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Abstract We introduce three novel variants of the projection extragradient algorithm for solving equilib-
rium problems in real Hilbert spaces, without imposing any generalized monotonicity assumptions on the
bifunctions involved. The proposed approach replaces the traditional shrinking projection step with a pro-
jection onto the intersection of the feasible set and a suitably chosen half-space, offering a more flexible
and effective strategy. To address cases where the bifunctions do not satisfy a Lipschitz-type condition,
we incorporate a general linesearch mechanism for determining the step size. When the bifunctions are
of Lipschitz-type with known constants, this linesearch is rendered unnecessary; in the absence of such
constants, we propose an adaptive step size rule. All three algorithms are rigorously proven to converge
strongly to a solution, even without assuming the joint weak continuity of the bifunction-an assumption
often required in existing literature. Numerical examples are presented to illustrate the efficiency and
practical performance of the proposed methods.

Keywords Nonmonotone equilibrium problem - Armijo linesearch - Lipschitz type condition - Strong
convergence
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1 Introduction

Suppose that H is a real Hilbert space with an inner product (-,-) and the induced norm || - ||. We denote
the weak and strong convergence in H by ‘—’ and ‘—’ respectively.

Let ©® be an open convex subset in H containing a nonempty closed convex set 2, and let f :
O x O — R be a function satisfying f(x,x) = 0 for every x € ®. Such a function is called a bifunction.
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We consider the equilibrium problem (shortly EP(£2, f)), in the sense of Blum, Muu, and Oettli [4,22],
which can be stated as follows:

Find x* € Q such that f(x*,y) > 0, Vy € Q.

The equilibrium problem associates with EP(€, f), sometimes called dual equilibrium problem or Minty
equilibrium problem (MEP(£2, f) for short) [5], is to find u € Q such that

fnu) <0, Vye Q.

Let us denote the solution set of EP(Q, f) and MEP(L2, f) by Sg and Sy respectively. It is pointed out
in [22] that if f(x,y) = (F(x),y —x) in which F : Q — H is a mapping then EP(Q, f) and MEP(Q, f)
reduce to the variational inequality problem (VIP(£2,F)) and the Minty variational inequality problem
(MVIP(Q, F)), respectively. Moreover, It is well-known that the equilibrium problems include many
other important problems such as optimization problems, fixed point problems, saddle point problems, and
Nash equilibrium problems in noncooperative games. In our best knowledge, the existence of a solution
of EP(Q, f) was first established by Ky Fan [11] when  is a convex and compact set, and f(x,-) is
quasiconvex on  for each x € Q. For the case 2 is a noncompact set, the existence of a solution of
EP(Q, f) under the generalized monotonicity of bifunction f or without the generalized monotonicity of
f can be founded in [2,3,5, 15] and the references quoted therein.

An important line of research in the study of equilibrium problems focuses on developing efficient
algorithms for finding solutions to EP(L, f), utilizing the structure of the bifunction f and the feasible set
Q. In this context, a variety of approaches have been proposed in the literature, including gap function
methods [18], auxiliary problem principle methods [17,23], proximal point methods [19], and projection
methods [9,10,13,24,25]. Among these, projection methods are particularly appealing due to their ability
to harness tools from convex optimization to effectively compute solutions to EP(€2, f). These methods
typically rely on assumptions such as convexity in the second variable and some form of monotonicity
or generalized monotonicity of the bifunction f. Significant progress has been made under these assump-
tions, as documented in various studies (see, e.g., [1,12,21,30]) and comprehensive books [2, 15].

More recently, Strodiot et al. [26] (see also [6,8, 14]) introduced the class of shrinking projection
algorithms to address equilibrium problems without assuming monotonicity. These algorithms, designed
for nonmonotone settings in Hilbert spaces, can be outlined as follows.

Algorithm SVN.

Initialization. Pick x° = x8 € Q, choose parameters ) € (0,1),y > 0.
At each iteration k (k =0, 1,2,...). Having x* do the following steps:
Step 1. Compute

. 1
y* = argmin {f(xk,y) + Z/H)’—ka 1y € Q}.
If y* = x*, then stop and x* is a solution of EP(£, f). Otherwise, do Step 2.

Step 2. Find my, as the smallest positive integer number m such that

Zk,m — (1 _ nm)xk+nmyk
FEmAR) = f(m 5K = Lk =%

Set M = nmk’ Zk — Zk’mk-
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Step 3. Select
wh e dhf(h, ), = {xeH: (whx—7) <0}
Compute
ub = Py, (¥F), where A, = NE_[2NY.
Step 4. Compute x* ! = Py (x8), where ¥ = IT, N Z, N L,

I, = {xeH: Hx—ukH < Hx—ka}, Sr={xeH: <x—xk,xg—xk> <0},

and go to Iteration k with k is replaced by k+ 1.

They pointed out that under assumptions on the convexity and continuity of the bifunction f, and the non-
emptiness of Sy, then the sequence {x"} generated by Algorithm SVN converges strongly to a solution of
EP(Q2.f).

One advantage of this algorithm (and algorithms in [6,8, 14]) is that it can be used to find a solution
to the equilibrium problem without requiring that f be neither quasimonotone nor Lipschitz-type con-
dition, however to apply this algorithm, at each iteration, we have to solve an optimization problem in
which its constraint set is the intersection of the constraint set in the previous iteration and a half space.
This may lead to large computational costs, especially when dealing with a high dimensional space and
a complicated constraint set. Furthermore, within this algorithm, the linesearch rules are employed to
determine the step length at each iteration. In some cases, where the bifunction f satisfies additional con-
ditions like the Lipschitz-type condition (see assumption (A3) below) or exhibits a complex structure, the
implementation of the linesearch rule can result in substantial computational cost. Based on these obser-
vations and recent works [7,16,27,29], in this paper, we propose novel algorithms for finding a solution
to nonmonotone equilibrium problems. The main contributions of this work are as follows:

— We address the nonmonotone equilibrium problem EP(£, f) in Hilbert spaces, where the bifunction
f is of Lipschitz-type on £ though the associated Lipschitz constants are unknown. For this setting,
we propose a projection algorithm incorporating an adaptive step size rule.

— We introduce a second projection algorithm with a fixed step size for solving EP(€Q, f) when the
bifunction f is Lipschitz-type on £ with known constants L; and L,. Notably, both of these algorithms
avoid the use of linesearch procedures that are commonly employed in the existing literature.

— For the more general case where f is not assumed to be Lipschitz-type, we propose a projection
algorithm that incorporates a linesearch strategy. In contrast to traditional approaches relying on geo-
metric sequences {n*}, our method allows for any strictly decreasing nonnegative sequence {1} to
determine the step length, offering greater flexibility.

Importantly, none of the proposed algorithms rely on the shrinking projection technique or the joint weak
continuity of the bifunction-assumptions frequently invoked in earlier works.

The rest of paper is organized as follows. The next section provides some preliminaries that will
be used in the following sections. In the third section, we present the proposed algorithms and prove
their convergence. The last section is dedicated to presenting some numerical examples to illustrate the
effectiveness of the proposed algorithms.

2 Main Results

Let 2 C H be a nonempty, closed and convex set. It is well known that for each x € H there exists the
unique nearest point in £, that is Po(x) € , such that ||x — Po (x)|| < ||y — x||, Vy € Q. The distance
function to £ is given by

d(x,Q) =inf{|lx—y|| : y € Q}.
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For instance, if ' = {y € H: (a,y) + b < 0} for some a € H and b € R, then

(ax)+b .
der) =4 far if{ax)+b>0
0 if {a,x) + b <0.

The following well known results on the projection operator onto a closed convex set will be used
in the sequel.

Lemma 1 Suppose that Q is a nonempty closed convex subset in H. Then

(a) z=Po(x)ifand only if (x—z,y—z) <0,Vy € Q;
(0) [[Pa(x) = PaO)II* < lx=yI* = IPa(x) —x+y—Pa )|, Vx,y € H.

Once can derive from Lemma 1 is that Py(+) is a nonexpansive mapping, that is ||Po(x) — Po(y)|| <
[lx=yl, ¥x,y € H.

Let f: Q2 x 2 — R be a bifunction such that f(x,-) is convex for every x € Q. We denote the
subdifferential of f(x,-) aty by d2f(x,y), that is

a2f(x7y) = {W eH: f(JC,Z) zf(x7y)+(w,z—y>, Vz € -Q}

In particular,
hf(x,x)={weH: f(x,z) > (wz—x), Vz€ Q}.

Now, let 2 C H be a nonempty, closed and convex set, let © be an open convex set containing £2
and bifunction f : ® x @ — R. We consider the following assumptions:

(A1) fis continuous on £ x Q.

(A2) f(x,-) is convex and subdifferential on Q for each x € Q. In addition, if {x*},{y*} C Q are bounded
sequences then {wk}, with w* € 9, f(xk,y), is also bounded.

(A3) fis Lipschitz-type on Q with constants L; > 0 and L, > 0 (Lipschitz for short) that is

f(X,Z) _f(x7y) _f(y7z) SLle_y||2+L2Hy_ZH27 Vx%l € Q.

Remark 1 — When f(x,y) = (F(x),y —x) where F : Q — H is a continuous mapping then assumptions
(A1) and (A2) are satisfied.

— To the best of our knowledge, using projection methods to find a solution of the nonmonotone equi-
librium problems in literature usually assumes not only that f(x, -) is convex and subdifferential on Q2
but also that f is jointly weakly continuous on @ x @. That is, if {x*},{y*} C @ and converge weakly
to x,y, respectively, then f(x*,y¥) converges to f(x,y). These conditions imply that if {x},{y*} are
bounded sequences in 2 then {w"}, with wk € o, f (x",y" ), is also bounded (see, for instance, Propo-
sition 4.3 in [28]). The following example shows that assumptions (A1), (A2) do not imply that f is
jointly weakly continuous.

Example 1 Let H be any infinite dimension Hilbert space, 2 = {x € H : ||x|| < 2||}, and let f(x,y) =
(x,y —x). Then, we have that d»f(x,y) = {x}. So f satisfies (A1) and (A2). However, f is not jointly
weakly continuous on Q x €, for instance, let Xk = e, and yk = 0, where ¢y is the k' h unit vector of H,
then we have x* — 0, y* — 0, but £(x*,y¥) = —1 4 0 = £(0,0) as k — oo.

The following lemma is necessary for proving the convergence of our proposed algorithms.
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Lemma 2 Suppose the bifunction f satisfies the assumptions (Al) and (A2). If {xk} C Q is bounded,
Y C [e, B], with 0 < & < B and {y*} is a sequence such that

, 1
Y = argmin{y.f(x*,y) + Elly—xkll2 yEQ},

then {y*} is bounded.
Proof This can be done by the same arguments in the proof of Lemma 2.6 [8]. So we omit it.

Now, we propose algorithms for solving EP(Q, f), where the bifunction f is nonmonotone, and
we do not use the embedding methods found in the literature. Firstly, we consider the case when f is of
Lipschitz type on £ with unknown constants L; and L,.

Algorithm 1.

Initialization. Pick x~!,x¢ = 10,y € Q. Choose two sequences {6;},{&} satisfying 0 < o < 6 <
Lo0<a <& <1 and 6, + & < a < 1. Choose parameter y_; € (0,00). Let {5} C (0,00) be a
nonincreasing sequence satisfying &y < - and klim 6, =0.Setk=0.

—yo0

Iteration k (k=0,1,2,...). Having x*,y*, 7, do the following steps:
Step 1. Select w* € o f(y*,x%), T = {x € H : (WK, x —xX) + (3%, x*) <0}
Compute u* = Pg, (xX), where Q, = QNY;,, # € argmax{d(x*,1;): 0 < j <k},
Step 2. Compute x* ! = Py (x), where ¥ = IT, N Z, N £,

Iy = {xeH: ||x—u|| < |x—x||}, T ={x e H: (x—x*x8 —x) <0}

Step 3. 16 iy (F(H134) — £ 1,38) = F(,34)) < Bllb~ — 34+ Eellyk — 242 then set
Y = Y1 else set 7 = 6. Compute

. 1
P = argmin {5 f(4,0) + 5 Iy =21y e 2.

If y¥*1 = xk, then stop and x* is a solution of EP(Q, f). Otherwise, go to Iteration k with k is
replaced by k+ 1.

Remark 2 - The inequality in Step 3 is nothing but the inequality in the definition of Lipschitz-type

bifunction f with L; = %, L, = % and x = X1, y= yk, and z = x*. Hence, when f satisfies the

Lipschitz-type condition on 2 with explicit constants L; and Ly, by choosing {7} such that:

Yeo1< min{ 2—’1‘, %}, for all k then the inequality in Step 3 is always satisfied. However, from a com-
putational point of view, we see that this inequality may still be satisfied for some J;_; such that
Y—1 = min { f—f, E—’; } Furthermore, since 7 is proportional to the stepsize, a larger value of ;. gener-
ally leads to faster convergence of the algorithm, as shown in Example 2.

— Since ¥, is inversely proportional to the constants L; and L, when these constants are large, y; be-

comes very small. In addition, from Step 3, we have:

1
e+l — i X —ly=x?:ye Q.
y argmm{f( ,y)+2yk||y <:ye }

So, y**! may be close to x*, which may lead to slow convergence of the algorithm. Therefore, in this

case, Algorithm 3.1 still works well.
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Example 2 Let H =R, C = [0,100] and f(x,y) = x*(y — x). Then, we have d»f(x,y) = {x?}. It is easy
to see that Sg = Sy = {0} and f is Lipschitz-type on C with L; = L, = 100. So f satisfies Assumptions
(A1) — (A3).

We now compare behavior of the sequences generated by Algorithm 1 with some starting points under
two different choices of 9;_1, namely %_; > min { f—‘]', %} and %1 < min { %’, f—i } In both cases, we

choose 6 = §,& = ;. For the case %1 > min{f—‘lﬂ %} we set Y- = 1,8 = 1. For the case %1 <
min { 2—‘]', % }, we choose y_1 = ﬁv O = le The computed results are reported in Table 1.
. . Y1 =1,8=1s V-1 = 205, % = s

Starting points k i Faa m + e CPUG) i T m + ST CPUG)
¥ T=5, 0 3 35 0.5 0 3 35 0.025 | 3.9600
K0 =x8 =4, 1 3 32500 | 0.3333 0 3 32500 | 0.0025 | 3.4694
W=3 2 3 31250 | 0.2500 | 0.6094 3 31250 | 0.0025 | 3.2236
3 3 3.0625 | 0.2000 | 1.1719 3 3.0625 | 0.0025 | 3.1006
7 0.6094 | 1.8359 | 0.1667 | 1.4993 3 30312 | 0.0025 | 3.0391
5 0.6094 | 12227 | 0.1667 | 1.2742 3 30156 | 0.0025 | 3.0083
2359 | 0.0100 | 0.0100 | 0.1667 | 0.0100 | 04062 | 0.5533 | 05535 | 0.0025 | 0.5529

100000 0.0159 | 0.0159 | 0.0025 | 0.0159 | 37.8906
x T =50, 0 46 47 0.5 0 46 47 0.0025 | 42.2400
X0 = x8 =48, 1 6 465 | 03333 0 6 465000 | 0.0025 | 41.4775
W0 =46 2 46 | 462500 | 0.2500 0 42.2400 | 44.3700 | 0.0025 | 41.0944
3 46 | 46.1250 | 0.2000 0 414775 | 42.9237 | 0.0025 | 39.4483
7 46 | 46.0625 | 0.1667 0 41,0944 | 42.0091 | 0.0025 | 383176
5 46 | 46.0312 | 0.1429 0 39.4483 | 40.7287 | 0.0025 | 37.5972
19841 | 0.0100 | 0.0100 | 0.0200 | 0.0100 | 6.0625 | 0.0804 | 0.0804 | 0.0025 | 0.0804

100000 0.0160 | 0.0160 | 0.0025 | 0.0160 | 90.1094

Table 1 Results on Example 2 with some starting points and y_; .

Theorem 1 Let f satisfy assumptions (Al) - (A3) (with unknown modulus L,L,) and Sy is nonempty.
Then, the sequence {xk } generated by Algorithm 1 converges strongly to a solution of EP(Q, f).

Proof We divide the proof of this theorem into five following statements.

Statement 1. Sy C (N7_(1;) NQ and (N7_(1;) N2 C N7 ¥,
Indeed, since Sy # 0, take p € Sy, we have f(y,p) <0, Vy € Q.
Replacing y = y* € Q into the above inequality, we get

FOX,p) <0, Vk. (1

Since wk € 9y f(y*, %K), we have
FO5,p) = FOF )+ (wWh p— o). ©)

From (1) and (2), we get f(y*, %) + (wk, p —x¥) <0,  Vk. This means that p € (N%_,1;) N Q.

Now, to prove that (N7_Y;) N C N7_(¥;, we will show that (N7_(Y;) N C I, Vk and (N7_1;) N2 C
5, Vk.

Firstly, take p € (N7_1;) N 2. Then, p € QN Y, = &, and Pq,(p) = p. We have

1 = pll = [|Pa, (") — Pa, (p) ]| < [l ~ p| (€

Hence, p € IT;, Vk.

Secondly, we show that (N7_Y;) N €2 C X, Vk by induction method. Indeed, if k = 0, we have (N7_Xj) N
£ C Xy = H. Suppose that (N7_(Y;) N2 C X;. Take p € (N7_,1;) N£2, we have to show that p € Xy, .
Indeed, since x*™1 = Py (x%), we obtain

(x—xTx8 - <0, e =ILNENQ. @)
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We have (N7_,1;) N Q2 C X (induction assumption) and p € (N%_,1;) N2, so p € X;. On the other hand,
j=0"J p j=0"J
(N7oYj) N C I Therefore, p € IT, N L, N Q = . Replacing x = p into (4), we have
(pkaﬂ,ngka) <0.

Therefore, p € Xy ;.

Statement 2. Four sequences {x*}, {y*}, {wK}, {u*} are bounded.
Take p € Sy. We have

e R e ] e e ) ®)
= T P =P 20— )
L i e ol [
where the inequality is derived from x**! € ¥ C X;. Hence, {|lx* —x¢||} is nondecreasing sequence.
On the other hand, since Xy = {x € H : (x —x*,x¢ —x*) < 0}, we have x* = Py, (x8). Furthermore, p €
Su C N7 ¥ = ﬁ;f’:O(Hj NZXZ;N &), we have p € X;. Therefore, we obtain
[l =] < [lp 2]l ©)

Hence, there exists limy_,.. ||x* —x¢|| and {x*} is bounded.

From the definition of {7} and the positive nonincreasing property of {; }, we deduce that {7} is the
positive nonincreasing sequence. Now, we prove that {7y} - 0. By contradiction, suppose that ¥ — 0.
Then, there exists a subsequence { ¥, } C {¥%} such that

Voot (S8 = 0 ) = 5P d) ) > g, [ =y 2, e — b 2
Combining with the assumption (A3), 6;,,&, € [a,1) with & > 0 and set L = max{L;,L,}, we have
([ =y [y = 12) < O, = R P 4 G [l — 12
<Pt (ST = PO = ()
< Yot (L [ =y |2 4 Lo [y =)
< Yot LW =y |2 4 [y — 2 12).

This means o < Ly, 1 for all n > 0. It contradicts the assumption ¥ — 0. Hence, 7y — 0. Therefore,
there exists a number &y > O such that

Vet (PO ) = £ 09 = £OF00) ) < B! =32+ Gl =41, ™

and ¥, = Y for all k > ky.
Ifk>kothenyy =%_1=...= Yo and

. |
Y =argmin{y, f(,y) + 5 [y x|y € @}

By Lemma 2, we get the boundedness of the sequence {y* }x>,. If k < ko, set My = max{[[y°||, |[y"[], ... [y~ ||}
we always have |[y¥|| < M; for all k < ko. Inconclusion, {y*} is bounded. Consider {wk} with w* €

o f(¥*,xF), by Assumption (A2), we obtain the boundedness of {w*}. By (3), we also have the bounded-

ness of {uf}.

Statement 3. limy .. d (x*, 1) = limy e d (x5, 1}, ) = limyee £ (5K, %) = limy oo |64 — 2K || = limy oo [Juf —

*|=0
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From (5) and the fact that there exists limy_.. [|x* — x|, we deduce limy_,o ||x¥*1 —x*|| = 0.
On the other hand, ¥**! € ¥, C ITy, i.e., ||xFF1 —uF|| < |65 —x*]|. So,

[ g e N

< 2ka+l _ka'

Combining with lim_,., |[x**! —x|| = 0, we obtain limy_,..d(x*, Q) = limy_,.. ||u* — x¥|| = 0. By defi-
nition of #, &, = QN Y, and |w| < M,, we have
k .k k
0< OS] f )| —d

k k k
1) <d(x5, 1) <d(x", Q).
= M2 = Hwk” ()C ’ k) — ()C ’ tk) — ()C ) k)

Therefore, limy o d(x*, 1) = limyee d (x5, 1, ) = limy0 (35, 25) = 0.

Statement 4. {x*}, {u*} converges strongly to x* = P, (%),
Replacing p = x* into (6), we have

[ =] < [ Proe () — €| ®)

Now, we show that any weak accumulation of {xk } belongs to ﬂ;“:O'I’j. Indeed, let X be a weak accumula-

tion of {x*}. Then, there exists {x*} C {x¥} and x¥ — % as [ — . Now, we have to prove that X € N0
From definition of #;, we have

0<d(* %) <d(x* 1), foreach i=0,1,...,k

Combining with lim_., d (x¥, Y, ) =0, we have limy_., d(x*,X;) =0 for any fixed i > 0. So lim;_,..d(x*, 1) =
0. Set %1 := Py (x%). Tt is clear that lim;_,.. ||x* — || = 0. We have for all y € H

(tf —z,y) = (" — X1 y) 4+ (R — %, y)
e N ERCEEAYE

Combining with lim; .. ||x —%|| = 0. and x* — % as I — oo, we have % — ¥ as [ — co. Furthermore,
{tkl } C Y, and ¥; is weakly closed (because 1; is closed convex in H). Hence, £ € 1;,Vi. Similiary, X € Q.
Therefore, X € (N7_,1;) N Q C N7,

Next, we show that x¥ — Pm;f-zoq(,. (x®). Indeed, let v be any weak accumulation of {xk}. Then, there exists
{xk1}  {x*} and {x*} — v as [ — . By (8), we have

4 —281] < [P (68)
By the weak lower-semicontinuity of the norm and x — v as [ — oo, we get
lim inf |6 — x8[| > ||v —x¥].
[—o0
From two above inequalities, we obtain
v =28 < [Prye_ g (x5) —*].
Since v € N7_(%¥; and by the property of projection, we have
1Py (%) — x5 < [|v —x¥]].

It implies that
v = x¥]| = [[Prye_ gy (x%) — ¥
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On the other hand, by the property of projection, we have

v = Pri= iy ()17 < [ly =82 =[x = Pre_ oy () 1%

Therefore, v = Prye (x¢) for any weak accumulation v of {x*}. Hence, x* — Pre g, (x#). Now, we have

[ = Py (e9)2 = [ = 8 46 — Py (1)

= ||]x* =82+ ||x8 —Pn;szoq/j(xg)ﬂz—i—Z(xk—xg,xg — P ()
<2(||x# —Pn;f;oqf,(xg)ll2 + (o — xS, — s o, (6%))),

where the inequality is derived from (8). We have ||x8 — Pre (x$)|* + (xF

as k — oo because x¥ — Pre o, (x2). Therefore, we get x* — Pre (x%). Because limy .. [|uf — x

k
we get that u* — Pﬁ;":Ole (x8).

Statement 5. x* is a solution of EP(Q, f).
Now, from Step 3 of Algorithm 1, we have

P = argmin{f () + 3y — 2y € Q)
Using the optimality condition, we have
0 € %o f (Y ) + (4 =) + N OFH).
Hence, there exists v* € oy f(x*,y**1) such that
k= (R ) € N ().

This means

<ykvk+yk+1 —xk,z—yk“) >0,Vze Q,

or
<xk_yk+l7z_yk+l> < n(v’ﬂz—yk“), Vze Q.

Since V¢ € d, f(xk,y**1), we have
FOR2) = fOEYH) = 0F 2= ) vz e .

From (9) and (10), we derive

(= <y (f(xk,Z) —f(xk,yk“)) ,Vze Q.

Since (A1) and x* — x*, we get
lim f(x*, X1 = 0.
k—yo0
For all £ > ky, we have
ka+1 7X*H2 _ ”karl *Xk+xk*x*”2

_ ||xk_x*||2+ ||xk+1 —xk|\2+2<xk+l —xk,xk—x*>

_ ||)g{—x*||2+||xk+l—xk|‘2+2<)g(+l—)g(,xk—)/(Jrl—}—)/(Jrl—x*>

e e e AR L
On the other hand, from (11), replacing z = x*, we have

I =22 < =y (F 0.

—x8,x8 _Pﬁj-‘;oll’j(xg)> -0
‘=0,

(C))

(10)

an

12)

(13)
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Hence,
=2 () =2y =P > 0. (14)
By adding (13) and (14) side by side, for all £ > kg, we get
[T =1 <t =2 = 20 =P [ P = 2 (R
+ 2<xk+l _xk7xk+1 _x*>
< =P = 20 o [ P 2 (FORT ) = )
+29k+1 ka 7yk+1 ||2+2€k+1 ||yk+1 7xk+1 ||2+2<x1<+1 7xk,xk+1 7x*>
= [l =12 = (2= 2600 [T =P = T P 28 Y 2
+ 20 [F O ) — A2 R ), (15)
where the second inequality is derived from (7) by setting k := k — 1, and the equality is derived from
Ye = Yi—1 for all k > k.

Moreover,
||xk+1 _yk+1||2 — Hyk+l _kaZ + ka+l _xk||2 +2<xk+l _xk7xk _yk+l>'

Replacing the above inequality into (15), we obtain
[ =2 < e =7 = 2(1 = ks = G Y =27 = (1= 28030 ) [ =P
2 O ) = ] - 4 (M R )
+2<Xk+l _x](’karl _x*>.
Therefore,
0 <21 =Byt — eIV =2 < a2 = [ o[ = (1= 28 ) [ -2
2 O ) — f AT
FAE L (KT b kKLY o kL K kT ey

Letting k — oo, using 6k+17§k+1 S [OC, 1), ((X > 0), Orr1+ &Hl <a < 1,limg e ||xk—x*|| =limy_ e ||xk+1 -
x| = im0 (¥, %¥) = 0, the boundedness of {x*} and {y*} and (12) we obtain

lim ||x* —y**1|| = 0. (16)
k—yoo

Combining with x* — x*, we get y**! — x*. From (11), we have for all z € Q

Pof (,2) = (5 =Y 2=y ) oy FE AT
> — | =yl =y = i M = A (17)
where f € 0, f(x*,x*). Using x¥ — x* and Assumption (A2), we have the boundedness of {¢¥}. Letting
k — oo in (17) and using (16), Assumption (A2), and the boundedness of {t*}, {y}, x¥ — x*,y¥1 — x*,

we get
Yoo f (x°,2) >0, Vz € Q,

or f(x*,z) > 0, Vz € Q. Therefore, x* is a solution of EP(Q, f).

When the equilibrium problem reduces to the variational inequality, that is, f(x,y) = (F(x),y —x) then
Algorithm 1 becomes the following algorithm, which, to the best of our knowledge, is also a new method
for solving the nonmonotone variation inequality in Hilbert space.

Algorithm 2.
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Initialization. Pick x ', x* =x2,y0 € Q and 7_; € (0,0). Choose two sequences {6y },{&} satisfying
0<a<6,<1,0<a<é <land6;+& <a< 1.Choose parameter y_; € (0,00). Let {&; } C (0,00)
be a nonincreasing sequence satisfying &y < y_; and /}im O =0.Setk=0.

—$o0

Iteration k. (k =0, 1, 2, ...) Having Xk yE, Y1 do the following steps:
Step 1. Set I}, = {x € H: (F(y*),x —*) < 0}, and compute

uk :Pck(xk), where & = QNI 1 € argmax{d(xk,l“j) :0<j<k}.
Step 2. Compute x* ! = Py (x¢), where
IOy = {xeH: |x—u*|| < ||x—x*|}, S = {x e H: (x —x*, x5 —xF) <0}
Y. =INX,NQ.

Step 3. 1f Yy (F (1) = F(5*), 0% = 55) < G747 — |2 + &ly* —2*||* then set y = %1 else
set %, = 0. Compute
= Po (& = pF ().

If y+1 = xk, then stop, x* is a solution of VIP(C,F). Otherwise, go to Iteration k with k is replaced
by k+ 1.

The following corollary is immediate from Theorem 1.

Corollary 1 Let F be Lipschitz continuous on 2 (with the Lipschitz constant is unknown). Suppose that
the solution set of MVIP(, F) is nonempty. Then the sequence {x*} generated by Algorithm 2 converges
strongly to a solution of VIP(Q,F).

One advantage of Algorithm 1 is that we can use it to find a solution to the nonmonotone equilibrium
problem even when the Lipschitz constants of the bifunction may be unknown. The following algorithm
shows that if these constants are explicit, then we do not need to check the condition in Step 3.

Algorithm 3.

Initialization. Pick x° = x8 € ©Q, choose parameters {y.} C [a, 8] such that 0 < B < 1;—2’"‘,0 <A<

/1—u—BL u fu—BL

Iteration k (k= 0,1,2,...). Having x* do the following steps:
Step 1. Compute

. 1
¥ = argmin { e f(5,3) + 5 Iy =42y € @},

If y* = x* then stop, x* is a solution of EP(2, f). Otherwise, do Step 2.
Step 2. Set 75 = (1 — A)xk + Ayk, wh € dh f(2F,%%), and

Ty = {x e H: (Wh,x —x*) 4 £(F,x5) <0}
Compute u* = P, (x*), where
Q=QNT,, K € argmax{d(xk,Tj) 10 < j<k}.
Step 3. Compute x* ! = Py (x), where ¥ = IT, N Z, N Q.
Iy ={xcH: |x—u|| < |lx—x||}, = {xeH: (x—x*x$ —x) <0}

Go to Step 1 with & is replaced by k+ 1.
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The following theorem gives us the convergence of Algorithm 3.

Theorem 2 Suppose that f satisfies assumptions (A1) — (A3) (with the explicit constants Li,L,), and
Sy # 0. Then {x*} and {u*} generated by Algorithm 3 converges strongly to a solution of EP(Q, f).

Proof The proof of convergence can be done by the similar way as in Theorem 1, so we omit it. For
instance, instead of using y = y* € Q in (1), we use y = z* € Q and 1; is replaced by the corresponding
Tk.

Now, we will show that x* is a solution of EP(Q, f).
Indeed, from Step 1 of Algorithm 3, we have
¥ = argmin{yf(¢.0) + 5y v € Q)
Using the optimality condition, we obtain
0 € %0rf (%) + (0 =) + Na (1)
Therefore, there exists w € 95 f(x*,y) such that —yw — (¥ —x¥) € N (y¥). This means that
(=nw— (' =),y =) <o0.
By definition of subdifferentiable w € 95 f(x*, y¥), we get
SR = FOEY) = (wy =), WeQ.
From two above inequalities, we obtain
WP y) = FOEY) 2 OF =aff —y), wyeq. (18)

Replacing y = x* into the above inequality, we get
1 1
FEN) < = =2 < 5 = (19)

where the second inequality is derived from 0 < a < %, < B.
Now, we consider two following cases.

Case 1. Two parameters 3, satisfy 0 < B < 12—2“70 <A< ,/%. Because f is Lipschitz-type
continuous on £2 with constants L; > 0 and L, > 0, so we have

FE ) = F@ ) = FOR ) S Lyl =P+ Lol =y (20
= (LiA?+ L) | =y
1—p—BL,
BLy

Bl YN SN
=73 [l = ¥H[I°

< (L + L) |l — 5|17

Adding (19) to (20), we obtain

FE ) = FE ) < =S =41 1)

H
B
Using Assumption (A2), we have

0= f(",2) = f(&, (1= )F + 1)5) < (1=1) f(F ) + A £( ).
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Combining with (21), we get

FEE ) = A(F(F ) = F( D) > %“ I =412 > 0. (22)

Case 2. Two parameters 3,1 satisfy 0 < f < L%,O <A</ “lgiffz Because f is Lipschitz-type contin-
uous on  with constants L; > 0and L, > 0,0 <A <,/ “[;EIL2> so we have

FE )+ () = (V) = =Ll = 2| = Lo||¥* = Y42 (23)
= —(LiA* + Ly) | =¥
u—BLy k2

> (L + L)l —
> —(Ly AL, 2)|IX =¥l

Hy ok k2
=—=x = .

ﬁII hall

Adding (19) to (23), we obtain

1_
FE A0 = f(2 %) > B” Ik — 42

Using the same argument as Case 1, we have

P 2 A ) = HE R - > e

Therefore, in both cases, from (22) or (24), and limy_,.. f(zX,x*) = 0, we get that
lim ||x* — y*|| = 0.
k—roo

Remember that x* — x*, it follows from the above equality that y* — x*.
From (18), we get

Wl y) = FEYO] = =y =L =yl

Letting k — oo, using (A1), 0 < a < ¥ < B, ¥ — x*, y¥ — x*, we get
f(x*,y) =0, VyeQ.

Therefore, x* is a solution of EP(£2, f).

One advantage of Algorithms 1 and 3 is that they can be used to find a solution to the nonmonotone
equilibrium problem EP(€Q, f) when f is of Lipschitz type. However, in some cases, the bifunction is not
of Lipschitz type, so we may not be able to use them to solve EP(€, f) directly. The following algorithm
may be applied to find a solution for such equilibrium problems.

Algorithm 4.

Initialization. Pick x° = x8 € Q, choose parameters {%} C [e, 8] with 0 < & < 8, u € (0,1). Take a
sequence {1;} C (0, 1) strictly decreasing to zero.
Iteration k (k=0,1,2,...). Having x* do the following steps:

Step 1. Compute

. 1
¥ = argmin {y f(5,3) + 5 Iy =42y € @}

If y* = x* then stop and x* is a solution of EP(£, f). Otherwise, do Step 2.
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Step 2. Find my, be the smallest nonnegative integer m such that

{Zk’m = (1 =) + my*

25
FE) = F ) > k= A2 2

Set 6, = nmk7Zk = ko,
Step 3. Select w* € o f (7%, x5), set Ty = {x € H : (WK, x —xk) + f(2F,xk) < 0}.
Compute u* = P, (x*), where

Q=QNT, 1 € argmax{d(xk,Tj) 10 < j<k}.
Step 4. Compute x* ! = Py (x8), where % = QNN Q,
M= {xcH: |x— || < ||x—x*|}, Ty = {x e H: (x—F 28 —4F) <0}

Go to Step 1 with & is replaced by k+ 1.
We need the following lemma to prove the convergence of Algorithm 4.
Lemma 3 At iteration k, if y* # x*, then we have:

(i) The linesearch is well-defined;
(ii) f(ZF,25) > 0.

The proof of this lemma is quite similar to the proof of Lemma 4.5 in [25], so we omit it.

We need the following assumption:

(A1) f(-,-) is strongly weakly continuous on © x Q that is if {x*},{y*} are sequences in £ such that
x¥ — x and y* — y then we have f(x*,y) — f(x,y).

Remark 3 Since x* — x we also have x — x, so the joint weak continuity of f implies that f is also
strongly weakly continuous on Q2 x . However, the inverse may not be true. Indeed, for instance
f(x,y) = (F(x),y —x), where F : Q — H is a continuous mapping. Then we can verify that f is strongly
weakly continuous on 2 x Q. Recall Example 1, we have that f is not necessarily jointly weakly contin-
uous.

Theorem 3 Suppose that f satisfies assumptions (A1'),(A2), and Sy # 0. Then {x*} and {u*} generated
by Algorithm 4 converge strongly to a solution of EP(LQ, f).

Proof We divide the proof into five statements as the followings.
Statement 1. Sy, C (N7_(7;) N2 and (N7_,7;) N2 C N7 ;.
Statement 2. Five sequences {x*}, {y*}, {z*}, {w*}, {¢*} are bounded.
Statement 3. limy .. d (x*, Ti) = limy e d (5%, T3, ) = limy oo £ (25, 268) = Timy oo |51 — K| = Timy oo [|uf —
=0

Statement 4. {x*}, {u*} converges strongly to x* = Pre (x%).

Statement 5. x* is a solution of EP(Q, f).

The proof of the first four statements is quite similar to that of Theorem 2, so we omit it. Now, we will
show that Statement 5 is true. Indeed, we have

0=f(,7) = (5, (1 — 6)x* + 6y%) (26)
< (1—6) (25, 20) + 6 f ()5),
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From (25) and (26) we get

0 6,
P 2 B ) = FE] = SR P = S P

Combining with limy_,., f(zF,x%) = 0, we have
lim 6|[y* —x*||* = 0. 27
k—yo0

Now we consider two distinct cases.
Case 1. limsup_,, 6 > 0. )
Then there exists 8 > 0 and a subsequence {6, } C {6} such that 6, > 6 for all /. From (27), we get

lim [|x% —y¥1|| = 0.
[—o0

Using the same argument as in the proof of Statement 5 in Theorem 2, we get that x* is a solution of
EP(Q2.f).

Case 2. limy_,., 6, = 0.

From the boundedness of {y*}, it deduces that there exists {y*} C {y*} such that y& — § as [ — oo.
Replacing y by x in (18), we get

1
SO < —— Iyt =22
Y,

Suppose that 6, = My, satisfies the linesearch (25). Then, for my, — 1, we have

u
SO g =02 —13/2) = (= Ty )6 1% 0) < M =
1
Combining the two above inequalities, we get

1
£ ) < =
e (28)
< ﬁ[f((l - nmkfl)xkl + nznkflyk’,yk’) —f((1— nmklfl)xkl +77mk171yk17xk[)]

According to the algorithm, we have My, 1 = 0 and by Statement 4, we also have x — x*, Y — j as

Ky mye, —

[ — oo It implies that z ! x* as [ — oo. Besides that {%Hyk/ —x4]|2} is bounded, without loss of
1

generality we may assume that lim;_e % [|ly¥ — xk1||? exists. Therefore, letting [ — oo in (28) and using
1

(A1), we get
. o .1 1 _
F5) <~ Jim P < L),
e }/kI u

Since p € (0, 1), therefore, we have f(x*,7) =0 and lim;_,.. % [y — x4 || = 0. Because 0 < o < %, < B,
1

SO we obtain

lim [[y* — x> = 0.
[—o0

By the Case 1, it is immediate that x* is a solution of EP(£2, f).
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3 Numerical Examples

In this section, we will use proposed algorithms 1, 3, and 4 to find a solution of nonmonotone equilibrium
problems and compare them with Algorithm SVN. All the programs are written in Matlab R2014a and
performed on a DELL laptop with an Intel(R) Core(TM) i7-10750H CPU @ 2.60 GHz with 16 GB of
RAM.

Example 1. In this first example, we consider the nonmonotone equilibrium problem EP(L2, f)
recently investigated in papers [6,8,26], which is arising in Nash-Cournot oligopolistic electricity market
equilibrium model. The bifunction f here is nonsmooth and convex, preventing the transformation of the
equilibrium problem into a variational inequality problem. Specifically, f : R® — RO is defined for each
x,y € R® by

f(xy) = [(A+B)x+By+a]" (y—x) +c(y) — (),
where A is a nonpositive semidefinite matrix, B is a symmetric positive definite matrix, a € RS, and c(x)is
anonsmooth function. The values of A, B, a, and ¢(x) can be found in [8,24]. Note that for these values, the
equilibrium function is nonmonotone and nonsmooth because the matrix A is not positive semidefinite and
function ¢(x) is nonsmooth. The constraint set of this problem is defined by Q = {x € RO:Ih<x< ub},
where Ib = (0,0,0,0,0,0)” and ub = (80,80, 50,55,30,40)7.

We have used Algorithm 4 and Algorithm SVN for solving this problem with some starting points
x8 and linesearch parameters {7} and 1 in Algorithm 4 and Algorithm SVN, respectively. We choose

Y% = 1,Vk and g = 0.8 in Algorithm 4, while Yy =1 in Algorithm SVN. To terminate the algorithms we

use the stopping criteria Err = ”Xk a1 ﬂﬁll\‘} < 107*. The computed results are reported in Table 2.

From Table 2, we can see that the computation time of Algorithm 4 is less than that of Algorithm
SVN. In addition, the computation time of Algorithm 4 with the linesearch parameter sequence {1} =
{ﬁ} is better than that with {n;} = {n*} (1 =0.99,0.9,0.7,0.5,0.1).

< Alg. 4 Alg. SVN
Tt | CPUGs) | ITER. | 7 CPU(s) | ITER.
(0,0,0,0,0,0)7 0.99F | 20.7266 | 1484 | 0.99 | 326.9531 | 1287

0.9 | 16.8438 946 09 | 4629219 | 1384
0.7% | 245703 | 1289 | 0.7 | 310.3125 | 1079
0.5 | 31.6407 | 1907 0.5 | 368.6094 | 1194
0.1¥ | 32.9766 | 1408 0.1 | 213.8906 949
1 19.9688 | 1761 0.3 | 199.5938 811
n 15.5156 | 1487 0.8 | 691.5000 | 1658

(30,20,10,15,10,10)7 | 0.99F | 3.1071 | 325 | 0.99 | 459375 | 332
0.9 | 23171 | 290 | 0.9 | 131.6406 | 617
0.7 | 25796 | 531 | 0.7 | 53.3281 | 360
0.5 | 37460 | 548 | 0.5 | 553438 | 353
0.1 | 50625 | 330 | 0.1 | 18.9531 | 245

% 1.7326 364 0.3 56.6563 357
7 1.3750 329 0.8 | 215.5469 812

Table 2 Results on Example 1 with some starting points and linesearch parameters.

Example 2. In this example, we will use three proposed algorithms and algorithm SVN to find a
solution of the following equilibrium problem EP(€Q, ) where

Q:[—nn,”ﬁ and f(x,y) = Z P — X cosf+<P() ¢(x),

i=1
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and @(x) = @(x1,x2,...,X,) = max{0, —5F —x1, —F —x2,..., = —x, }.
. . _ _ _ ; o o V2—-1
By direct computation, we have that ¢(%) = ¢(7) =0, f(%,7) = 5§ > 0but f(7,%) = % > 0. Where,
x= (—”T”, =, %,...,%)T and y = (—%, LN T %)T This implies that f is not quasimonotone on
Q.
We have,

F(0) = ) ~ S0 = ¥ a3 e0s 2+ 0(2) — 9x) — Y- (i~ )05~ 90) + 9()

<l||lz— 4sin? = !

<z y\l,/i; >

< 1|| Il =l
Nz—vllllx—

=5 =y y

1 2 1 2
< —|x— ~llz=y|*.
< sl + 5l

Hence f satisfies the Lipschitz-type with constants L; = 27112 and L, = %

Next, we compute the subdifferential d@(x). Indeed, we consider the following cases.
Case 1.

Case 1.1. If =" < x; < " forall i = 1,...,n, then ¢(x) =0 and d¢(x) = {(0,0,...,0)"}.
Case 1.2. If there is a set I, = {i1,i2,...,ix }, (k > 1) such that

nmw nmw nmw

77 7.xl'2 = ... = 77 7.xl‘k7

then 9@ (x) = {— Yes, iei : Lje, 0 < 1,0< o < 1, Vi €1, },in which ¢; = (0, ..., 1,...,0)7 is the i’ unit
vector.

Case 2. If there is a set I, = {i1,i2,...,ix }, (k > 1) such that

nm nmw nm

[ 777)61-2:...:777)@,(7

then d(x) = {—Ye;, i : Yics, & = 1,0 < o < 1, Vi € I}, in which ¢; = (0,0, ..., 1,...,0)7 is the i
unit vector.

Therefore,
& AN\T
82f(zk,xk) = (cos'—l,...,cos—”) N = 8(p(xk) .
n n
Seta = (—%, ey —%)T b=(1,1,..., I)T. The parameters and starting points are given as follows:

- Algorithm 1: 6, = & =1/2,71 =0.5,{6} = {]H%]}kzl,x’l =xf ==Y =gxl=xt=x"=
0
v’ =b.
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0¥ T T T T T T T T
— % — Alg1
Alg3
05 Alg4
— % — AlgSVN

Iogm(err)

35 f f f
0 500 1000 1500 2000 2500 3000 3500 4000 4500

Number of lter.

Fig. 1 Number of iterations in the case of n = 30 and x8 = a.

— Algorithm 3: 1t = 0.5, = 0.45,A = lgéﬁfz 8 =10 = a8 =0 = b.

— Algorithm 4: ¥ = 1,Vk, {m} = {0.99}, u = 0.5, x8 = x* = a;x¢ =10 = b.
— Algorithm SVN: y=1,0 =0.99, x8 = O =ax8=x=0b.

The solution sets of EP(Q, f) and MEP(Q, f) are given as follow

Se={ (-~ s = E)  (FEE) S and Sy = { (-~ F, . —E)

Using above algorithms to compute we see that they are convergent to the solution x* = (f B =5

+1_ % k_ x
Hence, to terminate algorithms, we use the stopping criteria E7r = min { M, =] } < 107*. The

[l [l

computed results are reported in Table 3 and Figures 1 and 2.

o Alg. 1 Alg. 3 Alg. 4 Alg. SVN
’ CPU(s) | ITER. | CPU(s) | ITER. | CPU(s) | ITER. | CPU(s) | ITER.
a
5 7.7500 293 | 2.7813 | 189 140156 | 1758 | 79.1004 | 1409.0

10 30.1875 751 6.2813 218 65.3594 3658 420.1563 2580
20 126.1406 1618 7.9063 233 79.5156 4087 895.4375 3675
30 340.0000 2493 | 51.7969 432 675.2031 4276 | 4012.4219 4175
50 742.6406 4149 | 81.5469 547 727.2500 4192 | 8067.2813 4473
b
5 7.5156 538 4.5781 336 39.2500 2664 110.7344 1590
10 16.5000 949 9.0156 278 38.6094 2691 154.3125 1628
20 208.2188 1999 19.3906 298 95.7813 5200 | 3810.1563 4300
30 561.8750 3526 | 42.1406 412 1086.6094 | 5378 | 7315.5625 5031
50 1553.4531 6159 | 72.4844 499 1259.5000 | 5465 | 8184.0000 5490

Table 3 Results for Example 2 with some starting points.

From computational results above, we can see that if the bifunction f is not too complicated and the
Lipschitz constant is large, then the computation time and the number of iterations of the Algorithm 3 are
larger than those of other algorithms. While if the Lipschitz constants of f are small then the computation
time and the number of iterations of the Algorithm 3 are much smaller than those of the rest algorithms.
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0 T T T T T

— % — Alg1
Alg3
Alg4

— % — AlgSVN

0.5

Iogm(err)

35 L L L L L
0 1000 2000 3000 4000 5000 6000

Number of lter.

Fig. 2 Number of iterations in the case of n = 30 and x8 = b.

Conclusion

We have proposed three variants of projection extragradient algorithms for solving nonmonotone equi-
librium problems in Hilbert spaces, applicable both when the bifunction is of Lipschitz-type and when
no such condition is assumed. Unlike many existing methods, our approach avoids the use of shrinking
projection techniques. Strong convergence of all proposed algorithms has been established under mild
assumptions, and numerical examples have been presented to demonstrate their efficiency and practical
performance.
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