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Abstract
This study focuses on an improved Newton-type iterative scheme for solving systems of nonlinear equations, which is 
based on a rational approximation with linear numerator and denominator (RALND) model and proposed in (Saheya et al 
SpringerPlus 5:1–13, 2016). We prove and verify the third-order convergence of this algorithm through theoretical analysis 
and numerical computations. Numerical experiments and application instances are conducted to demonstrate its effective-
ness. The performance profile compares this method with traditional Newton’s method and another third-order convergent 
method, which shows that this method outperforms the traditional Newton’s method in terms of the number of iterations, 
and its computational efficiency is comparable to that of the third-order method. The analysis of the basin of attraction 
maps compares the INM method with the traditional Newton’s method and another third-order convergent method. The 
results demonstrate that the INM method offers superior characteristics in terms of the contour of the convergence region 
and the complexity of the boundary compared to the other methods.
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1  Introduction

In fields of engineering and electrical engineering calcula-
tions, the following nonlinear root-finding problem is com-
monly encountered:

F (x) = 0,� (1)

where F : Rn → Rn. More specifically, it is a nonlinear 
equations system, which is denoted as

F (x) =




f1(x)
f2(x)

...
fn(x)


 = 0

with fi : Rn → R. There are plenty of iterative schemes 
for solving systems of nonlinear equations, widely used 
in science, physics, biology, and engineering, see (Dai and 
Jazar 2012; Fan 2000; Leung 2013; Marinca et al. 2008) and 
references therein. In existing methods, improved Newton 
methods with third-order convergence is widely used in 
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high-order algorithms due to its fast convergence rate when 
solving systems of nonlinear equations, and has achieved 
significant results in various fields. For example, fixed-point 
algorithms, information maximization problems, Functional 
Magnetic Resonance Imaging (FMRI) data processing, and 
task component separation (Weng and Wang 2009). For read-
ers’ convenience, we name a few instances as below. First, 
the algorithm described in Weng et al. (2009) analyzed and 
applied brain functional magnetic resonance imaging data 
under resting-state FMRI conditions. In addition, the paper 
(Zhang  2016) proposes a common fault recovery method 
for optimizing cloud platforms. The third-order conver-
gent Newton-type algorithm was also employed for power 
flow calculation. In particular, the results demonstrated that 
under the same convergence accuracy, the number of itera-
tions is fewer than Newton’s method, although the compu-
tational complexity is slightly higher (Sun et al. 2009). In 
2013, a class of third-order methods was employed for the 
VSC-HVDC power flow calculation method (Wei  2013). 
In 2022, Zheng et al. implemented an improved Newton 
method in the fields of power flow calculation, integrated 
energy system, and multi-energy power flow calculation for 
electric and gas energy systems in Zheng et al. 2022. For 
more relevant literature on applications, please refer to (Jin 
and Wang 2015; Jin 2019; Liu et al. 2024; Liu et al. 2013; 
Niazkar 2021; Qureshi 2022).

The third-order improved Newton methods mentioned 
in the above applications have relatively improved conver-
gence speed and order compared to the traditional Newton 
method (Kollerstrom 1992). Nonetheless, when the iterative 
formula includes second-order derivatives, the computa-
tional cost and algorithm complexity increases as observed 
in Halley’s method (Gander 1985), hyper-Halley’s method, 
and Chebyshev-Halley’s family of iterative methods (Guti-
errez et al. 1997; Varona 2002).

In contrast, the iterative algorithm in (Laadhari et al. 2025; 
Weerakoon et al. 2000) reduces computational complexity 
by avoiding the need for second-order derivative calcula-
tions. Weerakoon and Fernando (2000) approximated the 
definite integral using the trapezoidal rule instead of the 
rectangular rule. Inspired by the research of Weerakoon and 
Fernando, Homeier (2005) proposed a new method using the 
inverse function, which replaces the arithmetic mean with 
the harmonic mean under specific parameter conditions. In 
fact, some other scholars have also made improvements to 
Newton’s method by eliminating the second-order deriva-
tives. For example, Fronting et al. (2003; 2004) considered 
a method whose iterative formula includes a function value 
and two Jacobian matrices. Darvishi and Barati (Darvishi 
and Barati2007)considered a method that uses two function 
values and one Jacobian matrix for each iteration. Ababneh 

(2012) improved Newton’s method based on the inverse 
harmonic mean. Saheya (2016) proposed an improved New-
ton-type method (INM) without second-order derivatives, 
based on a new rational approximation model (RALND) 
and a rank-1 correction to the Jacobian matrix.

Only the second-order convergence of INM algorithm is 
proved in reference Saheya et al. (2016). However, inspired 
by the modification of the Jacobian matrix of the INM algo-
rithm and the analysis techniques for the convergence order 
of the iterative method used by Zhanlav et al. (2021; 2013), 
the INM algorithm is likely to have a higher convergence 
order or certain improvements in performance and stabil-
ity. Building upon this conceptual foundation, we employ 
Zhanlav’s analytical framework to rigorously establish the 
third-order convergence characteristics of the INM algo-
rithm through construction and analysis of key param-
eters. Additionally, sufficient numerical experiments are 
performed to validate the algorithm’s efficacy and confirm 
its convergence order. To more comprehensively evaluate 
the algorithm, introduce more test questions, and continue 
to increase the number of test questions by disturbing the 
initial value several times, and then use the performance 
profile index and it’s curve graphs to compare the solving 
efficiency of related algorithms. Furthermore, by analyzing 
the Basin of Attraction maps, the scope and boundary fea-
tures of the attraction domain are explored to preliminarily 
assess the algorithm’s stability.

The main contributions are:

	– The third-order local convergence of the INM method is 
proven through parameter analysis and error estimation.

	– Performance Profile curves are plotted based on initial 
value perturbations, systematically evaluating the algo-
rithm’s effectiveness and sensitivity to initial values.

	– Through basin of attraction analysis and comparison, 
the INM method demonstrates better characteristics in 
terms of the shape of the convergence region and the 
complexity of the boundary.

	– The solution efficiency of the INM method is compared 
with other methods based on standard test functions and 
eight practical application problems.

Finally, the structure of this paper is as follows: Sect.  2 
introduces the iterative algorithms; Sect. 3 proves the third-
order convergence for scalar and nonlinear systems of equa-
tions; Sect. 4 presents numerical experiments to confirm the 
convergence and compares the method with other known 
methods; and Sect. 5 concludes the paper.
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2  An improved Newton-type algorithm

In this section, we roughly review the improved Newton-
type algorithm proposed in Saheya et al. (2016), which is 
the main focus of this paper. The rational approximation 
model (RALND),  R : Rn → Rn, was initially introduced 
in (Yunkang and Saheya 2014) with a linear numerator and 
denominator, which is defined by

Ri(x) = a0 +
(ak)T

(
x − xk

)

1 + bT
k (x − xk)

� (2)

where ak, bk ∈ Rn are the undetermined coefficient vectors 
and xk ∈ Rn represents the current point.
Let

Ri

(
xk

)
= fi

(
xk

)
,

∇Ri

(
xk

)
= ∇fi

(
xk

)
,

∇Ri

(
xk−1)

= ∇fi

(
xk−1)

,

� (3)

and consider the following interpolation conditions: 

m0 =∇fi

(
xk−1)T (

xk−1 − xk
)

,

m1 =∇fi

(
xk

)T (
xk−1 − xk

)
.

� (4)

 Consequently, the RALND function is constructed as

Ri(x) = fi

(
xk

)

+
∇fi

(
xk

)T (
x − xk

)

1 + 1
m0

(√
m0
m1

∇fi (xk)T − ∇fi (xk−1)T
)

(x − xk)
,� (5)

where xk, xk−1 ∈ Rn denote two adjacent iteration points. 
It is noted that when this function is used, the number of 
iterations will be reduced. However, because bk is a variable 
in each equation, nonlinear equations are quite complex.

From discussions in Saheya et al. (2016), bk is chosen 
to reduce complexity while preserving convergence proper-
ties. In particular, we observe

F (xk + s) ≈ R(xk + s) = F (xk) + Jks

1 + bT
k s

= 0,� (6)

where sk = xk+1 − xk and 
R(x) = (R1(x), R2(x), . . . , Rn(x))T, and where Jk is the 
Jacobian matrix of F (x) at xk. When bk = 0, the expression 
(6) can be simplified as

xk+1 = xk − Jk
−1F (xk),� (7)

When bk ̸= 0, we achieve a new iterative formula as
(
Jk + FkbT

k

)
sk = −Fk.� (8)

Where Jk is assumed to be nonsingular, the matrix obtained 
by applying a rank-one correction to it is also nonsingular. 
Therefore, the matrix FkbT

k  is nonsingular. Assuming that 
matrix Jk + FkbT

k  is invertible, then we have

xk+1 = xk −
(
Jk + FkbT

k

)−1
Fk.� (9)

Davidon et al. (1980) proposed a generalization from qua-
dratic approximation to conic approximation. The conic 
model is described by

ck(x) = f
(
xk

)
+

∇f
(
xk

)T
s

1 + bT
k s

+ sTBks

2
(
1 + bT

k s
)2 ,� (10)

where f(x) ≈ ck(x), bk is a parameter, and Bk is the sec-
ond order Fréchet derivatives of F at xk. Note that the first 
two terms in (10) are (6). Therefore, we can use the param-
eter bk of the conic model to define bk in (9). In other words, 
bkoffers a variety of possibilities, as discussed in (Deng and 
Li 1995; Gourgeon et al. 1985; Sheng 1995).

Moreover, by using the following conditions to update 
bk,

R(xk−1) = F (xk−1).� (11)

Then, combining (6) and (11) yields

Fk−1 = Fk − Jksk−1

1 + bT
k sk−1

.� (12)

For notational convenience, we denote

βk := 1 − bT
k sk−1 and yk−1 := Fk − Fk−1.� (13)

This together with (12) gives

βkyk−1 = Jksk−1 and βk =
yT

k−1Jksk−1

yT
k−1yk−1

.� (14)

Hence, we obtain

bk = (1 − βk) ak

aT
k sk−1

.� (15)
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for any ak ∈ Rn with aT
k sk−1 ̸= 0. If we plug in ak = sk−1,  

then

bT
k =

(1 − βk) sT
k−1

sT
k−1sk−1

=
yT

k−1 (yk−1 − Jksk−1) sT
k−1(

yT
k−1yk−1

) (
sT

k−1sk−1
) , � (16)

Now, combining (14) and (16) leads to

FkbT
k =

yT
k−1 (yk−1 − Jksk−1)

yT
k−1yk−1

FksT
k−1

sT
k−1sk−1

. � (17)

According to (17), we outline the algorithmic scheme for 
improved Newton’s method (Saheya et al. 2016).

2.1  Algorithm 1: Improved Newton’s Method (INM)

Let x0 be a given initial approximation to the solution of 
F (x) = 0, where J0 is nonsingular, and choose a tolerance 
ε0 > 0. The steps for obtaining xk+1, k = 0, 1, 2, . . ., are 
as follows: 

Step 1:	 Initialization. Set b0 = 0, ε = ε0, and k = 0.
Step 2:	 Stopping Criterion. If ∥F (xk)∥ ≤ ε, terminate the 

algorithm and output xk as the solution.
Step 3:	 Iteration Update. Compute F (xk)bT

k  and xk+1 as 
follows: 

F (xk)bT
k =

yT
k−1(yk−1 − Jksk−1)

yT
k−1yk−1

·
F (xk)sT

k−1
sT

k−1sk−1
,

xk+1 = xk −
(
Jk + F (xk)bT(xk)

)−1
F (xk).

Step 4:	 Update Iteration Index. Increment k by 1, i.e., 
k = k + 1, and return to Step 2.

2.2  Notation

1.	 Jk = F ′(xk): the Jacobian matrix of F (x) at xk,
2.	 yk−1 = F (xk) − F (xk−1),
3.	 sk−1 = xk − xk−1.

For the special case of scalar setting in the above algorithm, 
Step 3 is:

xk+1 = xk − f(xk)
f ′(xk) + f(xk)bk

,� (18)

where

bk = f(xk) − f(xk−1) − f ′(xk)(xk − xk−1)
(f(xk) − f(xk−1))(xk − xk−1)

.� (19)

3  Analysis of Convergence

In light of the improved algorithm, the proof of third-order 
convergence is divided into two parts: the scalar setting 
equation and the nonlinear system of equations. Before pro-
ceeding with the convergence analysis, we first recall some 
background concepts.

Definition 1  (Zhanlav et al.  2020) Let 
{

xk
}

k≥0 be a 
sequence in Rn which converges to x∗. Then, the conver-
gence is called order p(p > 1) if
∥∥F

(
xk+1)∥∥

∥F (xk)∥p = O(1)

or

F
(
xk+1)

= O (hp) , h = F
(
xk

)
, and hp = (

p︷ ︸︸ ︷
h, h, . . . , h).

Definition 2  (Zhanlav et al. 2021) Let f(x) be a real function 
with simple root x∗ ∈ I  and let {xn} be a sequence of real 
numbers that converges towards x∗. The order of conver-
gence p is given by
∣∣xn+1 − x∗∣∣ ≤ M |xn − x∗|p , p ∈ R+, 0 < M < ∞.� (20)

It is easy to show that the condition (20) is equivalent to
∣∣f (

xn+1)∣∣ ≤ C |f (xn)|p , for some 0 < C < ∞,

provided that f ′(x) ̸= 0 around the small neighborhood of 
x∗.

Definition 3  (Argyros et al. 2024; Chang et al. 2025) Let the 
iterative function φ(x) be used to solve the equation

x = φ(x),

and suppose that x∗ is a solution of this equation. If there 
exists a δ > 0 such that the neighborhood of x∗,

U(x∗, δ) = {x ∈ X : ∥x − x∗∥ < δ},
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satisfies the following property: when the initial value 
x0 ∈ U(x∗, δ), the sequence {xn} generated by the itera-
tive formula

xn+1 = φ(xn)

converges to x∗, i.e.,

lim
n→∞

xn = x∗,

then the method is said to have local convergence.    
For subsequent analysis, we need the Kronecker 
Delta (Kozen  2007). Let e1 = ⟨1, 0, 0⟩, e2 = ⟨0, 1, 0⟩, 
e3 = ⟨0, 0, 1⟩ it is known that

δij = ei ⊗ ej =
{

1, i = j
0, i ̸= j , i, j ∈ {1, 2, 3} , I = δijei ⊗ ej .

Then, we have first order tensor: u = uiei; second 
order tensor: ε = εijei ⊗ ej ; and third order tensor: 
η = ηijkei ⊗ ej ⊗ ek.

Lemma 1  If A = sk−1 aT
k

aT
k sk−1

, then A is an idempotent matrix.

Proof  According to the contraction and union rules of ten-
sors, we see that

A2 =
(

sk−1aT
k

aT
k sk−1

)2

=
(

sk−1 ⊗ aT
k

aT
k sk−1

)2

=
(

sk−1 ⊗ aT
k

aT
k sk−1

) (
sk−1 ⊗ aT

k

aT
k sk−1

)
= sk−1 ⊗ aT

k

aT
k sk−1

=A.

This completes the proof. � □

Lemma 2  If A is an idempotent matrix, then 
[(A + I )A]−1 = A − I .

Proof  The derivation is straightforward by using the proper-
ties of idempotent matrices. � □

Lemma 3  Let F(x) : D ⊂ Rn → Rn  be a sufficiently 
Fréchet differentiable function in a convex set D ⊂ Rn  
containing a zero x∗. Suppose that F ′(x) is continuous and 
nonsingular at x∗. For an initial approximation sufficiently 
close to x∗, the sequence {xk}k≥0 , x0 ∈ D is given by the 
following iteration process:

xk+1 = xk − τkF ′ (xk)−1
F (xk) , � (21)

where τk  is some n × n matrix to be determined properly. 
The iteration scheme (21) has order three if and only if the 
parameter matrix τk  is given by the following formula:

τk = I + θk + O(h2),� (22)

where I  is the identity matrix, and

θk = 1
2

F ′(xk)−1F ′′(xk)F ′(xk)−1F (xk),� (23)

Proof  Please refer to (Zhanlav et al. 2020).� □

Lemma 4  Assume

∥Pk∥ < 1,

where Pk  is a matrix associated with the iteration process, 
I  is the identity matrix, and ∥ · ∥ denotes the operator 
norm (also known as the spectral norm or 2-norm). Then, 
we have

(I − Pk)−1 =
∞∑

j=0
P j

k = I + Pk + O
(
P 2

k

)
.

Proof  This is a consequence of (Clason  2020), which is 
called the Neumann series.� □

Lemma 5  Let F : D ⊆ Rn → Rn  be a function that is suf-
ficiently differentiable on the domain D. The qth derivative 
of F  at a point u ∈ Rn , where q ≥ 1 , is defined as the q
-linear function

F (q)(u) : Rn × · · · × Rn

︸ ︷︷ ︸
qtimes

→ Rn,

such that F (q)(u) (v1 , . . . , vq) ∈ Rn . This function maps 
q vectors v1 , . . . , vq ∈ Rn  to a vector in Rn , satisfying the 
linearity property in each of its arguments. It is easy to 
observe that 
1.	 F (q)(u) (v1, . . . , vq−1, ·) ∈ L (Rn),
2.	 F (q)(u)

(
vσ(1), . . . , vσ(q)

)
= F (q)(u) (v1, . . . , vq) for 

all permutations σ of {1, 2, . . . , q}.

From the above properties, we can use the following 
notation: 
(a)	 F (q)(u) (v1, . . . , vq) = F (q)(u)v1 . . . vq,
(b)	 F (q)(u)vq−1F (p)vp = F (q)(u)F (p)(u)vq+p−1.
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Proof  Please refer to (Cordero et al. 2010).

Remark 1  From the 5, we know that the second derivative 
F ′′(xk) is a bilinear function. Therefore, it can be repre-
sented using the inner product of vectors. For any vectors u 
and v, we have

F ′′(xk)(u, v) = F ′′(xk)uv.

Keep simplifying the following expression:

−1
2

yT
k−1(F ′′(xk)F ′(xk)−1F ′(xk)sk−1sk−1 + O(s3

k−1))
yT

k−1yk−1
.

Using the fact that F ′(xk)−1F ′(xk) = I  leads to

F ′′(xk)F ′(xk)−1F ′(xk) = F ′′(xk)I = F ′′(xk).

Therefore, the above expression is simplified as

−1
2

yT
k−1(F ′′(xk)sk−1sk−1 + O(s3

k−1))
yT

k−1yk−1
.

This is equivalent to

−1
2

yT
k−1(F ′′(xk)s2

k−1 + O(s3
k−1))

yT
k−1yk−1

,

because in this context, sk−1sk−1 and s2
k−1 represent the 

same second derivative acting on the vectors. Finally, we 
achieve

− 1
2

yT
k−1(F ′′(xk)s2

k−1 + O(s3
k−1))

yT
k−1yk−1

= − 1
2

yT
k−1(F ′′(xk)F ′(xk)−1F ′(xk)sk−1sk−1 + O(s3

k−1))
yT

k−1yk−1
.

Remark 2  When q = 2, F (2)(u) is a bilinear function, 
meaning for any vectors v1 and v2, there holds

F (2)(u) (v1, v2) = F (2)(u) (v2, v1) .

Thus, for the given expressions, it can be verified that

F (2)(xk)
(
F ′(xk)−1yk−1, sk−1

)

=F (2)(xk)
(
sk−1, F ′(xk)−1yk−1

)
.

This says that

yT
k−1(F (2)(xk)F ′(xk)−1yk−1sk−1)

=yT
k−1(F (2)(xk)F ′(xk)−1sk−1yk−1),

which further implies the following expression holds 
according to condition (a):

− 1
2

yT
k−1(F ′′(xk)F ′(xk)−1yk−1sk−1)

yT
k−1yk−1

+ O(h2)

= − 1
2

yT
k−1(F ′′(xk)F ′(xk)−1sk−1yk−1)

yT
k−1yk−1

+ O(h2).

3.1  Scalar equation setting

Let the nonlinear function f : R → R be continuously 
differentiable on D ⊂ R. As mentioned in Saheya et al. 
(2016), we approximate the nonlinear functionf(x) near xk 
as follows:

f (x) ≈ f
(
xk

)
+

f ′ (
xk

) (
x − xk

)
1 + bk (x − xk)

.� (24)

In order to solve f(x) = 0, by using (24), we have

xk+1 = xk − f(xk)
f ′(xk) + f(xk)bk

.� (25)

Then, applying the interpolation method given in Saheya et 
al. (2016) to determine the parameter bk, it yields

bk = f(xk) − f(xk−1) − f ′(xk)(xk − xk−1)
(f(xk) − f(xk−1))(xk − xk−1)

.� (26)

Plugging (26) into (25), we obtain the simplified form of 
(25),

xk+1 = xk − f(xk)
f ′(xk)f(xk−1)
f(xk−1)−f(xk) + f(xk)

xk−xk−1

.� (27)

Applying the Taylor expansion of f(xk−1) at point xk. 
Then, bk given by (26) can be rewritten as (28). To see this, 
we first verify
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bk =f(xk) − f(xk−1) − f ′(xk)(xk − xk−1)
(f(xk) − f(xk−1))(xk − xk−1)

= 1
xk − xk−1

− f ′(xk)
f(xk) − (f(xk) + f ′(xk)(xk−1 − xk) + 1

2 f ′′(xk)(xk−1 − xk)2 + O(h3)

= 1
(xk − xk−1)

− 1
(xk − xk−1)[1 − f ′′(xk)

2f ′(xk) (xk − xk−1) + O(h2)]

= 1
(xk − xk−1)

− 1
(xk − xk−1)[1 − [ f ′′(xk)

2f ′(xk) (xk − xk−1) + O(h2)]]

= 1
(xk − xk−1)

− 1
(xk − xk−1)

[1 + f ′′(xk)
2f ′(xk)

(xk − xk−1) + O(h2)]

= − f ′′(xk)
2f ′(xk)

+ O(h).

By Taylor’s expansion of θk at point xk and using (29) 
yields

θk =
f(xk) + f ′(xk)(yk − xk) + 1

2 f ′′(xk)(yk − xk)2 + O(h3)
f(xk)

,

=1
2

f ′′(xk)
f ′(xk)2 f(xk) + O(h2).

In view of this, we rewrite (28) as

xk+1 = xk − f(xk)
f ′(xk)

(1 + f ′′(xk)
2f ′(xk)2 f(xk) + O(h2)).� (30)

Then, combining (21) and (30) leads to

τk = 1 + 1
2

f ′′(xk)
f ′(xk)2 f(xk) + O(h2) = 1 + θk + O(h2),

which indicates that (28) is with the third-order conver-
gence. Therefore, Algorithm 1 exhibits the same conver-
gence rate. � □

3.2   The nonlinear system of equations

In the general vector setting, Step 3 can be expressed as

Assuming the conditions specified in Lemma 4 are satis-
fied, the fourth equality in the above process uses Lemma 
4, resulting in the content of the fifth equality. Hence, (25) 
can be recast as

xk+1 = xk − f(xk)
f ′(xk) − f ′′(xk)

2f ′(xk) f(xk)
+ O(h3).� (28)

Now, for scalar setting, the convergence of Algorithm 1 is 
stated in Theorem 1 as below.

Theorem 1  Assume that the function f : D ⊂ R → R is suf-
ficiently smooth and has a simple zero x∗ ∈ D. Suppose that 
the initial approximation x0  is sufficiently close to x∗ and 
the parameter bk  satisfies condition (26). Then,the iterative 
methods in Step 3 have third-order convergence.

Proof  In Zhanlav et al. (2017), it was shown that the two-
step iteration method (21) is a third-order method if and 
only if the iteration parameter τk satisfies

τk = 1 + θk + O(θ2
k), θk = f(yk)

f(xk)
= O(f(xk)2)

f(xk)
= O(h).� (29)
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xk+1 = xk −
(

I + F ′(xk)−1
F (xk)bT

k

)−1
F ′(xk)−1

F (xk).� (31)

According to Lemma 4, we have

τk = (I + F ′(xk)−1
F (xk)bT

k )−1 = I − F ′(xk)−1
F (xk)bT

k︸ ︷︷ ︸ +O(h2).� (32)

Then, the iterative formula considered in Step 3 becomes

xk+1 = xk − (I − F ′(xk)−1
F (xk)bT

k )F ′(xk)−1
F (xk).� (33)

By using Taylor expansion of F (xk−1) at point xk, yk−1 
can be represented as

yk−1 = F (xk) − F (xk−1);
= F (xk) − (F (xk) + F ′(xk)(xk−1 − xk)

+ 1
2

F ′′(xk)(xk−1 − xk)2 + O((xk−1 − xk)3).

continuous and nonsingular at x∗. For an initial approxi-
mation x0 ∈ D sufficiently close to x∗, the sequence 
{xk}k≥0  obtained via (33) exhibits third-order conver-
gence if and only if the parameter matrix F(xk)bT

k  satisfies 
F(xk)bT

k = − 1
2 F ′′(xk)F ′(xk)−1 F(xk) + O(h2 ).

Proof  According to (13), it is known that 1 − βk = bT
k sk−1. 

Considering (12), (14), and (15), we have

βkyk−1 = Jksk−1, βk =
yT

k−1Jksk−1

yT
k−1yk−1

, bk = (1 − βk) ak

aT
k sk−1

,

for any ak ∈ Rn with aT
k sk−1 ̸= 0.

Then, applying Eq. (14), Lemma 5, Remark 1, and 
Remark 2, (1 − βk) can be simplified directly as

Thus, we obtain three expressions for yk−1 as follows:

yk−1 = O(sk−1);� (34)

yk−1 = F ′(xk)sk−1 + O(s2
k−1);� (35)

yk−1 = F ′(xk)sk−1 − 1
2

F ′′(xk)s2
k−1 + O(s3

k−1).� (36)

With the above discussions, we present the convergence for 
the vector setting in Theorem 2.

Theorem 2  Assume F(x) : D ⊂ Rn → Rn  is a sufficiently 
Fréchet differentiable function defined on a convex set 
D ⊂ Rn  containing a zero x∗ of F(x). Suppose F ′(x) is 

(1 − βk) = 1 − yT
k−1Jksk−1

yT
k−1yk−1

= yT
k−1(yk−1−Jksk−1)

yT
k−1yk−1

= − 1
2

yT
k−1(F ′′(xk)s2

k−1+O(s3
k−1))

yT
k−1yk−1

= − 1
2

yT
k−1(F ′′(xk)F ′(xk)−1F ′(xk)sk−1sk−1+O(s3

k−1))
yT

k−1yk−1

= − 1
2

yT
k−1(F ′′(xk)F ′(xk)−1(yk−1+O(s2

k−1))sk−1+O(s3
k−1))

yT
k−1yk−1

= − 1
2

yT
k−1(F ′′(xk)F ′(xk)−1yk−1sk−1)

yT
k−1yk−1

+ O(h2)

= − 1
2

yT
k−1(F ′′(xk)F ′(xk)−1sk−1yk−1)

yT
k−1yk−1

+ O(h2).

�

(37)

For the calculation of the remainder term, Eq. (34) is uti-
lized. The second equality is derived using Eq. (36), lead-
ing to the third equality. Similarly, the fourth equality is 
obtained by applying Eq. (35), resulting in the fifth equality. 
From (37), we obtain

(1 − βk)I = −1
2

F ′′(xk)F ′(xk)−1sk−1 + O(h2).� (38)

If we denote

cT
k := −1

2
F ′′(xk)F ′(xk)−1 + O(h),� (39)

then we have
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cT
k sk−1I = −1

2
F ′′(xk)F ′(xk)−1sk−1 + O(h2),� (40)

which is equivalent to

(1 − βk)I = cT
k sk−1I.� (41)

Next, using (15) and (41) yields

IbT
k = (1 − βk)IaT

k

aT
k sk−1

= cT
k sk−1IaT

k

aT
k sk−1

= −1
2

F ′′(xk)F ′(xk)−1sk−1aT
k

aT
k−1sk−1

+ O(h).

� (42)

For notational convenience, let B = IbT
k  and 

C = − 1
2 F ′′(xk)F ′(xk)−1 + O(h). Equation (42) can be 

expressed as B = CA. According to Lemma 1, we have 
BA = CA2 = CA and BA2 + BA = CA2 + CA. After 
simplifying BA2 + BA = CA2 + CA, we conclude that

B(A + I)A = C(A + I)A.

By applying Lemma 2 to both sides of the equation and 
simultaneously inverting (A + I)A, we obtain

4  Numerical experiments

This section illustrates the effectiveness of the algorithm 
through numerical experiments. We compare the INM 
method with classical Newton’s method (NM) and a third-
order Newton-type method (also see THNM (Darvishi and 
Barati  2007), THNM1 (Huang and Ma  2013), THNM2 
(Frontini et al. 2004), NM2 (Rehman et al. 2021)) in terms 
of iteration times, CPU time, error, and convergence order. 
The r represents the number of iterations, whereas the CPU 
represents the CPU time when the algorithm terminates. 
“Err"denotes the error, while ρ denotes the convergence 
order. The convergence order is calculated using the follow-
ing formula (Frontini et al. 2004):

ρ =
log

(∣∣xk+1 − a
∣∣ /

∣∣xk − a
∣∣)

log (|xk − a| / |xk−1 − a|)
.

In our study, we utilize 10 test functions and 8 computational 
problems that have practical applications, which encom-
pass two issues related to the numerical solutions of partial 
differential equations. All numerical computations in this 
study were performed on a MacBook Pro (15-inch, 2019) 
equipped with a 2.4 GHz 8-core Intel Core i9 processor and 
32 GB of 2400 MHz DDR4 memory, running macOS. The 
calculations were conducted using Mathematica 12.3.0.

Function 1 (Darvishi and Barati 2007)

B = C and bT
k = cT

k .

Then, it follows that

F (xk)bT
k = F (xk)cT

k = −1
2

F ′′(xk)F ′(xk)−1F (xk) + O(h2).� (43)

Using (43) in (32), we achieve

τk = I + 1
2

F ′(xk)−1F ′′(xk)F ′(xk)−1F (xk) + O(h2).� (44)

To sum up, (44) satisfies the condition in Lemma 3 for any 
ak; and hence (33) converges in the third-order. Especially, 
the iterative equation for Step 3 also exhibits third-order 
convergence. � □




x2x3 + x4(x2 + x3) = 0,
x1x3 + x4(x1 + x3) = 0,
x1x2 + x4(x1 + x2) = 0,
x1x2 + x1x3 + x2x3 − 1 = 0.

with initial value x0 = (1.25, 1.25, 1.25, 1.25)T.

Function 2 (Huang and Ma 2013)
{

ex2
1 − e

√
2x1 = 0,

x1 − x2 = 0.
with initial value x0 = (1.25, 1.25)T.

Function 3 (Darvishi and Barati 2007)
{

x1 + 2x2 − 3 = 0,
2x2

1 + x2
2 − 5 = 0.

with initial value x0 = (1.45, 1.45)T.

Function 4 (Huang and Ma 2013)
{

x1 + ex2 − cos x2 = 0,
3x1 − x2 − sin x2 = 0. with initial value x0 = (7.45, 7.45)T.
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Function 5 (Frontini et al. 2004)
{

ex1 − 2 − x2 = 0,
cos x1 + x2 − 1 = 0. with initial value x0 = (2.48, 2.48)T.

Function 6 (George et al. 2023)
{

3x1
2x2 − x2x1

3 = 0,
x1

3 − 3x1x2
2 − 1 = 0.

with initial value x0 = (0.77, 0.77)T.

Function 7 (George et al. 2023)
{

x1
2 + x2

2 − 4 = 0,
3x1

2 − 7x2
2 − 16 = 0.

with initial value x0 = (−1.27, −1.27)T.

Function 8 (Solaiman et al. 2023)
{

x1 + 1 − ex2 = 0,
x1 + cos x2 − 2 = 0. with initial value x0 = (−0.81, −0.81)T.

Function 9 (Solaiman et al. 2023)
{

2 − ex1 + 1
tan(x2) = 0,

1
tan(x12+x22−5) = 0.

with initial value x0 = (1.02, 1.02)T.

Function 10 (Solaiman et al. 2023)
{

x2 + x3 − e−x1 = 0,
x1 + x3 − e−x2 = 0,
x1 + x2 − e−x3 = 0.

with initial value x0 = (0.3, 0.3, 0.3)T.

Problem 1  (Vivas-Cortez et al. 2023) According to the Cas-
son fluid model, fluid flow in blood vessels exhibits veloc-
ity gradients near the wall and the center core of the fluids, 
which travel as plugs with minimal deformation. The fol-
lowing equation expresses the plug flow of Casson fluids:

f(x) = 1 − 16
7

√
x + 4

3
x − 1

21
x4 − G,

where G = 0.4. The initial value is x0 = 0.11. The method 
of this paper was applied to the Blood rheology and frac-
tional nonlinear equations model.

Problem 2  (Vivas-Cortez et al. 2023) Consider a mechani-
cal issue with a beam position model. The following nonlin-
ear equations can be solved using the method of this a beam:

f(x) = x4 + 4x3 − 24x2 + 16x + 16.

The initial value is x0 = −0.5.
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Problem 3  (Solaiman  2021) The Van der Waals equation 
improves the ideal gas state equation, characterized by con-
sidering the size of gas molecules and interactions between 
molecules. The Van der Waals equation can be rearranged to 
form the equation:

f(V ) = PV 3 − n(RT + bP )V 2 + n2aV − n3ab.

Substituting P = 40 atm, T = 773◦C, n = 1.4, a = 18, 
and b = 0.1154, we obtain

f(V ) = 40V 3 − 95.26535116V 2 + 35.28V − 5.6998368.

The initial value is V0 = 1.99.

Problem 4  (Rehman et al. 2021) The fractional conversion 
rate is the ratio of ammonia generated to the total amount 

Ta
bl

e 
2 
R
es
ul
ts
 o
f c
om

pa
ris
on
s f
or
 d
iff
er
en
t m

et
ho
ds
 in
 P
ro
bl
em

 6
 a
nd
 7

Eq
ua

tio
n

N
M

IN
M

TH
N

M
1

TH
N

M
2

r
C

PU
Er

r
r

C
PU

Er
r

r
C

PU
Er

r
r

C
PU

Er
r

Pr
ob

le
m

 6
a

6
21

.6
67

2
6.

83
93

3
×

10
−

10
10

40
.6

98
9

9.
58

53
8

×
10

−
11

6
45

.1
12

1
6.

83
93

3
×

10
−

10
6

43
.7

44
1

6.
83

93
3

×
10

−
10

Pr
ob

le
m

 6
b

3
10

.7
78

4
6.

68
54

3
×

10
−

7
4

15
.6

65
1

2.
19

98
9

×
10

−
11

3
23

.8
61

5
6.

68
64

3
×

10
−

7
3

22
.7

26
7

6.
68

64
3

×
10

−
7

Pr
ob

le
m

 7
a

1
0.

00
08

6
1.

73
90

1
×

10
−

1
1

0.
00

70
0

2.
54

60
1

×
10

−
1

1
0.

00
02

9
1.

36
22

4
×

10
−

1
1

0.
00

03
3

1.
35

28
7

×
10

−
1

Pr
ob

le
m

 7
b

1
0.

00
02

4
3.

51
60

6
×

10
−

1
1

0.
00

17
6

3.
97

33
9

×
10

−
1

1
0.

00
03

2
3.

26
04

7
×

10
−

1
1

0.
00

02
6

3.
37

81
6

×
10

−
1

Fig. 2  Approximate solution of Problem 6b

 

Fig. 1  Approximate solution of Problem 6a
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of nitrogen and hydrogen added to the reaction system. The 
fractional conversion rate equation is given by:

f(A) = −0.186 − 8A2(A − 4)2

9(A − 2)3 .

This equation is written as:

f(A) = A4 − 7.79075A3 + 14.744A2 + 2.511A − 1.674.

The initial value is A0 = −0.4.

Problem 5  (Qureshi et al. 2021) In physics, Planck’s black-
body radiation law describes the relationship between the 
emissivity and frequency of electromagnetic radiation 
emitted from a blackbody at any temperatureT . The law is 
expressed as

f(x) = e−x + x

5
− 1.

The initial value is x0 = −0.1.

Problem 6  (Singh et al. 2023) We apply the third-order con-
vergence Newton method to the Fisher, nonlinear partial dif-
ferential equation. The equation is given by
{

ut = uxx + u(1 − u), (x, t) ∈ [0, 1] × [0, 1]
u(x, 0) = 2π sin(πx),
ux(0, t) = 0, ux(1, t) = 0.

The equation is discretized and solved numerically. 
The initial value is u0

i,j = 0.2 for i = 0, 1, . . . , N − 1, 
j = 1, 2, . . . , N  with N = 21.

Problem 7  (Capdevila et al. 2023) The heat conduction 
equation in a nonhomogeneous medium is given by 

∂

∂x

(
k(u)∂u

∂x

)
+ F (x, t) = cρ

∂u

∂t
,

where F (x, t) denotes the heat source density, and k, c, 
and ρ represent the thermal conductivity, specific heat, and 
material density, respectively. Assume that c and ρ are con-
stants. Let cρ = k0, α = k1

cρ , f = F
cρ , with k0 = 1 

and assume that the thermal conductivity depends linearly 
on temperature, i.e., k(u) = k0 + k1u. Then the equation 
becomes 



αu2
x + (1 + αu)uxx + f = ut, (x, t) ∈ [x0, xf ] × [0, Tmax],

u(−4, t) = 0, u(4, t) = sin2(t),
u(x, 0) = sech2(7x).

To solve this nonlinear heat equation numerically, we apply 
an implicit finite difference method. The space-time grid is 
defined using a spatial step size h = xf −x0

nx  and time step 
size l = Tmax

nt , where nx and nt are the number of subinter-
vals in the x- and t-directions, respectively. Let ui,k denote 
the numerical approximation of the solution u at (xi, tk). 
The derivatives are approximated by

ut ≈ u(x, t) − u(x, t − l)
l

, ux ≈ u(x + h, t) − u(x, t)
h

,

uxx ≈ u(x + h, t) − 2u(x, t) + u(x − h, t)
h2 .

In the numerical experiment, we choose the parameters as 
α = 1, Tmax = 1, nx = 20, nt = 10, andf = 0. The result-
ing finite difference equation becomes

lui−1,k −
(
h2 + l (2 + α (ui+1,k − ui−1,k))

)
ui,k − lαu2

i,k

+ l
(
ui+1,k + αu2

i+1,k

)
= −h2ui,k−1.

Fig. 4  Approximate solution of Problem 7b

 

Fig. 3  Approximate solution of Problem 7a
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Problem 8  (Rehman et al.  2021) The water flow passing 
through a region during a selected period of time is influ-
enced by factors such as the slope of the channel. When 
the channel becomes inclined, Manning’s equation applies 
to the water flow in an open channel under uniform flow 
conditions:

Q =
√

m

n
AR2/3,

 where m is the slope of the channel, A is the cross-sectional 
area of the channel, R is the hydraulic radius of the channel, 
and n is the Manning’s roughness coefficient. For a rectan-
gular channel with width W and water depth h, it is known 
that A = Wh, andR = W h

W +2h . Thus, the equation becomes:

Q =
√

m

n
Wh

[
Wh

W + 2h

]2/3

Given the flow rate, it is necessary to determine the depth 
of water h in the channel. The equation can be rewritten as:

f(h) =
√

m

n
Wh

[
Wh

W + 2h

]2/3

− Q

where Q = 14.15 m3/s, W = 4.572 m, n = 0.017, and 
m = 0.0015. The initial guess is taken to be h0 = 8.5m.
The numerical experimental results for Function 1 to Func-
tion 10 and Problem 1 to Problem 5 are presented in Table 1.  
The numerical calculation results for ”problem 6a"are 
shown in Table 2, and the approximate solution image for 
Problem 6 under the initial boundary conditions is depicted 
in Fig. 1. When some boundary conditions are changed to 
u(0, t) = 0, u(1, t) = 0, the image of the approximate solu-
tion is shown in Fig. 2, and the numerical calculation results 
are shown in ”problem 6b"in Table 2. In Problem 6, experi-
ments were conducted to analyze the impact of different 
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boundary and initial conditions. Boundary conditions: The 
Neumann boundary condition (ux(0, t) = 0, ux(1, t) = 0)  
represents zero derivative at the boundary, which is suit-
able for closed systems or symmetric problems with no 
flux across the boundary. It allows the boundary values to 
adjust freely based on internal calculations. In contrast, 
the Dirichlet boundary condition (u(0, t) = 0, u(1, t) = 0)  
fixes the boundary values, commonly used in physical sys-
tems with known boundary states, such as constant tempera-
ture or concentration scenarios. Switching from Neumann 
to Dirichlet conditions is generally more conducive to 
maintaining stability and ensuring convergence, as Dirich-
let conditions reduce degrees of freedom by fixing boundary 
values, whereas Neumann conditions rely heavily on deriv-
ative accuracy and are more sensitive to numerical errors. 
Initial conditions: The initial condition determines the sys-
tem’s starting state, directly affecting error propagation and 
the dynamic behavior of the solution. Unreasonable initial 
conditions can make the algorithm difficult to converge or 
result in unstable solutions. To minimize error propagation 
and improve convergence speed, the initial condition must 

be compatible with the discretization method. For example, 
the initial condition u(x, 0) = 2π sin(πx) used in the code 
is a smooth function, well-suited for discretization with 
finite difference methods, which significantly enhances con-
vergence and numerical efficiency.

Fig. 8  Basin of attraction map of f(x) = e−x + x
5 − 1 for three iterative methods

 

Fig. 7  Basin of attraction map of f(x) = x2 − 5
x + 2 for three iterative methods

 

Fig. 6  Performance profile of CPU time of NM, INM, THNM
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The numerical calculation results for ”problem 7a"are 
presented in Table 2, and the approximate solution image 
for Problem 7 under the initial boundary conditions is shown 
in Fig. 3. When some boundary conditions are changed to 
u(x0, t) = 1, u(xf , t) = cos2(t), the image of the approxi-
mate solution is shown in Fig. 4, and the numerical calcu-
lation results are shown in ”problem 7b"in Table 2. Here, 
the average levels of iteration counts, CPU time, and errors 
are calculated. The experimental analysis of Problem 7 is 
similar to that of Problem 6, mainly comparing different 
boundary conditions and exploring their effects on the con-
vergence and numerical stability of the algorithm.

Based on the numerical results in Tables 1 and 2, the fol-
lowing findings are summarized: 

(1)	 Firstly, the numerical results in both tables confirm the 
effectiveness of the INM algorithm. Secondly, the high 
consistency between the numerical results in Table 1 
and the theoretical results proves the third-order con-
vergence of the INM algorithm.

(2)	 According to Table 1, although the number of iterations 
required by the INM algorithm is less than or equal to 
that of the NM algorithm and greater than or equal to 
that of the THNM algorithm, the differences are not sig-
nificant. Furthermore, due to the involvement of more 
complex expressions of bk in the INM algorithm, the 
CPU time may be relatively long. However, according 
to Table 1, the algorithm performs well in terms of CPU 
time, and the CPU time of the INM method is close to 
that of the NM and THNM methods. The error perfor-
mance of the INM algorithm falls between the NM and 
THNM algorithms.

(3)	 As the complexity of the Problem 6 case increases, the 
required CPU time and iteration counts also increase. In 
Table 2 of Problem 6, the CPU time of the INM algo-
rithm is slightly more than that of the NM algorithm, but 
less than that of the THNM1 and THNM2 algorithms. 
The iteration count of the INM algorithm is higher than 
the other algorithms, but its error performance is better. 
However, when the complexity of the case decreases, as 
in Problem 7, the CPU time required by the INM algo-
rithm is relatively longer, with error and iteration count 
similar to other algorithms.

Based on the data in Table 3  and a comparison with the 
third-order methods mentioned in the literature (Rehman 
et al. 2021), the following results were obtained: For Prob-
lem 4, although INM performs better in terms of iteration 
count and CPU time, NM has the smallest error and higher 
efficiency, thus performing the best for this problem. For 
Problem 8, despite INM having the most iterations, it has 
the smallest error and the highest accuracy, making it the 

best performer for this problem. Therefore, overall, INM 
performs better in terms of accuracy. In order to further 
comprehensively evaluate the NM, INM, and THNM meth-
ods, we adopt the ”performance profile"and select the test 
set from Table 1. Note that the initial point will affect the 
performance of the iterative formula, mainly because the 
iterative formula is usually a process of gradually approach-
ing the target value, and the selection of the initial point will 
determine the starting point and direction of this approxi-
mation process. In other words, a suitable initial point can 
accelerate the convergence of the iteration process to the 
target value and improve computational efficiency; inap-
propriate initial points may cause the iteration process to 
fall into local optima or fail to converge, thereby affecting 
performance. Therefore, in the numerical experiments, we 
choose an initial value x0 that is sufficiently close to x∗. 
Accordingly, we then randomly generate ten initial values 
x0 + RandomReal[0, 1] around the initial point x0 to com-
pare the three methods with 100 test problems, resulting in 
s3 solvers and t100 test problems. The performance ratio is 
defined as

Rp,s = Fp,s

min {Fp,s : s ∈ S}
,

where S denotes the set of solvers, and P represents the 
set of test problems. The term Fp,s refers to the number of 
iterations or the CPU time used by solver s ∈ S to solve 
problem p ∈ P . Assuming for any p, s, the parameter 
RM ≥ Rp,s, RM = Rp,s is equivalent to the solver S 
being able to solve problem P.  

To understand an overall assessment for each solver, we 
define

ρs(τ) := 1
tp

size {p ∈ P ; Rp,s ≤ τ} .

This definition is referred to as the iteration performance 
profile of solver S. Here, ρs(τ) denotes the probability that 
the performance ratio Rp,s of solvers s ∈ S does not exceed 
a threshold τ ∈ R reflecting the extent to which the algo-
rithm achieves optimal or near-optimal performance.

Figure 5 shows the performance profile of the iteration 
times of three algorithms for 100 test problems within the 
range of τ ∈ [1, 2.2]. Furthermore, Fig. 5 indicates that the 
numerical performance of the INM solver falls between that 
of NM and THNM. Figure 6 shows the performance profile 
of the CPU time of three algorithms for 100 test problems 
within the range of τ ∈ [1, 2.2]. Furthermore, Fig. 6 dem-
onstrates that the INM solver exhibits inferior numerical 
performance in terms of time compared to both NM and 
THNM.
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Performance Profile is used to compare multiple algo-
rithms in terms of efficiency and robustness over a set of test 
problems, typically based on normalized runtime or error. 
It intuitively presents the overall performance of different 
methods, avoiding the limitations of a single metric and 
providing a more comprehensive algorithm evaluation. In 
addition to the traditional performance metrics, this study 
introduces the basin of attraction map as a new analytical 
tool. This map not only provides a visual representation 
of the convergence behavior of iterative sequences under 
different initial conditions, but also effectively addresses 
complex nonlinear problems. The basin of attraction map 
allows observation of the convergence regions between dif-
ferent roots and their characteristics, while also helping to 
identify the variations in convergence speed across different 
regions. The basin of attraction maps in this study are shown 
in Figs. 7 and 8.

Different color regions correspond to iterative sequences 
converging to different roots, forming different “basins". 
The boundaries between different colors usually represent 
transition regions between adjacent roots, and initial points 
on these boundaries may converge to different roots. Com-
plex boundaries reflect the non-uniformity of convergence 
speed in various regions, which is reflected in some regions 
converging in fewer iterations while others may require 
more iterations. In the basin of attraction map, some regions 
have gradually deepening colors, indicating that the algo-
rithm converges to the root faster within that region. When 
drawing the basin of attraction map, the size of the contour 
of the convergent region has different meanings. A larger 
contour of the convergent region indicates that initial values 
within that region are more likely to converge to the corre-
sponding root, while a smaller contour indicates that initial 
values within that region may diverge during iteration or 
converge to other roots.

In particular, the functions f(x) = x2 − 5
x + 2 and 

f(x) = e−x + x
5 − 1 are compared using the basin of 

attraction map for the NM, INM, and THNM methods. Two 
square regions in the complex plane are considered:

D = [−1, 1] × [−1, 1] ∈ C and D = [−4, 4] × [−4, 4] ∈ C.

Each contains 101 × 101 and 401 × 401 grid points, respec-
tively. A color is assigned to each point z ∈ D for each itera-
tive method. In the corresponding maps for each method, 
the color represents the magnitude of the error in the itera-
tive method’s convergence to the root. Cool colors indicate 
smaller errors and faster convergence, while warm colors 
indicate larger errors and slower convergence. Figures 7 
and 8 show that the basin of attraction has only one region, 
indicating that each plot’s attractor corresponds to a single 
unique root. The convergence region of the INM method is 

larger than that of the NM and THNM methods. A larger 
basin of attraction implies stronger robustness of the algo-
rithm, while a smaller basin suggests higher sensitivity 
to the choice of initial guess and weaker robustness. This 
means that the INM method is more likely to converge to 
the correct root from a wider range of initial guesses. Addi-
tionally, if the boundary does not exhibit complex fractal 
structures, it indicates that the algorithm is more robust with 
respect to the initial guess. Repellers, located near the far 
region of infinity, may appear as a color gradient indicating 
divergence. This suggests that initial values starting from 
these regions quickly move away from the convergence 
behavior and tend to infinity. Figures 7 and 8 show that 
the boundaries of the basin of attraction present a gradient 
from red to orange to yellow, suggesting that points at infin-
ity may be repellers. The INM algorithm shows a gradient 
region in warm colors at the boundary, with some noisy 
points, which typically indicates higher complexity in the 
boundary region. However, the overall distinction between 
the attraction and repulsion parts is clear, suggesting good 
stability. In summary, the INM method outperforms the NM 
and THNM methods in terms of computational efficiency.

5  Conclusions

An improved Newton iterative method based on a ratio-
nal approximation with linear numerator and denominator 
(RALND) model was presented in Saheya et al. (2016). 
This paper proves and verifies the third-order convergence 
of this algorithm through theoretical analysis and numeri-
cal computations. Numerical experiments are conducted on 
ten root-finding examples and eight application instances to 
demonstrate its effectiveness. The performance profile com-
pares this method with traditional Newton’s method and 
another method with third-order convergence. The experi-
mental results show that this method outperforms traditional 
Newton’s method in terms of the number of iterations, and 
its computational efficiency is comparable to that of the 
third-order method. Additionally, the paper offers the basin 
of attraction maps for the three iterative methods, and the 
experimental results indicate that the INM method has bet-
ter characteristics in terms of the contour of the convergence 
region and the boundary complexity than the other methods. 
Future research directions may include the stability analysis 
of the INM algorithm and the design of higher-order algo-
rithms. On the one hand, affine transformations and Möbius 
transformations can be used to map the iterative formula 
(as a real function) onto the complex sphere. Such transfor-
mations simplify complex problems into more analyzable 
forms, providing a clearer understanding of the basins of 
attraction, fixed points, and their stability characteristics. On 
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the other hand, within the framework of the INM algorithm, 
higher-order INM algorithms can be designed by analyz-
ing the errors at each step and optimizing the selection of 
parameter matrices. This approach aims to improve the 
order of convergence, achieve better convergence perfor-
mance, and expand the application scope of the algorithm.
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