(0) hold. Then, for each
~ ~ N
Lo[lz(s) =" ()1} < Lillz(s) = ve s (@) (s)I} + TL%/O le(t) =" O)|vdr,  (@&.1)
forall s € [0,T], where
0= ma—%(La+Lﬁ+%+3Z£:laiLwichi>; 4.2)
1= % (La +L%+%+Z§:1 OCiL\piC\zyi) , ‘

and

V6.,f(z> (S> = argminA(g’f(s,z,v),
vek

forall z€ C([0,T];K) and s € [0,T].

Proof. Foreach z€ C([0,T];K), since z* € C([0,T];K) is a solution to Problem 2.1 and v; ¢(z) €
C([0,T];K), one has

(a(s,27(s)) + (AZ)(s) = f(5),v5,¢(2)(s) =" (5))v + h(Z"(5),vs £ (2)(s5))

1
+ Y 0¥ (1" () Wvs () (s) — 12" (5)) >0, (4.3)
=

1
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for all s € [0, T]. Then, we add (3.4) with 8 = §,v = z*(s) and achieve that
(at0205)+ (£2)6) = F5)+ 503,56 = 26).(6) =, 0) )
Al 6) 3,
+Zal 2" (s) = Yivs,r(2)(5)) > 0 (4.4)

for all s € [0, T]. Combining (4.3) and (4.4) with h(z,v) = ¢(v) — ¢(z) for all z,v € K, we obtain

0 <(a(s,z"(s)) —a(s,z(s)),vs s (z)(s) = 2" (s)),
+ () (s) = (H2)(5),v5,5(2)(5) —2°(5))y,

+ Y 0 [P (riz" (); s (2) () = %2 () + 7 (wiz(s); %" (5) — Wve,r(2)(s))]
45 (5,1 (2)(5) —2(5), () ~ v, (2)(5))y @3)

Since a is Lipschitz continuous with constant L, and the condition $)(a)(ii) holds, we have

(a(s,2"(s)) —als,2(5)),v5,¢(2) () = 27(5))y,

= (a(s,2"(s)) — als,2(5)),vs 7 (2)(s) = 2(5)),
—{a(s,2°(s)) —als,z(s)), 2" (s) —2(5)))y
< Lallz(s) =2 (s)llv l2(s) = vs. £(2) (5)llv = mallz(s) = 2" () 7. (4.6)

Moreover, we also obtain

& (75,1(2)(5) ~ 20, () ~ v, (2)5)),

= 5 (r8./25) = 2),2°(5) = 29), + 5 (¥5.,(2) ) ~2(5),205) v ) 5))y

< 316 =2 6 vles) =5 @)y = 5 ls) ~va I}

< 5l1es) 5}V l(s) — v, ()5 v @)

Since 57 is the history-dependent operator, we know
(AN (s) = (H2)(s),vs 1 )(S)—Z*(S)>V
= (A7) (s) = (H7)(5),v5 5 (2) (5) —2(5))y, + — (H2)(s),2(s)) =27 (s))y

< Lor [ I0) =2 (0)Ivaea(s) - vs,f<> v+ Lo / J2(e) =2 O llvdrz(s) = (5) v
(4.8)
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For eachi € {1,...,1}, by the conditions ; > 0, $(¥)(ii) and $(y), we have
o [ (12" (): Yovs (2) (5) — %z () + 5 (%iz(s): %" (5) — Wive,r (2)(5))]
< aily, || 12" (s) = %z(s) v | ive 5 (2)(s) — %iz" (5) v,
< oil,cy ||2(1) =" (D[}
+ 0Ly ||2(t) =2 (0)llvllz(s) —vs £ (2)(9) v (4.9)
2 b2

From (4.5)—(4.9), employing the inequality ab < for all a,b € R and Holder’s inequal-

ity gives

/
<ma - Z aiL‘Pic\zl’i> ||Z(S) - Z*(S)H‘z/
i=1

[
< (m 57 aLw> I266) =2l 25) = V3.l

Lo [0 =2 Olvdt205) =, Dy

+Ly /OS I2(2) = 2" (@) lIvatllz(s) — =" (s)llv

l
< % (La+ % + ; al-LLp,.c%Pi> (lz(t) =2 (O5 + llz(s) = vs £ (2) () II7)

_ s 2
L Lo (/O Hz(t)—z*(f)Hvdl) +HZ(S)—V6,f(Z)(S)H‘2’]

> 2
H ([0 -2 Olvar ) +1260) - 611

1 1 ¢
<3 (La'f‘la%f""g"" O‘iL‘PiC‘ZP,) (1) =205 + llz(s) = vs £ (2) (9)]I7)
i—1
LTLy /0 I2(6) = 2 (1) |2, (4.10)

for all s € [0,T]. Set

~

1 1 !
Lo :=m,— 3 (La+Ljf+g+3ZaiL‘Picgyi) ;
i=1

~ 1 1 ¢
L= (La +Lrts +i; OC,‘L\pl.Cz\Pi> .
Then it follows from (4.10) that
~ ~ S
Lo|lz(s) =" () [l < Lilz(s) _VS,f(Z)(S)H\z/"‘TLjf/O 12(t) — 2" (1) [ e,

for all s € [0, T]. This implies that the inequality (4.1) holds. U
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From Lemma 4.1, we build up the following upper error bound for Problem 2.1 controlled
by the RG-function .# ;.

Theorem 4.1. Let z* € C([0,T];K) be the unique solution to Problem 2.1, Ly and L, be defined

by (4.2). Suppose that the hypotheses of Lemma 4.1 hold. Assume furthermore that Eo > 0.
Then, for each z € C([0,T];K), we obtain

z(s) =z (s)|lv < &X (s)  forall s €[0,T], (4.11)
where &7 € L%(0,T) is defined by
2L, 6 2L,0TL TL
5/’:: 1 ///ej(sz)+M/ ///eftz)exp{ %(s—t)}dt
L() Ly
forall z € C([0,T];K) and all s € [0,T).

Proof. Let z* € C(]|0,T];K) be the unique solution to Problem 2.1. For any z € C([0,T];K),
taking v = z(s) in (3.4), we obtain

(a5 + (2)(5) =105+ G 00,20) =265 = vo6) )
BE(s),2(6) ~ (E(8),vo £ (2)(5)
l
(

+ Y ¥ (riz

i=1
Applying the conditions h(z,v) = ¢(v) — ¢(z) for all z,v € K and H(¥)(ii), we get

- <a(s 2(s)) + (A7) (s) = f(5),ve,7(2)(s) = 2(5) )y — (2(s),ve,5(2)(s))
—Za, )i Yive,r(2)(s )_%'Z(S))_%HZ(S)_VOJ(Z)(S)H\Z/

5):%z(s) — Yive,r(2)(s)) = 0.

1
> 55 112(5) = ve s @) S)7-
which implies that

1
—ANg r(5,2,v0,£(2)) > —9|| 2(s) —ve.r(2)(9)][3- (4.12)
It follows from (3.6) and (4.12) that
I2(s) = v, £(2) (5) [y < 26sup (—Aeo.r(5,2,v)) =204 f(s,2), (4.13)
ve

for all s € [0,T]. Using (4.13) and taking § = 0 in (4.1), we obtain

. 2010.M0 4(s,2) TLy [* .
Jato) = Iy « =FEEE 4 2 () 2 (1)
0

Lo
for all s € [0, T]. Invoking Gronwall’s inequality for the above inequality yields
lz(s) =" ()17
2L 0 2L 6TL TL
< Ll My (s, z)+u/ My ¢(1,2). exp{ L’%&(s—t)}dt
0 0
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for all s € [0,7]. In addition, Lemma 3.5 indicates that s — .#p ¢(s,z) belongs to L7 (0,T).

For each function z € C([0,T];K), let the function &% : [0,T] — R, be defined by

21,6 20,0TL,y (S TL,»
& (s) = z—o///e’f(s’z)—'—T/O My f(t,2).€xp 7, (s—1) pdt
0

for all s € [0,T]. Whereas, from Lemma 3.5, it is easy to see that &7 € L7(0,T). Then we
can get

z(s) — 2" (s)|lv < &7 (s) foralls € [0,T].

Therefore, we conclude that inequality (4.11) is valid. U

Without using the Lipschitz continuity of a, we can also provide another upper error bound
for Problem 2.1 controlled by the RG-function .# f.

Theorem 4.2. Let 7* € C([0,T|;K) be the unique solution to Problem 2.1. Assume that the
hypotheses $)(a), (), H(Y), H(Kp), H(h), H(Y), H(f) hold. Then, for each z € C(|0,T];K)
and 0 > 0 satisfying

l
1
Co:=my+my, — Z (X,'L\yl.&zyi — % > 0,
i=1

one has
llz(s) —z"(s)[|v < é"zﬁ//l(s) forall s €10,T], (4.14)

where cg"zﬁ‘/// € L7(0,T) is defined by

2 2
2712, TL%,

2 N
@@Zﬁ///(s) = \/C—O///g;’f(s,z)%— Cé /O///e)’f(s,z).exp{ C{Z (s—t)}dt
0 0

forall z € C([0,T];K) and all s € [0,T).

Proof. Letz* € C(]0,T];K) be the unique solution to Problem 2.1. Fix an arbitrary z € C([0,T]; K),
it follows from the definition of .# s that

%ﬂ,f@vZ) = ‘S)]élllg{_/\@,f(svz?v)}
> —Ag £(5,2,2")
= (a(s,2(5)) + (H2)(s) = f(s),2(s) =27 (s))v — (z(s),2"(s))
l
- X (o) 7 () () - sl -T@ @)
Since z* is a solution to Problem 2.1, for all s € [0, T], we obtain
(a(s,27(s)) + (AZ7)(s) = f(s),2(s) =" (s))v +h(2"(s), 2(s))

l
+ Y o) (viz*(s); ma(s) — yiz* (s)) > 0. (4.16)
=1

1
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Applying hypotheses $)(a) and $(77) yields
(a(s,z(s)) + (H2)(s) = f(s),2(s) =" (s))v
—(als,2"(s)) + (A7) (s) = f(s),2(s) — 2
= (a(s,z(s)) —a(s,27(s)),2(s) =2 (s))v + ((H2)(s) = (A7) (5),2(s) = 2" (s))v
> mg||z(s) = 2 ()| = (H2)(s) = () (9)lv+I|2(s) — 2" () |v
)

)
)HV—L%”/O I2(2) =2 (@) llvat|z(s) = =" (s)llv, (4.17)

(v

zZ'(
>ma||z(s) —2"(s

for all s € [0,T]. It follows from the condition A(z,v) +h(v,z) < —my ||z — v||? for all z,v € K
that

—h(z(s),2*(5)) = h(2*(5),2(5)) = myl|z(t) = (D) [[} (4.18)
for all s € [0, T]. Moreover, using the hypothesis $(¥) implies
!

!
- Z ¥} (viz(s): 92" (s) — Wiz(s)) — Y oy (%" (5):%i2(s) — %" ()

i=1

= — Z o; [¥ )izt (s) = ¥iz(s)) +¥7 (%2 (); Wiz(s) — %2 (5))]

> —Z(XiLlPiClzpi||Z(S)—Z*(S)H\Z/- (4.19)
i=1

Having in mind relations (4.16)—(4.19), it follows that
(a(s, Z( )+ (Hz)(s) = f(s),2(s) =" (s))v — h(z(s),2"(s))

- ZOQ %z (s) — 1iz(s))
> (ma +my—Y OCiL\P,-Czw,) z(s) — 2" (9)II7
i=1
Ly /O l2(t) — (1) vt z(s) — 2 (5)]lv- 4.20)
Combining (4.15) and (4.20), we have
%G,f(svz)
> Collz(s) =" ()17 —L,%”/O () = 2" (1) [[vdt||z(s) — 2" (s)[lv, (4.21)
for all s € [0,T], where

1

l
Co=my+my— Z (X,'Llyl.cz\{,i — %

i=1
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Employing Young’s inequality with € = % and Holder’s inequality leads to

L [ 1126) =2 @llvarlets) -2 9l
2 s 2
<elels) -6 + 5 ([ ey Ol

4e

C * TL2 s *

< Dals) O+ 52 [ o)~ Ol @2
2 2Cy Jo

for all s € [0, T]. Inserting (4.22) into (4.21), we have
2 TL%, (s
< =4 jf/ 1) —z*(t)|?dt
1z(s) =2 (s)[ly < C, 0.7(5,2) + c: lz(t) =" (1) Iy

for all s € [0, T]. Invoking Gronwall’s inequality for the above inequality yields

2 2TL%, |5 TL?
% 2 ~ = + Jf/ M ) { A —t }dl‘
2(s) =2"(s)|ly < C, 0.7(5,2) G o 0.7(5,2).exp c (s—1)

for all s € [0,T]. For each function z € C([0,T];K), let the function & . [0,7] - Ry be
defined by

2 2TL%, (3 TL’
EF (s5) = \/C_o///e’f(S’Z) + C3%/o %97f(s,z).exp{ Cif (s—t)}dt
0 0

for all s € [0, T]. We can see easily that &M ¢ L% (0,T). Then we have
2(s) — 2" (s)|lv < &+ (s) forall s € [0,T].

Therefore, we obtain inequality (4.14). 0J
Now, we conclude this section with the upper error bound for Problem 2.1 associated with
the DG-function Dg 5

Theorem 4.3. Let 7* € C([0,T]; K) be the unique solution to Problem 2.1, Ly, and Ly be defined
by (4.2). Assume that the hypotheses of Theorem 4.1 hold. Then, for each z € C([0,T];K), we

. . o
have the following upper error bound for Problem 2.1 controlled by the DG-function D 0.5°

l(s) =2*9)llv < F2(s) forall s €[0,T], (4.23)
where F? € L7(0,T) is defined by

208L; s 208LiTLy [ s {TL% }
FP>s) = | —— §,2)+————=— [ D} s(s,2).ex —(s—1) pdt
D(s) \/(9_% palod)+ G [ Dhals e { H5 )

forall 7 € C([0,T];K) and all s € [0,T].

Proof. Let z* € C([0,T];K) be the unique solution to Problem 2.1. For any z € C([0,T];K), it

follows from (3.11) and (4.1) that

205L TLy [
z(s)—2z" (s <—D) (5,2 +A—/ z(t) — 77 (t) ||y dt 4.24
o) =0 < g5 =Pl + 5 [ =2 0lkar @2
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for all s € [0,T], where Lo and L, are defined by (4.2). Using Gronwall’s inequality for the
inequality (4.24), we have

lz(s) = 2* ()17

208L; 208LiTLy [* s {TL% }
<—= s,2)+—————— [ D, <(s,2).ex ——(s—1) pdt
(0-8)Lo 0357 (0-8)LF Jo 0.5(5:2)-exp LO( )
for all s € [0, T]. For each function z € C([0,T]; K), let the function £ 2 [0,T] — R be defined
by
208L; ¢ 208LiTLy [5 s {TL% }
FP(s):= /| ———=D $,2)+ ——m—=— §,2).ex —(s—1t) pdt
260 =\ g -5 g 5iia y Phals e T E 60

for all s € [0,T]. Since z — DJ(; 5(5,2) belongs to L7 (0,T) (Lemma 3.5), we can conclude that
F2 € L3(0,T). Then we obtain that

lz(s) — 2" ()llv < FP(s) foralls e [0,T]
Therefore, inequality (4.23) is valid. U

Remark 4.1. (i) Like what we mentioned in Remark 3.2(i), the upper error bound established
in Theorem 4.3 for Problem 2.1 controlled by DG-function DJ(; 5 1s new.

(i1) Furthermore, new upper error bounds in Theorem 4.1 and Theorem 4.2 controlled by the
RG-function .#y s are extensions of the corresponding ones in [3, Theorem 3.3].

REFERENCES

[1] A. Auslender, Optimisation: Méthodes Numériques, Masson, Paris, 1976.
[2] G. Bigi, M. Passacantando, D-gap functions and descent techniques for solving equilibrium problems, J.
Global Optim. 62 (2015), 183-203.
[3] J.X. Cen, V.T. Nguyen, S.D. Zeng, Gap functions and global error bounds for history-dependent variational-
hemivariational inequalities, J. Nonlinear Var. Anal. 6 (2022), 461-481.
[4] C. Charitha, A note on D-gap functions for equilibrium problems, Optimization 62 (2013), 211-226.
[5] B.L. Chen, V.M. Tam, Error bounds for a class of history-dependent variational inequalities controlled by
D-gap functions, Hacet. J. Math. Stat. (2023), https://doi.org/10.15672/hujms.1183739.
[6] FH. Clarke, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.
[7] Z. Denkowski, S. Migorski, N.S. Papageorgiou, An Introduction to Nonlinear Analysis: Theory, Kluwer
Academic/Plenum Publishers, Boston, Dordrecht, London, New York, 2003.
[8] Z.Denkowski, S. Migérski, N.S. Papageorgiou, An Introduction to Nonlinear Analysis: Applications, Kluwer
Academic/Plenum Publishers, Boston, Dordrecht, London, New York, 2003.
[9] M. Fukushima, Equivalent differentiable optimization problems and descent methods for asymmetric varia-
tional inequality problems, Math. Program. 53 (1992), 99-110.
[10] A. Gibali, Salahuddin, Error bounds and gap functions for various variational type problems, RACSAM 115
(2021), 123.
[11] W. Han, S.D. Zeng, On convergence of numerical methods for variational-hemivariational inequalities under
minimal solution regularity, Appl. Math. Lett. 93 (2019), 105-110.
[12] J. Haslinger, M. Miettinen, P.D. Panagiotopoulos, Finite Element Method for Hemivariational Inequalities.
Theory, Methods and Applications, Kluwer Academic Publishers, Boston, 1999.
[13] N.V. Hung, X. Qin, V.M. Tam, J.C. Yao, Difference gap functions and global error bounds for random mixed
equilibrium problems, Filomat 34 (2020), 2739-2761.



366 V.M. TAM, J.-S. CHEN

[14] N.V. Hung, S. Migérski, VM. Tam, S.D. Zeng, Gap functions and error bounds for variational-
hemivariational inequalities, Acta. Appl. Math. 169 (2020), 691-709.

[15] N.V. Hung, V.M. Tam, Error bound analysis of the D-gap functions for a class of elliptic variational inequal-
ities with applications to frictional contact mechanics, Z. Angew. Math. Phys. 72 (2021), 173.

[16] N.V.Hung, V.M. Tam, A. Pitea, Global error bounds for mixed quasi-hemivariational inequality problems on
Hadamard manifolds, Optimization 69 (2020), 2033-2052.

[17] A. Khan, S. Migérski, S.D. Zeng, Nonlinear quasi-hemivariational inequalities: existence and optimal con-
trol, STAM J. Control Optim. 59 (2021), 1246-1274.

[18] I.V. Konnov, O.V. Pinyagina, D-gap functions for a class of equilibrium problems in Banach spaces, Comput.
Methods Appl. Math. 3 (2003), 274-286.

[19] L.V. Konnov, O.V. Pinyagina, D-gap functions and descent methods for a class of monotone equilibrium
problems, Lobachevskii J. Math. 13 (2006), 57-65.

[20] E.S. Levitin, B.T. Polyak, Constrained minimization methods, Comput. Math. Math. Phys. 6 (1966), 1-50.

[21] G. Li, K.F. Ng, Error bounds of generalized D-gap functions for nonsmooth and nonmonotone variational
inequality problems, SIAM J. Optim. 20 (2009), 667-690.

[22] G. Li, C. Tang, Z. Wei, Error bound results for generalized D-gap functions of nonsmooth variational in-
equality problems, J. Comput. Appl. Math. 233 (2010), 2795-2806.

[23] Z.H. Liu, S.D. Zeng, D. Motreanu, Partial differential hemivariational inequalities, Adv. Nonlinear Anal. 7
(2018), 571-586.

[24] Z.H. Liu, S.D. Zeng, B. Zeng, Well-posedness for mixed quasi-variational-hemivariational inequalities,
Topol. Methods Nonlinear Anal. 47 (2016), 561-578.

[25] Z.H. Liu, S.D. Zeng, Differential variational inequalities in infinite Banach spaces, Acta Math. Sci. 37 (2017),
26-32.

[26] S. Migérski, Y. Bai, S.D. Zeng, A new class of history-dependent quasi variational-hemivariational inequal-
ities with constraints, Commun. Nonlinear Sci. Numer. Simul. 114 (2022), 106686.

[27] S.Migbérski, A. Ochal, M. Sofonea, Nonlinear Inclusions and Hemivariational Inequalities. Models and Anal-
ysis of Contact Problems, Advances in Mechanics and Mathematics 26, Springer, New York, 2013.

[28] S. Migérski, A. Ochal, M. Sofonea, History-dependent variational-hemivariational inequalities in contact
mechanics, Nonlinear Anal. Real World Appl. 22 (2015), 604-618.

[29] P.D. Panagiotopoulos, Nonconvex problems of semipermeable media and related topics, Z. Angew. Math.
Mech. (ZAMM) 65 (1985), 29-36.

[30] P.D. Panagiotopoulos, Hemivariational Inequalities, Applications in Mechanics and Engineering, Springer-
Verlag, Berlin, 1993.

[31] J.M. Peng, Equivalence of variational inequality problems to unconstrained minimization, Math. Program.
78 (1997), 347-355.

[32] J.M. Peng, M. Fukushima, A hybrid Newton method for solving the variational inequality problem via the
D-gap function, Math. Program. 86 (1999), 367-386.

[33] M. Sofonea, S. Migérski, W. Han, A penalty method for history-dependent variational-hemivariational in-
equalities, Comput. Math. Appl. 75 (2018), 2561-2573.

[34] M. Sofonea, F. Pitrulescu, Penalization of history-dependent variational inequalities, Eur. J. Appl. Math. 25
(2014), 155-176.

[35] M. Sofonea, A. Matei, History-dependent quasi-variational inequalities arising in contact mechanics, Eur. J.
Appl. Math. 22 (2011), 471-491.

[36] M. Sofonea, Y.B. Xiao, Fully history-dependent quasivariational inequalities in contact mechanics, Appl.
Anal. 95 (2016), 2464-2484.

[37] M.V. Solodov, P. Tseng, Some methods based on the D-gap function for solving monotone variational in-
equalities, Comput. Optim. Appl. 17 (2000), 255-277.

[38] V.M. Tam, Upper-bound error estimates for double phase obstacle problems with Clarke’s subdifferential,
Numer. Funct. Anal. Optim. 43 (2022), 463—485.

[39] V.M. Tam, J.-S. Chen, On the D-gap functions for variational-hemivariational inequalities with an application
to contact mechanics, 2023, submitted manuscript.



UPPER ERROR BOUNDS OF DG-FUNCTIONS FOR HDVHIS 367

[40] V.M. Tam, S. Liao, Existence and upper bound results for a class of nonlinear nonhomogeneous obstacle
problems, Indian J. Pure Appl. Math. (2022), https://doi.org/10.1007/s13226-022-00362-2.

[41] V.M. Tam, N.V. Hung, Z.H. Liu, J.C. Yao, Levitin—Polyak well-posedness by perturbations for the split
hemivariational inequality problem on Hadamard manifolds, J. Optim. Theory Appl. 195 (2022), 684-706.

[42] G.J. Tang, J.X. Cen, V.T. Nguyen, S.D. Zeng, Differential variational-hemivariational inequalities: existence,
uniqueness, stability, and convergence, J. Fixed Point Theory Appl. 22 (2020), 83.

[43] F.P. Vasil’yev, Methods of Solution of Extremal Problems, Nauka, Moscow, 1981.

[44] N. Yamashita, M. Fukushima, Equivalent unconstrained minimization and global error bounds for variational
inequality problems, SIAM J. Control Optim. 35 (1997), 273-284.

[45] B. Zeng, Z.H. Liu, S. Migoérski, On convergence of solutions to variational-hemivariational inequalities, Z.
Angew. Math. Phys. 69 (2018), 87.

[46] S.D.Zeng, Z.H. Liu, S. Migoérski, A class of fractional differential hemivariational inequalities with applica-
tion to contact problem, Z. Angew. Math. Phys. 69 (2018), 23.

[47] S.D. Zeng, E. Vilches, Well-posedness of history/state-dependent implicit sweeping processes, J. Optim.
Theory Appl. 186 (2020), 960-984.



	1.  Introduction
	2. Preliminaries and Formulations
	3. DG-Functions
	4. Upper Error Bounds
	References

