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1 Introduction

The target problem in this article is a class of generalized variational inequalities and the main tool is the
D-gap function. We start with briefly recall and review these two notions. In 1976, Auslender [1] introduced
the gap function as a valuable tool for solving variational inequalities via associated optimization problems.
A gap function defined by
p(2) = sup(p(2),z — v),
veD

where z € D C R", p: R — R™, and (-, -) is the scalar product in R™. The function p satisfies the following
conditions:

(i) p(2) > 0, for all z € D,
(ii) z* is a solution to the variational inequality (VI) of finding z* € D such that

(p(z*),v—2") >0, forallve D
if and only if z* € D and p(z*) = 0.

A disadvantage is that the gap function p is non-differentiable in general. To conquer this drawback, in
1992, Fukushima [7] originally proposed a new gap function for VI in the following form:

Pa(2) = sup{(p(2),z —v) — allz —v|?},
veD

where @ > 0. The function p is finite valued and differentiable as long as the mapping p is differentiable,
and it is called the regularized gap function. Then, Peng [35] provided the notion of the D-gap (where
D stands for “difference”) function which leads to an unconstrained optimization reformulation of the VI.
Another D-gap function derived from the difference of two regularized gap functions, given by Yamashita
and Fukushima [43], is as follows:

daﬁ(z) = pa(Z) - pﬁ(z) (O <a< ﬁ)

Note that d,g is also a gap function for VI. Peng-Fukushima [36] developed a global error bound result
for variational inequalities in terms of D-gap functions using the strong monotonicity assumption. Error
bound explores the upper estimation of the distance between an arbitrary feasible point and the solution set
of a certain problem. So, it has been critical in analyzing the convergence of iterative methods for solving
variational inequalities. Therefore, the D-gap function and error bounds have been investigated for various
kinds of equilibrium problems and variational inequalities, see e.g., [2, 3, 16, 21, 17, 22, 25, 26, 38|.
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On the other hand, it is well known that the theory of hemivariational inequalities is an extension of vari-
ational inequalities. This theory was introduced by Panagiotopoulos for dealing with various problems of me-
chanical problems with nonconvex and nonsmooth energy potentials, and based on the concept of the Clarke
generalized gradient for locally Lipschitz functions, see e.g., [33, 34]. Variational-hemivariational inequality
is a generalization of hemivariational inequality which includes both convex and nonconvex potentials. This
theory has been extensively investigated by many authors in various directions, and it has found different
applications in engineering, mechanics, especially in nonsmooth analysis and optimization. Recent existence
results for some types of variational-hemivariational inequalities can be found, in e.g., [20, 29, 27, 32, 31, 37],
the stability in the sense of convergence and the well-posedness, in e.g., [13, 24, 28, 41, 44, 45], the gap func-
tions and error bounds, in e.g., [8, 15, 19, 40] and the computational issues have been addressed in, e.g.,
[9, 12].
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Figure 1: Tlustration of the developments regarding different kinds of gap functions, regularized
gap functions and D-gap functions.

Although D-gap functions have turned out to be efficient mathematical tools to establish error bounds
for various variational inequalities and equilibrium problems, until now, there is no contribution which
deals with D-gap functions for variational-hemivariational inequalities. Based on the motivation, in this
paper, we develop the D-gap function and global error bounds for an abstract class of elliptic variational-
hemivariational inequalities (for brevity, EVHIs). Firstly, we provide the regularized gap function introduced
by Fukushima [7] for EVHIs under some suitable conditions based on the optimality condition for the
concerning minimization problem. The D-gap function for EVHIs in terms of regularized gap functions is
established. Furthermore, we also give some global error bounds for EVHIs by virtue of the regularized gap
function and the D-gap function. Finally, the theoretical results are applied to a contact mechanic problem.
To sum up, the contribution of this work and its relation to previous literature is depicted in Figure 1.

The rest of this paper is structured as follows. The basic notations and definitions that will be used
throughout the study are presented in Section 2. We also introduce an abstract class of elliptic variational-
hemivariational inequalities and provide their existence under some imposed hypotheses on the data. In
Section 3, we investigate the regularized gap function and the D-gap function for EVHIs. In Section 4,
we establish global error bounds for EVHIs by virtue of the gap functions considered in Section 3 under
some suitable conditions. Finally, an application to a contact problem is proposed in Section 5 to illustrate
abstract results in the paper.



2 Preliminaries and Formulations

Let E be a normed space with its topological dual E*. We denote by || - ||g the norm on F and (-, ")g
the duality pairing of E and E*. For two normed spaces E and Z, L(E, Z) denotes the space of all linear
continuous operators from E to Z. We recall some fundamental concepts that will be used in the sequel.
For more details, please refer to [4, 5, 6, 30].

Definition 2.1. A function g: E — R := RU {400} is said to be

(a) proper, if o % +oc;

(b) convex, if o(tu + (1 — t)v) < to(u) + (1 — t)p(v) for all u, v € E and t € [0, 1];

(¢) lower semicontinuous at ug € E, if for any sequence {un} C E such that u, — wuo, it holds p(ug) <
lim inf o(un);

(d) upper semicontinuous at ug € E, if for any sequence {un} C E such that w, — wuo, it holds
limsup o(un) < o(uo0);

(e) lower semicontinuous (resp., upper semicontinuous) on E, if ¢ is lower semicontinuous (resp., upper
semicontinuous) at every ug € E.

Definition 2.2. An operator G: E — E* is said to be:
(a) bounded, if G maps bounded sets of F into bounded sets of E*;
(b) Lipschitz continuous, if there exists a constant g > 0 such that

IGv — Gu|l g+ < lgl|lv —ullg for all u,v € E;

(c) pseudomonotone, if G is a bounded operator and for every sequence {un} C E converging weakly to
u € E such that limsup(Gun,un —u)g < 0, we have

(Gu,u —v)p < liminf(Guyn,un —v)g, forall v e E.

Definition 2.3. Let 0: E — R be a proper, convex and lower semicontinuous function. The convex
subdifferential 0.0: E = E* of 0 is defined by

0c0(u) = {w* € E* | (w*,v —u)g < 6(v) —O(u) forall ve E} forall u€E.

An element w* € 9.0(u) is called a subgradient of § at u € E. Given a bifunction h: E X E — R, we will
denote by 02k the convex subdifferential of h with respect to the second component.

Definition 2.4. A function g: E — R is said to be locally Lipschitz, if for every u € E, there exist a
neighbourhood N of u and a constant I,, > 0 such that

lo(v1) — o(v2)| < lyljvi —v2||g for all vi,ve € N.

Given a locally Lipschitz function p: E — R, we denote by go(u; v) the Clarke generalized directional
derivative of p at the point v € E in the direction v € E defined by

t —

Pwv) = Timsup oly +tv) —ely)
y—u, t—0+ 13
The generalized gradient of p at u € E, denoted by do(u), is a subset of E* given by
do(u) = {¢* € E* | 0% (u;v) > (¢*,v) g for all v € E}.

For convenience, some basic and useful results of the generalized gradient and directional derivative of
a locally Lipschitz function are collected in the following lemma, see, e.g., [4, Proposition 2.1.1].

Lemma 2.5. Let E be a real Banach space and p: E — R be a locally Lipschitz function. Then, the
following assertions hold.

(i) For each u € E, the function E > v — ¢°(u;v) € R is finite, positively homogeneous, subadditive and
Lipschitz continuous.

(ii) The function E x E 3 (u,v) — 0°(u;v) € R is upper semicontinuous.



(iii) For every u, v € E, it holds
0°(u50) = max {(¢,v)m | ¢ € Do(u)}.

Next, we recall the existence and uniqueness result of solutions for uniformly convex optimization prob-
lems.

Definition 2.6 (see [23]). A function p: E — R is said to be uniformly convex if there exists a continuously
increasing function 7: R — R such that 7(0) = 0 and that for all u,v € E and for each t € [0, 1], we have

o(tu+ (1 —t)v) < to(u) + (1 —t)o(v) — t(1 — )7 (|lu — v[)[Ju — v]|.
If w(7) = k7 for k > 0, then g is called a strongly convex function.

Lemma 2.7 (see [42], Chapter 1, Section 3, Theorem 9). Suppose that W is a nonempty, conver and closed
subset of a reflexive Banach space E, o: E — R is a uniformly conver and lower semicontinuous function.
Then the optimization problem

Iin o(u)

has the unique solution u* € W.

Throughout the paper, unless otherwise specified, for each i € {1,...,k}, let E be a Hilbert space and
Ep, Ev, be Banach spaces, W C E and Kp C Ep. In addition, let G: E — E*, 6: E = Ep, v;: E — Er,
be operators, P: Kp X Kp — R, T;: Ex, — R be functions and f € E*. We now consider the abstract
elliptic variational-hemivariational inequality:

Problem 2.1. Find u* € W such that
k
(Gu*,v —u*)g + P(u™, 6v) — P(du”, 6u™) + Z YO (viu*;viv — yiu*) > (fv —u*)p
i=1

for all v € W.

To proceed, the following hypotheses are imposed on the data of Problem 2.1.
$(G) : For the operator G: E — E*,

(a) G is Lipschitz continuous, i.e., there exists lg > 0 such that
v1 —Yv2||Ex S lg||v1 — V2||E, V1,02 >
IGv1 — Guallg= < lgl| le, Vv €L
(b) G is strongly monotone, i.e., there exists mg > 0 such that
(Gu1 = Guz, 01 — v2)p > mg|lvr —va||E,  Voi,v2 € E.
$(P) : For the function P: Kp x Kp — R,

(a) for each u € Kp, P(u,-): Kp — R is convex and lower semicontinuous;

(b) there exists ap > 0 such that
P(u1,v2) — Plur,v1) + P(uz,v1) — Pluz,v2)

<apllur —uzlpp llvi —v2llEp,  Vui,uz,vi,v2 € Kp.

$H(Y) : For each i € {1,...,k}, for the locally Lipschitz function Y;: Ey, — R,
(a) ||f||E:‘f <co+ cl||v||ETi , Yv € BEy,, £ € 0Y;(v) with some cg,c1 > 0;

(b) there exists Ly, > 0 such that
T (wisve — v1) + Y (wosv1 — v2) < Ly, [lwr — wo| gy, lor = v2ll By, » (2.1)

for all w1, w2,v1,v2 € Ey,.

S

(W) : W is a nonempty, closed and convex subset of E with 0 € W.

S

(K) : Kp is a nonempty, closed and convex subset of Ep with §(W) C Kp.

S

(8) : For the operator 6 € L(E, Ep), there exists ¢p > 0,

6v]l2p < cpllvlle-



$H(v) : For each i € {1,...,k}, for the operator v; € L(E, Ex,), there exists ¢y, > 0,

lvivll ey, <ecx;llvle.

A(f): feE*.
$H(const.) :

k

mg — ozpc% - ZLTiCZTi > 0.
i=1

Remark 2.8. (i) It is easily seen that $(G)(b) implies that G is pseudomonotone.
(ii) If w1 = v1, w2 = v2, then the condition (2.1) reduces to

TO(v1;v2 — v1) + T (w2501 — v2) < Ly, |lv1 — U2H2ETiy Vvi,v2 € Ev,.

The following example illustrates that the case where the hypotheses $(P) and $(Y) are satisfied.

Example 2.9. For each i € {1,2}, let Ey, = Ep = E = R, Kp = [0,%], P:Kp x Kp — R and
T;: Ex, — R be the functions defined by

5 2 L)V w244 ifu>0
Pluv) = 25 and iy = 4 (F D e e

3 0 if u < 0.
It is not difficult to show that the condition $(P)(a) holds. For any w1, u2,v1,v2 € Kp, we have

P(ut,v2) — Plui,vi) + Pluz,v1) — P(uz,v2)

1
2 2 2 2
=3 (u1v2 — u1vy + ugvy — u2v2)

= %(’Ul + v2)(u2 — uy)(v1 — v2)

14
< §|u1 —u2||’l)1 —UQ|7

14
which implies that the condition $(P)(b) is satisfied with ap = o Thus, $(P) is valid.

On the other hand, it is obvious that for each ¢ € {1,2}, T, is a locally Lipschitz nonconvex function.
Moreover, its generalized gradient and Clarke generalized directional derivative are given by

(1—2)u+i ifu>0
OY;(u) = < [0,14] ifu=0
0 if u < 0,

and

(1 —2d)ud +id ifu>0
Y9 (u;d) = { max{0,id} ifu=0
0 ifu<O0

for all d € R and ¢ € {1,2}.

Hence, |w| < i+ (2¢ — 1)|u| for all w € dT;(u) and v € R and ¢ € {1,2} and so the condition $(T)(a)
holds with cop = ¢,¢1 = 2i — 1 for ¢ € {1,2}. Furthermore, we also obtain

T?(wl;vg —v1) +T?(w2;v1 —wv2) < (2t — 1)|wy — wal|vr — v2|
for all w1, w2,v1,v2 € R and so the assumption $(Y)(b) holds with Ly, = 2i — 1 for ¢ € {1, 2}.

By slightly modifying the arguments in [10, 31], we obtain the existence and uniqueness result for
Problem 2.1.

Theorem 2.10. Assume that the assumptions $(G), H(P), H(Y), H(W), H(K), H(5), H(v), H(f) and
$H(const.) hold, then Problem 2.1 has a unique solution.



We point out that there are various problems investigated in the literature which are included as special
cases in Problem 2.1.

Special case (a): When k = 1, Tq9 = T and 41 = v, Problem 2.1 is equivalent to the following class of
variational-hemivariational inequalities studied by Han et al. [12]:

Problem 2.2. Find u € W such that
(Gu,v —u) g + P(du, 6v) — P(du, du) + T (yu;yv — yu) > (f,v —u)g, Yv € W.

Special case (b): When T; = 0 for all ¢ € {1,...,k}, Problem 2.1 reduces to the following variational
inequality considered in Hung and Tam [18]:

Problem 2.3. Find u € W such that
(Gu,v —u) g + P(du, v) — P(du,du) > (f,v—u)p, Vv e W.
Special case (c): When k = 2, P = 0, Problem 2.1 has the below form, which was introduced by Han et al.
[10].
Problem 2.4. Find u € W such that

(Gu,v —u)p + Y9 (viu;y1v — y1u) + Y9 (y2u; y2v — you) > (fiv —u)p, Yo eEW.

3 Different Gap Functions

In this section, we construct the gap functions in the regularized form of the Fukushima type for Problem 2.1
using some suitable conditions. Furthermore, based on these regularized gap functions, the D-gap function
for Problem 2.1 is established. Since the existence of solutions have been considered in Theorem 2.10, we
always assume that the solution set of Problem 2.1 is nonempty.

First, we propose the exact definition of gap functions of Problem 2.1 as below.

Definition 3.1. A real-valued function m: YW — R is said to be a gap function for Problem 2.1, if it satisfies
the following properties:

(a) m(u) >0 for allu e W.
(b) uw* € W is such that m(u*) = 0 if and only if u* is a solution to Problem 2.1.

For each w > 0, let the function =, y : W X W — R be defined by

Ew,f(u7 U) = <gu - f,’l) - u>E + 7)(5“’ 6”) - ’P(éu, 6“)
k
30T (i io = i) + 2o = ulf}
i=1

Lemma 3.2. For each i € {1,...,k}, suppose that Y;: Ex, — R is a locally Lipschitz function and
vi € L(E, Ex,). Then, the function p;: Ev, x Ex, — R defined by
wi(ui,vi) = Y9 (v, — ug) (3.1)

satisfies the following properties:
(i) For each u; € Ev,, the function v — ¢;(u;,y;v) is continuous and conve;
(ii) For each u € W, 82(;07;)(u, v) C v} 92X (viu; viv—;u), where vf: Ef — E* is the adjoint operator

to v; and p;0v; denotes the composition of the function ¢; with the operator v;, for alli € {1,...,k}.
Proof. (i) It follows from the property (i) of Lemma 2.5 and ~; € L(E, Ev,) for all i € {1,...,k}.
(ii) Using the chain rule for generalized subgradient in [30, Proposition 3.37(ii)] with the condition ~; €
L(E,Ex,) for alli € {1,...,k}, we obtain that

B2(pi 0 71) (u, v) C 7 D2pi(viw, ¥iv) = 7 92TF (iw; viv — yiu)

foralli e {1,...,k} and u € W. O



Lemma 3.3. Suppose that all the assumptions of Lemma 3.2, H(P)(a), HOWV) and H(f) hold, and § €
L(E,Ep). Then, for each w € W and w > 0 fized, the optimization problem

1?,611\51\7 Ew,f(uz U) (32)
attains a unique solution v, §(u) € W.

Proof. For each i € {1,...,k}, by the condition $(P)(a) and Lemma 3.2(i), we achieve that functions v —
T? (viu; v — viu) and v — P(du, dv) are convex for all u € W. Then, it is easy to prove that the function
Ew,f(u,) is a strongly convex function for all w € W. Furthermore, functions v — Y9 (v;u;v;v — v;u)
and v — P(du,dv) are also lower semicontinuous for all w € W. Hence, the function Z, f(u,-) is lower
semicontinuous for all u € W. It follows from the condition $(WV) that W is a nonempty, closed and convex
set. Thus, applying Lemma 2.7, the minimization problem (3.2) attains a unique minimum wv,, y(u) € W,
for any u € W and w > 0 fixed. |

The optimality condition for the minimization problem (3.2) are described as follows.
Lemma 3.4. Suppose that all the assumptions of Lemma 3.3 hold. Then, for each uw € W and w > 0 fized,

<gu — fHwy,f(u) —u),v— Uu’f(u)>E + P(u, 0v) — P(du, dvy,, 5 (u))
k

+ Z 19 (viw; viv — Yivw, £ (u)) >0, (3.3)
i=1

holds for all v € W, where v,, ¢(u) is a unique solution of the problem (3.2).

Proof. For each u € W and w > 0, let v, r(u) be a unique solution of the problem (3.2). Hence, using the
chain rule for generalized subgradient in [30, Proposition 3.35(ii) and Proposition 3.37(ii)], Lemma 3.2(ii)
and the optimality condition for the problem (3.2) (see [14, Theorem 1.23]), one has

0e 825w,f(uvvw,f(u))
C Gu — f+ 02(P 0 ) (du, vy, f (u))

k
+ > 02(i 07) (1, v, £ (1)) + w(ve, £ (1) — )
i=1
C Gu — f + 6" 2P (du, dvy, f(u))
k
D A5 0T (v vives, 5 (w) — viw) + w (v, (u) — u),
i=1

where ; is defined by (3.1), ¢*: B — E* and ~;: Ef — E* are the adjoint operators to ¢ and
i, respectively for all ¢ € {1,...,k}. This implies that there exist z € 02P(du,dv, f(u)) and ¢ €
020 (Vi ViV, £ (u)) = 82T?(’yiu; ViV, f () — viu) such that

k
f—Gu—w(v, f(u) —u) :5*z+2'yf§i. (3.4)
i=1
For each i € {1,...,k}, since 6* and ~; are adjoint operators to é and +;, respectively, it follows from (3.4)



that for all v € W,
(=Gu+ f = w(vw,f(u) = u),v = ve,f(u)) g

k
= <6*z7v — vaf(u»E + Z <'yf(¢,v - 'Uw,f(u»E
1=1

k
=(z,0v— 5vw,f(u)>E —+ Z (Cirviv — ’Yivw,f(u)>E
i=1

< P(6u, §v) — P(6u, vy, (u))

k
+ ) (i (i, viv) — @i (viv, vive, £ (1))
=1

= P(du, dv) — P(du, dv,, ¢ (u))

k
+ > (07 (s viv — yaw) = P (i yive, 7 (u) — yiw))
=1

k
< P(0u, 6v) — P(du, dv,,, f(u)) + Z Y9 (yiu; yiv — Vive, 5 (1)),

=1

that is,
<gu — fFw(ve,f(u) —u),v — vw’f(u)>E + P(du, 0v) — P(du, vy, f(u))
k
+ Z YO (yiu; viv — v, £ (u)) > 0.
i=1
Thus, for each u € W, the inequality (3.3) holds for all v € W. |

Now, we consider the function F, s: W — R defined by

]:w,f(u) = sup {_Ew,f(uv v)}
vEW

- Jé‘va B, 5 (u,v) = =4, (u, vy, 5 (). (3.5)

In what follows, the function F, y is called to be a regularized gap function of Problem 2.1. We shall assert
that F,, ; is a gap function of Problem 2.1.

Theorem 38.5. Suppose that the hypotheses $H(P)(a), H(T)(), HOWV), H(K) and H(f) hold, and 6 €
L(E,Ep), v € L(E,Ex,) for all i € {1,...,k}. Then, for any w > 0, the function F,, ¢ is a gap function
for Problem 2.1.

Proof. (a) For all u € W, we have

Fo, f(u) = vs;p/)v{wa,f(u, v)}

v

_Ew,f(uz u)

<f - gu: u— U>E - ,P(éu’ 5“) + 'P((S’ll,, 5’”‘)

k
=Y (vius yiu — viw) — g”u —ul%
=1

k
- Z T? ('yiu; OEq;) =0.
i=1

(b) Suppose that u* is a solution of Problem 2.1. From (3.5), we have

Fu,p(u*) = sup {=Z, r(u”,v)}
veEW

= —EBu (", vy, £ (u")). (3.6)



Moreover, since u* is a solution of Problem 2.1, we obtain
(Gu* — f, 00§ (u) — u*) g + P(6u", 6v 5 (u7)) — PSu™, 5u")
k
+ D0 (vaut; yive, p (u*) = yiu*) > 0. (3.7)
i=1
It follows from the result of Lemma 3.4 that
<QU* - f + "J(Uw,f(U*) - U*)7U* - vw,f(U'*)>E
+ P(6u”, 0u”) — P(du*, dvy,  (u™))
k
307D (it yiut — yive, p (u)) > 0. (3.8)
i=1
Combining (3.7) and (3.8), thanks to the assumption H(T)(b), we get
—wllvg, £ (u*) = u*[|3 > 0.
This implies that
[, £ (u*) = u*[|5 <0,
and so u* = v, s(u*). Therefore, it follows from (3.6) that F,, f(u*) = 0.

Conversely, for any 2* € W, we assume that F, r(u*) = 0. This implies —Z,, f(u*,v) < 0forallv € P, i.e.,
E,,f(u*,v) >0 for all v € P. Since Z, f(u*,u*) =0, u* solves the following convex minimization problem
. = *
min Eq, 7 (u, ).

Using the optimality condition for this problem, we have 0 € 022, f(u*,u*). From similar arguments to

those used in the proof of Lemma 3.4 with fixed first argument of the function =, ¢, we obtain that for each
veEW,

k
f=gu =82 +> ¢
i=1
where z* € 92 P(du*,du*) and ¢ € Dap;(ysu™;ysu*) for all i € {1,...,k}. Then, for all v € W,
(=Gu" + fiv—u")p

= ("2 0 —u) (v —u)

IVE

s
Il
=

M=

=" 0v—dut)p+ ) (Ghmv—viu)p

k3

Il
—

M=

SPOu™,dv) — POu™,0u™) + > (pi(viu™;viv) — pi(viu™;viu™))

s
Il
~

(Y9 (viu*;7iv — yiu®) — Y9 (viu*;0g,))

-

= P(éu”,év) — P(du™,ou™) +

s
Il
—

= P(du*,dv) — P(6u*,6u*) + D TP (viu*;yiv — yiu®),

IVE

=1
that is,
(Gu™, v —u™) p + P(du”, 6v) — P(du”, du™)
k
+ ZT?(%‘U*;%’U —yiu*) > (f,v—u")p
i=1
which implies that u* is a solution of Problem 2.1. Thus, F, ¢ is a gap function for Problem 2.1. ]

Next, we will establish the D-gap function for Problem 2.1 by using the regularized gap functions of the
Fukushima type given above. To this end, let the regularized gap function F, s be defined by (3.5). Now,

we will consider the function ®/, ,: W — R defined by
D, p(u) = Fu 5 (u) = Fp, 5 (u) (3.9)

where p > w > 0. Then, we obtain the following property of the function ’D{f,,p.



Lemma 3.6. Suppose that the hypotheses of Theorem 3.5 hold. Then, for any p > w > 0, we have
2 2 2
||u - U,D,f(u)HE < mgw,p(u) < Hu - vw,f(u)HE’ (310)

for all w € W, where

Vg, f(u) = argmin =, ¢ (u,v) and v, 5(u) = argminZ, ¢(u,v).
veEW veEW

Proof. By the definitions of the gap functions F, ¢, 7, ; and the function ”D{:’p, we see that

D, ,(w) = sup {~Eq, f(u,v)} = sup {-E, ;(u,v)}
veEW vEW

IN

—E, 1 (U, vy, 5 (1) + Ep 5 (u, v, ¢ (u))

= B e = v p ()

Thus, the right-hand-side inequality in (3.10) holds. Similarly, we obtain the left-hand-side inequality in
(3.10). O

Theorem 3.7. Suppose that the hypotheses of Theorem 3.5 hold. Then, for any p > w > 0, the function
’D{;p defined by (3.9) is a gap function for Problem 2.1.

Proof. (a) It is clearly follows from (3.10) that ”D{:’p(u) >0, for all u e W.

(b) Suppose that u* is a solution of Problem 2.1. It follows from Theorem 3.5 that F, ¢(u*) = F, s(u*) =0
and so ’Df;m(u*) =0.

Conversely, for any u* € W such that @L{,,p(u*) = 0. From (3.10), we have u* = v, y(u*). Applying Lemma
3.4 with v = v* and w = p, we have,

(Gu™ — f,v —u™) g + P(du”, dv) — P(du™,du™)
k
+ )Y (rut; v — yiu*) >0,
i=1
for all v € W, which implies that u* is a solution of Problem 2.1. Thus, Qi,p is a gap function of Problem
2.1. 0

Remark 3.8. (i) As discussed in the introduction, no work has been established on D-gap functions for
variational-hemivariational inequalities. As a result, our Theorem 3.7 is new.
(ii) Furthermore, using a formulation of the optimality condition in Lemma 3.4, the method of proof in

Theorem 3.5 for the regularized gap function F, ; considered to investigate the D-gap function ’D{:, o
for EVHIs is different from the corresponding results on regularized gap functions in [8, 15].

4 Global Error Bounds

In this section, we construct some global error bounds for Problem 2.1 given by the regularized gap function
Fu,r and the D-gap function ’D[,’p considered in Section 3.

Lemma 4.1. Let u* € W be the unique solution to Problem 2.1. Assume that the hypotheses $(G), H(P),
H(Y), HW), H(K), H(3), H(7), H(f) and H(const.) hold. Then, for each uw € W, we have

lg+p+ Y5, Lr;c%,

2

= < .
2
mg —apcp — 3 iy Ly,

lu —vp 5 (W)l (4.1)

Proof. For each u € W, since v, s(u) € W and u* € W is a solution of Problem 2.1,

<Qu* — frvp, p(u) — u*>E + P(0u*, dv, ¢ (u)) — P(0u*, du*)
k
D X (aut;vivp, f () — yiu®) > 0. (4.2)

=1

10



Moreover, we add (3.3) with w = p,v = u* and obtain

<gu — f4+p(vp,¢(u) —u),u” — vpyf(u)>E + P(0u, du™) — P(du, dv, f(u))
k

+ D09 (vaws yiu® = yivp, £ (w) > 0.
=1

Combining (4.2) and (4.3) yields
0< <gu* — Gu, v, f(u) — u*>E
+ P(6u™, 0v,, £ (u)) — P(6u™, 0u”) + P(du, ou™) — P(du, v, f(u))

k
D [0 (viut;vivp £ () = viu®) + T (viu; viu® — yivp, £ (u))]
=1

+ 0o, (u) —u,u* — v, 5 (u)) -
Since G is Lipschitz continuous with the constant lg and the condition $(G)(b) holds, we have
<gu* — Gu, v, f(u) — u*>E
= (Gu* — Gu, v, f(u) — u>E —(Gu* — Gu,u™ —u) g
<lgllu —uw*|gllu = vy, s (W5 —mgllu —u*||%.
Moreover, we also obtain
p <vp,f(u) —u,u* — vp7f(u)>E
=p{v, r(v) —u,u* — u>E +p (v 5 (u) —u,u— vp7f(u)>E
< pllvp, s (w) —ullpllu* = ullp = pllvg, s (u) — ullh
< pllvp,g(w) —ullpllv” — ulle.
Using the conditions $(P)(b) and $(5) lead to
P(0u*, dvp, £ (u)) — P(u™,d0u") + P(du, du”) — P(du, dv, f(u))
< aplldu” = bul gy [|6ve, 5 (w) — 6u™||2p
<apcpllut —ulf +apchllu® — ullpllu — vy, 5 (u)] 5.
For each i € {1,...,k}, by the conditions $(T)(b) and $(v), we have
YD (viu*svivp, g () = viu®) + 17 (viws yiu® — yivp, 5 (w))
< Loy, [lviw® = viull gy [17ivp, g (w) — viw® || v,
< Ly, " = ulld + Ley ek, u” — ull gl — vy ()15
From (4.4)—(4.8), we have

k

2 2 2

<mg —apcp — E LTiCTi> lu —u*||%
i=1

k
< <lg +p+ ZLTiC"Zri> lv — w*|[Ellu = vy, r (W)lE-

i=1

This implies that

lg+p+ Xy L,
Tt lu = vy (u)

= s < i
mg —apcp — 3o Ly, ek,

Thus, the inequality (4.1) holds.

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

O

From Lemma 4.1, we get the following global error bound for Problem 2.1 by using the regularized gap

function of Fukushima type F, .

Theorem 4.2. Let u* € W be the unique solution to Problem 2.1. Assume that the hypotheses of Lemma
4.1 hold. Then, for each uw € W, we can get the following global error bound by the gap function F y for

Problem 2.1:

Ig +w+ Yty Ly, & 2
L —Fo, f(u).

lu —u*llg <

11

(4.9)



Proof. For any u € W, taking v = u in (3.3), we have
<Qu — fHw(y,f(u) —u),u— vaf(u)>E + P(du, 6u) — P(du, vy, 5 (u))

k
+ D09 (i viw — yive, £ (u) > 0.
1=1

Equivalently,

- <gu — fovw, f(u) — u>E — P(0u, vy, ¢ (u)) + P(du, du)
k

w
DY (viws viw — yiv, 5 (w) — Fle— v, £ (u)[|%
=1

w
> 2l = v ()3,
which implies that
- w
(v p () 2 S flu — o, £ ()| (4.10)

It follows from (3.5) and (4.10) that

o= v (Dl < | 2 Fu (), (1.11)

From taking p = w in (4.1) and (4.11), we obtain

lg+w+3i  Lr,&y, [2
- T~ o2 ;fw,f(u).
mg —apcp — 3 T, %y,

Thus, the inequality (4.9) holds. O

lu—u*lle <

Without using the Lipschitz continuity of G, we can also provide an error bound for Problem 2.1.
Theorem 4.3. Let u* € W be the unique solution to Problem 2.1. Assume that the hypotheses $(G)(b),
H(P), H(Y), HW), H(K), H(3), H(v) and H(f) hold. Then, for each w > 0, u € W, for any w > 0 satisfying

k

2 2 w
mg — apcp — ZLTiCTi -3 >0,
i=1

1
fu—u*lls < S ) (4.12)
\/mg —apep =i Lriey, =%

Proof. Let u* € W be the unique solution to Problem 2.1. Fix an arbitrary v € W, it follows from the
definition of F, s that

one has

Fo, f(u) = vs;;/)\}{wa’f(u, v)}

2 _Eu,f(uz 'U'*)

=(f — Gu,u* —u)g + P(éu, du) — P(du, du™)
k
* w *
— ZT?(’yiu;%u — yiu) — EHu —u HZE (4.13)
i=1

Since u* is a solution to Problem 2.1, we have
(Gu™ — fyu—u)Yg + P(6u”, du) — P(du™, du™)
k
+ZT?(%u*;%u7'yiu*) > 0. (4.14)

i=1
The condition $(G)(c) implies that
(f — Gu,u* — uhp — (Gu" — fu—u")m
= (Gu* — Gu,u* —u)p

> mg u—u*|%. (4.15)

12



It follows from the conditions $(P)(b), H(Y)(b), H(5) and H(vy) that
— [P(u, 6u*) — P(Su, du) + P(du™, du™) — P(du*, )]

k
= > [07 (s e — i) + 09 (i yiu — yiu®)]
=1
k
> —aplldu” — SullE, — > L, llviv* - wu\l%m
=1
k
> — <a7:c%+ZLTicgri> lu — w*||%. (4.16)

1=1

Having in mind relations (4.14)—(4.16), it follows that

k
(f = Gu,u* —u) g + P(Su, du) — P(u, 6u*) — > 1T (viu; viu* — yiu)
i=1

k
> (mg - arch =3 ik, ) b=l (2
=1

Combining (4.13) and (4.17), we have
k w 5
<mg —apch — ZLTiCQTi — 2) [lw— u*HE < Fo, g ().
i=1
Then, the desired inequality (4.12) follows. O

We conclude this section with the global error bounds for Problem 2.1 associated with the D-gap function.

Theorem 4.4. Let u* € W be the unique solution to Problem 2.1. Assume that the hypotheses of Lemma
4.1 hold. Then, for each u € W, we can get the following global error bound by @f;p for Problem 2.1:

lg +p+ i L1, 63, 2
lu— || < S oL p(u). (4.18)
G —apcCp — Zi:l LTi CTi p—w
Proof. The inequality (4.18) is a consequence of (3.10) and (4.1). a

Remark 4.5. (i) By Remark 3.8 (i), the error bound for Problem 2.1 in Theorem 4.4 with respect to
the D-gap function @{:m is new.

(ii) On the other hand, the new error bounds in Theorem 4.2 and Theorem 4.3 via the regularized gap
function F,, s extend to the corresponding results in [8, 15]. Furthermore, Theorem 4.2 and Theorem
4.3 also extend to the error bound studied in Proposition 3.4 of [39] for strongly monotone variational
inequalities.

5 Application to Contact Mechanics

The contact model will be described in this section, together with its variational formulation, which demon-
strates the applicability of the abstract results presented in the previous sections. The physical setting and
notation are as follows.

An elastic body occupies an open, connected and bounded set 2 in R (I = 2, 3) with Lipschitz continuous
boundary I' divided into three disjoint measurable parts I'1, I's and I's with meas(I'1) > 0. The body is
fixed on I'; and in contact on I's with a foundation. Moreover, it is in equilibrium under the action of a
surface traction of density fo on I's and a volume force of density f in 2.

Let S! be the space of second order symmetric tensors on R!. Denote by T = (7;;) € S! and v = (v;) € R},
where ¢,5 € {1,...,1}. Let v = (v;) be the unit outward normal vector on the boundary I" and = = (z;)
for a generic point in Q UT. Unless stated otherwise, denote 0 by the zero element of R! and S!, and the

13



summation convention over repeated indices is used. The inner products and the Euclidean norms on R
and S! are given by

u-v = uv;, |lu|| = (uw- u)%, for all u = (u;), v = (v;) € R
o T =0iTij, |=| = (- ‘r)%, for all o = (0;;) € S', T = (15) € L.

For a vector field v, v, := v - v and v := v — v,V denote the normal and tangential components of
v on I'. Also, the normal and tangential components of the stress field o on the boundary are denoted
by o, := (ov) - v and o, := ov — o,v. For the stress and strain fields, we shall use the Hilbert space
V = L%(©;S!) with the canonical inner product

(o, T)v = / oij(x)Ti(x)de, o, TEV
r
and the associated norm || - ||yy. The function space for the displacement field is defined by

E:={v=(v)e H(QR) |v=0aeon I}

It follows from an application of Korn’s inequality and meas(I'1) > 0 that E is real Hilbert space endowed
with the inner product

(u,v)g = / e(w)e(v)dz, wu,v € E,
r
and the associated norm || - || g, where & represents the deformation operator defined by
Vi 5
2

e(v) = (g5 (v)), eij(v) = Vv € V.

We shall use Div to denote the divergence operator given by

. 00
Divo = (045,5) = (590.])
J

and the same symbol v for the trace of a function v € H'(;R!) on I'. By the Sobolev trace theorem, we
have
ol g2y < I8lIvlls, Yo € B,

where ||§]| is the norm of the trace operator §: E — L?(I'3;R!). With the aforementioned discussions, we
revisit the following formulation of contact problems considered in [9, 11, 12].

Problem 5.1. Find a displacement field w: Q — R! and a stress field o: Q — St such that

o = Me(u) in Q, (5.1)
Dive + f; =0 in Q, (5.2)
u=0 on T, (5.3)
ov=1f on Iy, (5.4)
v < ) v v S 07
uy <g, ov+¢ on T, 55
(w = g)(ov +¢) =0, (v € Ohu(un),
lorll < No(uv), —or :-/\[b(uv)L if ur #0, on T's. (5.6)

[[ur]

The elastic constitutive law is described in (5.1), where M: Q x S! — S! denotes the elasticity operator
and satisfies the following conditions:

(a) there exists Laq > 0 such that for all e1,e2 € s, ae x e Q,
M(z,e1) — M(,e2)[| < Ladller — e2;
(b) M(-,€) is measurable on Q for all & € S

5.7
with M(xz,0) = 0 for a.e. © € Q; (5:7)

(c) there exists maq > 0 such that for all €1,e2 € st ae. x € Q,
M(z,e1) = M(z,€2)) - (€1 — €2) > mumller — ez

Equation (5.2) represents the equilibrium equation and the classical displacement-traction boundary condi-
tions are described equations (5.3) and (5.4), where f and f, are assumed to satisfy

fo € LA(BRY), £, € L*(Iy;RY. (5.8)
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We also define f € V* by the relation
(£ro)v =(Ffo,v)p2ry) + (F2, V) p2(rppy YO EV. (5.9)

The contact condition formulated on the surface I's is represented in (5.5), where g: I's — R describes the
thickness of the elastic layer. Assume that

g € L3(T'3), g(x) >0 ae. onTs. (5.10)
Moreover, we define an admissible set K in E as follows:
K={veFE|v, <gonTs}.
For the potential function h, : I's x R — R, we assume
(a) hy(-,7) is measurable on I's for all r € R and there
exists € € L?(T'3) such that h,(-,&(-)) € L1 (T'3).
(b) hy (=, -) is locally Lipschitz on R for a.e. x € I's.
(c) there exist &, 1 > 0 such that
|Ohy (z,7)| < € + ¢1|r| for all r € R and a.e. x € I's. (5.11)
(d) there exists Ly, > 0 such that
hO(x, s1;m2 — r1) + hO(x, 82571 — 72)
< Ly, |s1 — s2||r1 — 72|,

Vri,7r2,81,82 € R and a.e. x € I's.

The condition (5.6) represents a version of Coulomb’s law of dry friction, where Nj: I's x R — R4 denotes
the friction bound which may depend on the normal displacement u,, and we assume

(a) Np(-,7) is measurable on I's for all 7 € R.
(b) Np(x,r) =0 for all » <0,
Np(x,r) >0 for all 7 > 0, a.e. © € I's;
(c) Wo(m,71) = Np(@,72))(r1 —12) >0,
Vri,r2 € R and a.e. © € I'3;
(d) there exists La;, > 0 such that
[Np(,7m1) = Np(2,72)| < L, |m1 — 72
Vri,72 € R and a.e. ® € I's.

(5.12)

We refer to [12, 30, 37] for more information and mechanical interpretation of static contact models with
elastic materials. The variational formulation of the contact problem 5.1 is in the following form:

Problem 5.2. Find a displacement field u € K such that

(Me(u),e(v —u))y + /F No(uw) - (lor]l = llurl)ds

+/ h‘j(uu;v,,—uu)dsz/ fo-(v—u)de+ fo-(v—u)dl
T3 Q o
for allv € K.
To apply the results presented in the previous sections on Problem 5.2, we let k =1, W = K, Ep =

L?(T'3;RY) with & the trace operator from E to Ep, Ex = Ey, = L?(T'3;R) with yv = v1v = v, for v € E,
and we define

G:E— E*, (Gu,v)g = (Me(u),e(v)),, foru,vekE,
P: L?(3;RY x L2(T'3; RY) — R,

P(du,dv) = / Ny(uy)||vr|lds  for u,v € E,
T's
T: L2(T3;R) = R, Y(yv) = hy(vy)ds  for u,v € E,
s

f=reve, (f,'v}E:/fo-'ud:er/ fo - vdl for u,v € E.
Q o
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It is easily seen that all conditions of Theorem 2.10 are satisfied with mg = maq, lg = Lam, ap = Ly,
and Ly = Ly, = Ly,,.
Let A1,g > 0 and Ay, g > 0 be the smallest eigenvalues of the eigenvalue problem
uck, / e(u)-e(v)de =X uvdl Vv €EE,
Q T's
and the eigenvalue problem

uck, / e(u)-e(v)dx = )\/ uyvpdl Vv € E,
Q s

respectively. Then we may take
cp = )\;lE/z, cy = /\17,/17;32.
Using Theorem 2.10, we can conclude that Problem 5.2 admits a solution. Furthermore, the smallness
condition
LanAL g+ L, A g < ma (5.13)
guarantees that Problem 5.2 is uniquely solvable (cf. [9, 11, 12]).

Next, for any parameter w > 0, we introduce the function ﬁw Foot K — R defined by
Forfo, (W)= sup ((Me(uxe(u o)y + [ Now) - (e = ffo- s
’ veK T3
- / Y (uwi vy — uy)ds +/ fo - (u—v)dz
I Q

w 2
+f fa(u=0)dr = Sl vl ). (5.14)

Applying Theorem 3.5, Theorem 3.7, Theorem 4.2, Theorem 4.3 and Theorem 4.4, we directly obtain
the following error estimates with lg = L 4.

Theorem 5.1. Let u* € K be the unique solution to Problem 5.2. Under the hypotheses (5.7)—(5.13), the

following hold.

(i) For each w >0, fo € L2(R!) and fo € L?(To;RY), ﬁw»fo,z defined by (5.14), is a regularized gap
function for Problem 5.2.

(ii) If w > 0 then, for each u € K, it holds

Ly +w+ L, Ap

. 2
lu—vu*llg < TS (W) (5.15)

mm — LNbAilE - Lhu A;ul,E
(iii) If w > 0 satisfying
—1 —1 w
ma — LNb)‘l,E — Lhu/\ly,E — 5 > 0,
then, for each uw € K, it also holds
. 1
Ju— s < _ —
\/mM - LNb)‘l,E - LhI/)‘lu,E -3

fwyfog(u). (5.16)

Theorem 5.2. Let u* € K be the unique solution to Problem 5.2. Under the hypotheses (5.7)—(5.13), the
following hold.

(i) For any p>w >0, f, € L2(4RY) and fo € L?(T2;RY), the function 5?:3;2: K — R defined by

33{3;2 (u) = ﬁw,fOTQ(u) - ﬁp»fo,z(u)

is the D-gap function for Problem 5.2.
(ii) If w > p > 0 then, for each u € K, it holds

-1
L./Vl +p+ Lh,, )‘1ny 2 6f0’2 (u) (5 17)
w,p . .

lu—u*|p < - -
mm — LNb)‘l,lE - Lh1/>\lu1,E p—w
Remark 5.3. Theorem 5.1 and Theorem 5.2 give the upper bounds of the distance between an arbitrary
displacement field in the admissible set and the unique solution of the contact problem. Computing the
upper bounds in (5.15)-(5.17) is based on the regularized gap function F Foo and the D-gap function

@53}2 (u) with depending on the data of the such contact problem.
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