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Abstract We investigate a one-parametric class of merit functions for the second-
order cone complementarity problem (SOCCP) which is closely related to the popular
Fischer-Burmeister (FB) merit function and natural residual merit function. In fact, it
will reduce to the FB merit function if the involved parameter t equals 2, whereas as
T tends to zero, its limit will become a multiple of the natural residual merit function.
In this paper, we show that this class of merit functions enjoys several favorable prop-
erties as the FB merit function holds, for example, the smoothness. These properties
play an important role in the reformulation method of an unconstrained minimization
or a nonsmooth system of equations for the SOCCP. Numerical results are reported
for some convex second-order cone programs (SOCPs) by solving the unconstrained
minimization reformulation of the KKT optimality conditions, which indicate that
the FB merit function is not the best. For the sparse linear SOCPs, the merit function
corresponding to T = 2.5 or 3 works better than the FB merit function, whereas for
the dense convex SOCPs, the merit function with T = 0.1, 0.5 or 1.0 seems to have
better numerical performance.
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582 J.-S. Chen, S. Pan

1 Introduction

We consider the conic complementarity problem of finding a vector { € R" such that
F@) ek, G() ek, (F(£),G(0) =0, ey

where (-, -) is the Euclidean inner product, F : R” — R" and G : R” — R”" are the
mappings assumed to be continuously differentiable throughout this paper, and X is
the Cartesian product of second-order cones (SOCs). In other words,

K=K" x K" x...x K", 2)
where N,ny,...,ny>1,n1+---+ny =n, and
KM= {(xr, %) e Rx R o] <xp ),

with || - || denoting the Euclidean norm and ! denoting the set of nonnegative re-
als R;. We will refer to (1)—(2) as the second-order cone complementarity problem
(SOCCP).

An important special case of the SOCCP corresponds to G(¢) = ¢ for all ¢ € R".
Then (1) reduces to

F@)ek, tek, (F(¢),£)=0, 3

which is a natural extension of the nonlinear complementarity problem (NCP) [7, 8]
with JC =R’ , the nonnegative orthant cone of R". Another important special case
corresponds to the KKT optimality conditions of the convex second-order cone pro-
gram (CSOCP):

minimize g(x)

subjectto Ax=b, xelk, @)

where g : R” — R is a convex twice continuously differentiable function, A € R™*"
has full row rank and b € R™. From [4], we know that the KKT conditions of (4),
which are sufficient but not necessary for optimality, can be reformulated as (1) with

F@)=x+(I-A"AAD) A, G©):=Vg(F(«©)—AT(AADH A¢, (5)

where x € R" is any point such that Ax = b. When g is linear, the CSOCP reduces
to the linear SOCP which arises in numerous applications in engineering design,
finance, robust optimization, and includes as special cases convex quadratically con-
strained quadratic programs and linear programs; see [1, 13] and references therein.

There have been various methods proposed for solving SOCPs and SOCCPs. They
include the interior-point methods [2, 3, 15, 16, 19], the non-interior smoothing New-
ton methods [6, 9], and the smoothing-regularization method [11]. Recently, there
was an alternative method [4] based on reformulating the SOCCP as an unconstrained
minimization problem. In that approach, it aims to find a function ¥ : R? x R” — R
satisfying

Yx,y)=0 <— xek,yek, (x,y)=0, (6)
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so that the SOCCP can be reformulated as an unconstrained minimization problem
min f(¢) := ¥ (F(£), G(£)).
;GR"

We call such  a merit function associated with the cone K.
A popular choice of i is the Fischer—Burmeister (FB) merit function

1
Vi (3, 3) 1= 2 1 (6, DI, )
where ¢, : R” x R" — R" is the vector-valued FB function defined by

G (X, ¥) 1= (A2 + Y)Y — (x + ), ®)

with x2 = x o x denoting the Jordan product between x and itself, x!/? being a vector
such that (x!/?)? = x, and x 4+ y meaning the usual componentwise addition of vec-
tors. The function Yy, was studied in [4] and particularly shown to be continuously
differentiable (smooth). Another popular choice of v is the natural residual merit
function

1
Yaw (6, ) = 2 llbag (6, 92,
where ¢, : R" x R” — R” is the vector-valued natural residual function given by

¢NR()C, y)i=x—(x—y)4

with (-); meaning the projection in the Euclidean norm onto K. The function ¢,
was studied in [9, 11] which is involved in smoothing methods for the SOCCP. Com-
pared with the FB merit function ¥, the function ¥ has a drawback, i.e., its
non-differentiability.

In this paper, we will investigate the following one-parametric class of functions

1
Ye(x,y) == Enasf(x,y)nz, )

where 7 is a fixed parameter from (0, 4) and ¢, : R" x R” — R" is defined by

b (x,y) =[x =2+t 0] = (x+y). (10)

Specifically, we prove that v, is a merit function associated with /C which is continu-
ously differentiable everywhere with computable gradient formulas (see Propositions
3.1-3.3), and hence the SOCCP can be reformulated as an unconstrained smooth
minimization

min fz(§) := ¥ (F (), G(§)). (11)
CeR®

Also, we show that every stationary point of f; solves the SOCCP under the condi-
tion that VF and —V G are column monotone (see Proposition 4.1). Observe that ¢
reduces to ¢z, when T = 2, whereas its limit as 7 — 0 becomes a multiple of ¢;.
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Thus, this class of merit functions has a close relation to two of the most important
merit functions so that a closer look and study for it is worthwhile. In addition, this
study is motivated by the work [12] where ¢, was used to develop a nonsmooth
Newton method for the NCP. This paper is mainly concerned with the merit function
approach based on the unconstrained minimization problem (11). Numerical results
are also reported for some convex SOCPs, which indicate that i, can be an alterna-
tive for v, if a suitable 7 is selected.

Throughout this paper, R"” denotes the space of n-dimensional real column vec-
tors, and R*! x --- x R™ is identified with R"!* " Thus, (x1, ..., x,) € R* x
--- x R" is viewed as a column vector in R"!* "+ The notation I denotes an
identity matrix of suitable dimension, and int(K") denotes the interior of KC". For any
differentiable mapping F : R" — R, VF(x) € R™ denotes the transposed Jaco-
bian of F at x. For a symmetric matrix A, we write A > O (respectively, A > O)
to mean A is positive semidefinite (respectively, positive definite). For nonnegative
o and B, we write « = O(B) to mean o < CB, with C > 0 independent of « and .
Without loss of generality, in the rest of this paper we assume that I = K" (n > 1).
All analysis can be carried over to the general case where K has the structure as (2).
In addition, we always assume that t satisfies 0 < 7 < 4.

2 Preliminaries

It is known that " (n > 1) is a closed convex self-dual cone with nonempty interior
int(K") := {x = (x;,x2) e Rx R" ' | x1 > ||x2 ).

For any x = (x1,x2),y = (y1, y2) € R x R"~!, the Jordan product of x and y is
defined by

xoy = ({x,y), yix2 +x1y2). (12)

The Jordan product, unlike scalar or matrix multiplication, is not associative, which
is a main source on complication in the analysis of SOCCP. The identity element
under this product is e := (1,0, ..., 0)T € R”". For any x = (x1,x2) € R x R"L, the
determinant of x is defined by det(x) := x7 — ||x2||?. If det(x) # 0, then x is said to be
invertible. If x is invertible, there exists a unique y = (y1, y2) € R x R"~! satisfying
xoy=yox=e. We call this y the inverse of x and denote it by x~!. For each
x=(x1,x) € R x R"1 Jet

T
o X1 x2
Ly:= |:x2 x11:|' (13)
It is easily verified that L,y =x oy and Ly, = Ly + L, for any x,y € R", but
generally L2 = Ly L, # L2 and L' # L, 1. If L, is invertible, then the inverse of
L, is given by
T
x —x
~1 1 !

2
det 1
et L) (14)
X1

T det(x) | —x2
X1
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We next recall from [9] that each x = (x1, x) € R % R~ admits a spectral fac-
torization, associated with K", of the form

x=Xx(x)- u)(cl) + A2(x) - ufcz),

where A1(x), A2(x) and u)(cl), ufcz) are the spectral values and the associated spectral
vectors of x given by

. . 1 .
2 (x) = x1 + (=) xa, u§:>=5(1, (=Dixp) fori=1,2,

with xp = ﬁ if x, # 0, and otherwise X, being any vector in R"~! such that
lx2]] = 1. If xp # 0O, the factorization is unique. The spectral factorization of x has
various interesting properties; see [9]. We list three properties that will be used later.

Property 2.1

(a) x2= A%(x) . u)(cl) + A%(x) - u)((z) € K" for any x € R".

(b) If x € K", then x/2 = /i (0) - ulV + Vo (0) - u® e K.
©) xeK'"<= A (x)>0<= Ly > 0, xeint(K") <= A (x) >0<= L, > O.

3 Smoothness of the function ¥,
In this section we will show that i, defined by (9) is a smooth merit function. First,

by Properties 2.1(a) and (b), ¢, and ¥, are well-defined since for any x, y € R", we
can verify that

J— 2 J—
(x—y)2+r<xoy)=<x+2y) $IE2D

2
— 2 —
= (y 4! 2x) L IO e, (15)

2 4

The following proposition shows that i, is indeed a merit function associated
with .

Proposition 3.1 Let ¥, and ¢, be given as in (9) and (10), respectively. Then,
Ye(x, ) =0 & ¢;(x,y) =0 < x K", yeK", (x,y)=0.

Proof The first equivalence is clear by the definition of 1r;. We consider the second
one.

“<”. Since x € L, y € K and (x,y) =0, we have x o y = 0. Substituting it
into the expression of ¢, (x, y) then yields that ¢, (x, y) = 2+ )2 (x4 y) =
¢ (x, ). From Proposition 2.1 of [9], we immediately obtain ¢ (x, y) = 0.

“=". Suppose that ¢ (x, y) =0. Then, x + y = [(x — M +1xo y)]l/z. Squar-
ing both sides yields x o y = 0. This implies that x + y = (x> + y»)/?, ie.
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¢ (x, ¥) = 0. From Proposition 2.1 of [9], it then follows that x € K", y € K" and
(x,y)=0. O

In what follows, we focus on the proof of the smoothness of ¥,. We first introduce
some notation that will be used in the sequel. For any x = (x1, x2),y = (y1, »2) €

R x R*!, let

w = (wy, wz) = wx,y) 1= (x —y)> +1(x0Y),

(16)
2
2= =200y =[@ -+ o]’
Then, w € K and z € K. Moreover, by the definition of Jordan product,
wi =wi(x,y) = x>+ [[yI* + (¢ = 2)x"y,
17

w2 =wa(x, y) =2(x1x2 + y1¥2) + (r — 2)(x1y2 + y1x2).

Let A1(w) and X2 (w) be the spectral values of w. By Property 2.1(b), we have that

Vi (w) + VA (w)
z1=z1(x,y) = > ,
(18)
Vi (w) — VA (w) _
2=2x,y)= > wa,
where wj = Hﬁ\l if wy # 0 and otherwise w; is any vector in R"~! satisfying
w2l = 1.

The following technical lemma describes the behavior of x, y when w = (x —
y)2 4+ 7(x o y) is on the boundary of /. In fact, it may be viewed as an extension of
[4, Lemma 3.2].

Lemma 3.1 Forany x = (x1,x2), y = (y1, y2) € R x R* if w ¢ int(K"), then
xt =[xl vt =ly2l? X1y =x3 2, xiy2=y1x2;  (19)
X+ )7+ (r =iy = xix2 + yiya + (¢ = 2xiyll
= 2l + Iy20* + (& = 2)x3 ya. (20)

If, in addition, (x, y) # (0, 0), then wy # 0, and furthermore,

T W2 w2

T
X =X X|——— =X

2 1 1 2, v)

lw2l w2l

w2 w2
=1, yi——=xy. 2D
w2l llwa]

Proof Since w = (x —y)?>+1(xoy) ¢ int(X"), using (15) and [4, Lemma 3.2] yields
n T—2 2 _ T—2
X1 3 Y1 = 5

+r—2 +r—2
X =[x ,
1 ) yi]y2 2 3 Y215

2
2 2

X2 +

y2
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-2 -2 \'
X1 + yi|yi=|x+ 5 Y2 | ¥
-2

=)
)
)

-2 T—2
y1+ Xt )x2=|»+ 5 x2 ) x1,

_2 \T
<y1+ 5 1) <y2+ 5 2) X2.

From these equalities, we readily get the results in (19). Since w € K" but w ¢
int(K"), we have [lx]|* + [[y[* + (v = 2x"y = [|12x120 + 2y132 + (¢ = D(x1y2 +
y1x2)|l by A1 (w) = 0. Applying the relations in (19) then gives the equalities in (20).
If, in addition, (x, y) # (0, 0), then it is clear that ||x;x2 + y1y2 + (t — 2)x1 || =
xl2 + y]2 + (r —2)x1y1 # 0. To prove the equalities in (21), it suffices to verify that
sz Hzﬁ = x1 and x| Hﬁﬁ = x, by the symmetry of x and y in w. The verifications
are straightforward by (20) and x1y2 = y1x2. 0

By Lemma 3.1, when w ¢ int(KC"), the spectral values of w are calculated as fol-
lows:

M) =0,  Aa(w) =4(x{ + 7 + (T —2)x1)1). (22)

If (x, ¥) # (0, 0) also holds, then using (18), (20) and (22) yields that

x1x2 + y1y2 + (r = 2)x1y2
\/xlz +y% +(r — 2)x1y1

zMLy)=v&f+y%+(r—2Mnn, 2(x,y) =

Thus, if (x, y) # (0,0) and (x — y)2 + t(x 0 y) ¢ int(K"), ¢ (x, y) can be rewritten
as

\/xf +y? 4+ (x = x1y1 — (x1 +y1)
Gr(x,y)=z(x,y) —(x+y)= X1x2;ry1§’2+(7*2)x1)’2 — (24 )
\/Xl +yl+(r72)x1y1

(23)

This specific expression will be employed in the proof of the following main result.

Proposition 3.2 The function \, given by (9) is differentiable at every (x,y) € R" x
R". Moreover, V,v;(0,0) = V¥ (0,0) = 0; if (x — )2+ 1(x o y) €int(K"), then

Ve, y) =Ly LT = Tde(a.y),
(24)
Ve ) =Ly, 2 LT = 1] (x p):
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588 J.-S. Chen, S. Pan

if (x, y) # (0,0) and (x — y)* + T (x 0 y) ¢ int(K"), then x{ + yi + (x = 2)x1y1 #0
and

x1 4+ 52y
Vit (x,y) = 2 —1|pe(x,y),
_\/x12+y12+(r —2xiyt
_ _ (25)
yi+ 552x
Ve (x,y) = 2 —1|pe(x, y).
_\/xlz+yf+(t—2)x1y1 i

Proof Case (1): (x,y) = (0,0). For any u = (u1,u2),v = (v, v2) € R x R L et
1, 12 be the spectral values of (u — V)2 +1(mov) and €M D be the spectral
vectors. Then,

2 [ (u, v) = ¥ (0,0)] = | [u? + v* + (t =D @ on)]* —u — v

= |Vir &V + iz §2 —u—v|?
< (V22 + lull + Ilvl).

In addition, from the definition of spectral value, it follows that

pa = llull> + vl? + (r — 2uTv + 2(uiuz 4 viv2) + (T — 2)(u1v2 + viua)
< 20ull® 4+ 2[vlI* + 31t = 2l ulllvll < 5(lul® + [v]?).

Now combining the last two equations, we have v (i, v) — ¥;(0,0) = 0(||u||2 +
lv]|?). This shows that vy, is differentiable at (0,0) with V, ¥.(0,0) =
Vy¥£(0,0) =0.

Case (2): (x — y)2 + t(x o y) € int(K"). By [5, Proposition 5], z(x, y) defined by
(18) is continuously differentiable at such (x, y), and consequently ¢, (x, y) is also
continuously differentiable at such (x, y) since ¢, (x, y) = z(x, y) — (x + y). Notice
that

2 4 ’
which leads to Viz(x,y)L; =L 2, by taking differentiation on both sides

—2\2 4 —
Zz(x,y) = <x+ ! y) + = t)yz

about x. Since L, > O by Property 2.1 (c), it follows that Vyz(x, y) = Lx+%yL;1.

Consequently,
Vige (6, ) = Vaz(x,y) = [ =L, e LT = 1.

This together with V¢ (x, y) = Vi (x, y)d: (x, y) proves the first formula of (24).
For the symmetry of x and y in y;, the second formula also holds.

Case (3): (x,y) # (0,0) and (x — y)?> + 7(x o y) ¢ int(K"). For any x’ =
(x1,x5), ¥y = (], ¥y e R x R"~1, it is easy to verify that

202 (<, y) = [ 437+ @ =2 o] P+ I 4 1P
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— [ 4y + T =2 o )] X + )
=212+ 1Y 12+ (=2, y) + lIx + )12
Ay @ =2 o] ),

where the second equality uses the fact that Izl = (z2, ) for any z € R". Since
%12 + 112 + (x — 2)(x, y") + [Ix" + y'||? is clearly differentiable in (x',y’),
it suffices to show that ([x'> + y'> + (r — 2)(x’ o Y)]V2,x’ + y') is differen-
tiable at (x",y") = (x, y). By Lemma 3.1, wy = wa(x, y) # 0, which implies w} =
wa(x', y') = 2x] x5 +2y1 y5 4+ (t = 2) (x]y5 + y1 x5) # O forall (x', y') e R" x R" suf-
ficiently near to (x, y). Let w1, po be the spectral values of x> + y’2 +(t—=2)(x"0y’).
Then we can compute that

2<[x’2+y/2+(1:—2)(x’oy/)]1/2, x/+y/>

[2(x] x5 + ] 5) + (T = 2)(x] 5 + ¥ )1 (xh + v5)
12(x1x5 + ¥ ¥5) + (T —2)(x]¥5 + yix)l

=12 [xi+y{+

[2x’x/+ VY 4 (1 = 2)(x' v, + /x/]Tx/+ /

+\//’L_1 xi"‘}’i_ ( 2 /y}y2) ’ (/ X be /y} 2) /(/2 y2)
||2(x1x2+y1y2)+(7_2)(x1y2+y1x2)”

(26)

Since Ar(w) > 0 and wy(x, y) # 0, the first term on the right-hand side of (26) is
differentiable at (x’, y") = (x, y). Now, we claim that the second term is o(]|x’ —
x|l + 11y =y, i.e., it is differentiable at (x, y) with zero gradient. To see this, no-
tice that wy(x, y) # 0, and hence 11 = [|x[|> + |y'[* 4+ (x — 2)(x’, y') — [ 2(x]x) +
Yiv5) + (T — 2)(x]y5 + yix5)|l, viewed as a function of (x, y’), is differentiable at
(x',y") = (x, y). Moreover, ;1 = A1 (w) =0 when (x’, y") = (x, y). Thus, the first-
order Taylor’s expansion of w1 at (x, y) yields

= O(lx" —xll+ 11y = yI.

Also, since wy(x, y) # 0, by the product and quotient rules for differentiation, the
function
Xty = [20x1x) + y19) + (T = 2) (] y) + Y1 () + 7))
L 12(xr}x5 + y1y3) + (T = 2) (¥ ¥5 + yix) |

27)

is differentiable at (x’, y") = (x, y), and it has value 0 at (x, y") = (x, y) due to

[x1x2 + y1y2 + (t — 2)x1321T (x2 + 32)

X1+ y1 —
lx1x2 + y1y2 + (r — 2)x1 y2|]
T W2 T W2
=X]—X +yi—Yy =0.
* w2l ? w2l

Hence, the function in (27) is O(|lx" — x| + ||y’ — y||) in magnitude, which together
with 1 = O(|lx’ — x| + ||y’ — y||) shows that the second term on the right-hand side
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590 J.-S. Chen, S. Pan

of (26) is
O(Ux" = x + 11y = yID*?) = o(Ilx" — x Il + Iy = ¥1I).

Thus, we have shown that ¥, is differentiable at (x, y). Moreover, we see that
2V, (x, y) is the sum of the gradient of ||x'[|Z + ||y || + (t —2)(x’, y) + ||x" + y'||?
and the gradient of the first term on the right-hand side of (26), evaluated at (x’, y") =
(x, ).

The gradient of ||x'[|> 4+ [y [I> + (t — 2)(x’, y) + ||x’ 4+ y'||> with respect to x’,
evaluated at (x’, y') = (x, y), is 2x + (t — 2)y + 2(x + y). The derivative of the first
term on the right-hand side of (26) with respect to x|, evaluated at (x, y') = (x, y),
works out to be

1 <x+r—2 >+(x+z—2 )T wy
o) |\ 272 )

T W2
X (Xl +y1+ (x2+y2) —>
llw2]|

(2 + 52y T (x2 + y2)
lx1x2 + y1y2 + (r — 2)x1 32|l

+ VA (w) [1 +

L wi ) - wi e+ )
lx1x2 + y1y2 + (r = 2)x1y2| - [lwal?

200+ Ry 4 )
\/XIZ —|—y% +(t —2)x1y1

+2\/x12+y12+(r —2)x1y1,

where the equality follows from Lemma 3.1. Similarly, the gradient of the first term
on the right of (26) with respect to x5, evaluated at (x’, y') = (x, y), works out to be

S R A S
o) L\ T2 2 T )

T W2
X <X1 +y1+ (x2+y2) —>
lw2 ||

Qx1 + (T = DyDx2+ 5(x1 +y)»2
V)| A B
lx1x2 + y1y2 + (x = 2)x1y2||

L wite ) O+ FEy)w ]
C xx 4+ yiy2 4 (T = 2)xy2ll - lwz]?
_,@nt @ —Dy)nt 7+ YDy

\/x% + y12 + (t —2)x1y1

Then, combining the last two gradient expressions yields that
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A one-parametric class of merit functions for the second-order cone 591

2V (x,y)

2.ﬁ+y%+a—2an
0

- 2 [ (1 + T2y (1 + 1) ]
2 -2 : :
\/x%+yf+(t—2)x1y1 2x1+ (T =2ypx2+ 501 +yDyn

:2x+(t—2)y+2(x+y)—|:

Using the fact that x;y> = y;x2 and noting that ¢, can be simplified as the one in
(23) under this case, we readily rewrite the above expression for Vv (x, y) in the
form of (25). By symmetry, Vy ¥ (x, y) also holds as the form of (25). O

Proposition 3.2 shows that v, is differentiable with a computable gradient. To
establish the continuity of the gradient of v/, or the smoothness of v, we need the

following two crucial technical lemmas whose proofs are provided in the Appendix.

Lemma 3.2 Forany x = (x1,x2), y = (y1, y2) € R x R"™!if wy #0, then

2
( 4 1=2 >+(1Y( 4 1=2 )Tu&
X1 1 - X2 2
2 2 ?) Junl

T—2 ; T—2 wo
X2 + 2]+ D xa+ byl
2 2 lw2 |l

for i =1, 2. Furthermore, these relations also hold when interchanging x and y.

2

< <Ai(w)

Lemma 3.3 For all (x, y) satisfying (x — y)*> + 7(x o y) € int(K"), we have that
-1 -1
Loz | p=Co Ly LT =€ (28)

where C > 0 is a constant independent of x, y and t, and || - || r denotes the Frobenius
norm.

Proposition 3.3 The function v, defined by (9) is smooth everywhere on R" x R”".

Proof By Proposition 3.2 and the symmetry of x and y in Vi, it suffices to show
that V¢, is continuous at every (a,b) e R* x R". If (a — b)? + t(a ob) € int(K"),
the conclusion has been shown in Proposition 3.2. We next consider the other two
cases.

Case (1): (a,b) = (0,0). By Proposition 3.2, we need to show that V¥, (x, y)
—0as (x,y) — (0,0). If (x — y)2 + 7(x 0 y) €int(K"), then V¢ (x, y) is given
by (24), whereas if (x, y) # (0, 0) and (x — V)2 +1(xoy) ¢ int(K"), then V¥ (x, y)
is given by (25). Notice that

-2
X1+ 5y

\/x% —|—y12 + (t —2)x1y1

L Lfl and
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are bounded with bound independent of x, y and t, using the continuity of ¢, (x, y)
immediately yields the desired result.

Case (2): (a,b) # (0,0) and (a — b)*> + t(a o b) ¢ int(K™). We will show that
Ve (x,y) = Ve (a, b) by the two subcases: (2a) (x, y) # (0,0) and (x — y)? +
T(xoy) ¢ int(K") and (2b) (x — y)?>+1(x0y) € int(K"). In subcase (2a), V¢ (x, )
is given by (25). Noting that the right-hand side of (25) is continuous at (a, b), the
desired result follows.

Next, we prove that Vv, (x, y) = V¥ (a,b) in subcase (2b). From (24), we
have that

-2
Vi (x,y) = (x + TTy> - Lﬁ%yLZ] (x +y) — ¢r(x,¥). (29

On the other hand, since (a, b) # (0, 0) and (a — b)> + t(a o b) ¢ int(K"),
lall® + 11617 + (v = 2)a"b = |[2(a1a2 + bib2) + (r = 2)(arb2 + bra)[| #0,  (30)
and moreover from (20) it follows that

lall® + 1617 + (r — 2)a"b = 2(a? + b2 + (v — 2)a1by)

= 2(llaz> + 211> + (z — 2)a3 b2)
=2|(a1a2 + bib2) + (r — D)arby||. 31

Using the equalities in (31), it is not hard to verify that

T—2
2

a1 + 52by

b.
\/af + 02 + (1 — Darhy

((a—b2+t(@ob)*=a+

This together with the expression of V¢ (a, b) given by (25) yields

ap + r2;2171

b) -
2 \/alz—i—b%—i—(r—Z)albl

(a+b)—¢(a,b). (32)

T
Vie(a,b) = <a+

Comparing (29) with (32), we see that if we wish to prove Vi . (x, y) — Vi (a, b)
as (x, y) — (a, b), it suffices to show that

ar + 52by

Jal + 0+ (x = arby

(a+b), (33)

Lx+quyL;1(x +y) —

which is also equivalent to proving the following three relations
T—2

a1 + 52b -2
Lx+ﬁyLZ1<x+Ty> — L2 (a+t2 b), (34)
g Jal + 57+ (@~ Darby
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L

b1+ T—Ezal
2

y+ﬁxL;1 <y+ t_2x> —
’ 2 Jad +53 + @ = b,

4—1 _q T—2 4%’((11—%) -2
TLX—YLZ v+ 5 x| — b+ 5 al. (36)
\/af +b% + (t —2)a1b;

b+t_2a>, (35)

By the symmetry of x and y in (34) and (35), we only prove (34) and (36). Let

-2
@162 =L e L7 (x + tT ) ,
(37)

-2
(1,60) = Ly, L7 (y + I x> .

Then showing (34) and (36) reduces to proving the following relations hold as
(x,y) = (a,b):

(a1 + 52by)?

&1 —> ,
\/af+bf+(t —2)ab
, (38)
ar + 54b -2
o — ! 2 <az~|- > bz),
\/a%+b%+(t —2)a1b;
(a1 — b1) (b1 + F2ay)
& — 2 .
Jal +53 + (@ = 2ab,
(39

—b —2
£ (a1 —by) <b2 LT . az) .
Jal +83 + (@ — Db,

To verify (38), we take (x, y) sufficiently near to (a, b). By (30), we may assume
that wyp = wa(x,y) #0. Let s = (s1,5) =x + f—gzy. Using (14) and (37), we can
calculate that

L (5 o det@), ., (23s2)?
= s721 — 2818y 22 + ——||s2|I° + ——— ),
& det(z)( 121 15,22 o lIs21l o
2 s121 — sT25)2
_ lisll (s121 — 5, 22) (40)
21 z1det(z)
1 T 5 sidet(z) ST )
= $12182 — 2, 8280 — S722 + $2 + —2,82
'9) det(z)(llz 25282 — S22 o 2 Zl222
T
S (s121 —szzZ) ( §1 )
=—5HN+——\|2——22). 41
21 2 det(z) 2 21 2 @1
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Notice that, as (x, y) — (a, b), from equations (17) and (30)—(31) it follows that
Aw)—0 and  Ax(w) — 4(a? + b3 + (r — )aiby). (42)

In addition, by the proof of Lemma 3.1, we also have

T—2 2
b =
<a1+ ) 1)

Thus, from the last two equations and the expression of z given by (18), we have

2

—2
T and 52 =0

az +

sl 252 (a1 + 552b))?

21 VW) + VA (w) \/af+b%+(r—2)a1b1.

(43)

On the other hand, for the second term in the right-hand side of (40), we can compute
that

(121 —5322)° _ [ ( 55 wz)
Zldet(Z) Zl\/)\T m+sl(m \/m) ”

2 (Vatw) - V) m(sl—sz’”)]. (44

w2l

Since s «/)Ll(w) Sp — ”Z} T 0as (x,y) — (a,b) and |s; — Aﬁwfﬁ' < JA1(w) by
Lemma 3.2, the right-hand side of (44) tends to 0 as (x,y) — (a,b). Combining
with (43), we prove the first relation in (38). We next prove the second relation in (38).
Note that ¢; is given by (41). From (42) and (21), it follows that, as (x, y) — (a, b),

2 +52b -2
A, = S152 = A N < i . b2> . (45)
<1 Va2 (w) + A1 (w) \/a]2+b]2+(r—2)a1b1
51 -2 (@ + b3 + (r — 2)arby)(ar + 52b))
sH——20 = |(axy+ by ) — 3 3 =0.
21 aj + by + (t —2)a1by
(46)
In addition, by the expression of z, we can compute that
(s121 — 5, 22) s 1 — VA1 (w) /A (w) (s sszz) 47)
et 1— M
det(z) VA2 (w) 2/ (w) w2l

2
By (42), the first term on the right-hand side of (47) tends to zalj—zbl as
(x,y) = (a, b), while the second term is bounded since 2\Jaj+bi+(r=2)aib;

T
”2 ﬁ| Vo (w)

by Lemma 3.2. Combining with (45), (46) and (41) yields the second relation in (38).
Hence, (34) holds.

ls1 —
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Now, we focus on the proof of (40). Letu =x —yandv =y + ’T’zx. From (14)
and (37),

1 . o det(x) ¢ u3za(zyv2)
= U1Z1V] — U1ZH V2 — VU»Z2 + U,y +
&1 det(z)(ll] 12,02 — V1522 o 2 o
B ulvy n (ur1z1 —ulz2)(Viz1 — v 22) 48)
21 z1det(z) ’
1 T udet(z) uip 1 )
2= ——— | 21v1U2 — 25 Vaup — U122 + V2 + —2Z,V222
§ det(z)( 2 21 712
T
uj (z1v1 — z5v2) uj
=—un+—F—ua——22). 49
TR det(z) (2 21 2) 49

Since (a — b)? + t(a o b) ¢ int(K"), we have aiby = a1by, a® = ||az|| and b? =
152 ]1? due to Lemma 3.1. This together with (42) implies that

ulvy _ 2(x2 — y2)Tvn N (a1 —b1)(b1 + %611)
<1 Vi) + i (w) \/a%+b%+(r—2)a1b1

as (x,y) — (a,b). (50)

We next prove that the second term in the right-hand side of (48) tends to 0. By
computing,

(w121 — u322) (V121 — V3 22)
z1det(z)
_ x//\l(w))»z(w)[ W, Vi (w) — /A1 (w) <u1 3 ungﬂ
21 NZZIOD) 2/ A (w)ra(w) lwal
8 [ vy +vkz(w>—vh(w) (U B vng)]
VW) | 2ym@i@ \ fwll )]

When (x, ) = (a, b), we have /A1 (w)A2(w) — 0. In addition, by Lemma 3.2,

udwo 2 [( +r—2 ) < +z—2 )T U)2i|
uyp — - X1 1] — X2 2
lwall| =~ 47 2 Y 2 2)
T—2 T—2 T wy 4/ r(w)
- lyi+ X1 ) —|(y»2+ by < ! ,
2 2 lwal 4—1
vaz T—2 T—2 T wy
' — -2 =‘<)’1+ x1>—(y2+—x2) <VAir(w).
lwal 2 2 lwa |l

This means that

1 < u§w2> and 1 ( vng)
ulr — V1 —
Ja T wall S\ Tl
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are uniformly bounded. Notice that

uy V] and Az (w) — /A1 (w)
Viaw) Vi w) VA2 (w)

are also uniformly bounded. Therefore,

(ur1z1 —ulz2)(Viz1 — v 22)
z1det(z)

—0 as(x,y)— (a,b).

Combining with (50), we prove the first relation in (40). It remains to show the sec-
ond relation in (40). Note that &, is given by (49). When (x, y) — (a, b), from (42)
and (21),

—b —2
Loy - @by <b2+ i a2>, 51)
21 \/af + 02 + (1 — Darhy 2

(@ + b7 + (x —aib1) (a2 —b2)
a? + b2 + (v —2aib B

u
Uy — i@ = (ar—bo) — 0. (52

In addition, by the expression of z, we can compute that

(zivi —z3v2) vy L= VA W)/ VI w) <v1 - vng)- (53)

w2

det(z) Ao (w) 2/ A1 (w)

bi+%52a

2,Jal+b3+(t—2)aiby

T
when (x, y) — (a, b), while the second term is bounded since |v; — %| < A1 (w)
by Lemma 3.2. Combining with (51), (52) and (49), we obtain the second relation in
(40) which implies (36) holds. Thus, the proof is completed. Il

From (42), the first term on the right-hand side of (53) converges to

4 Unconstrained stationary points

In this section we consider the monotone SOCCP and show that every stationary
point of unconstrained minimization (11) is a solution of the SOCCP. First, we prove
the following important properties of Vi, which will reduce to the results of [4,
Lemma 4.2] when t = 2.

Lemma 4.1 For any x = (x1,x2), ¥y = (y1, »2) € R x R"1, we have

(X, Vare (x, 7)) + (3, Vo (, 1)) = lihe (x, W11, (54)
(Vatre (x, ), Vy¥e (x, y)) = 0. (55)

Furthermore, the equality in (55) holds if and only if ¢, (x,y) =0.
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Proof When (x,y) = (0,0), Vi (x,y) = Vy¥ (x,y) = 0 by Proposition 3.2, and
the conclusion is clear. We next consider the other two cases.
Case (1): (x — y)> + t(x o y) € int(K"). By Proposition 3.2, we can compute that

(x, Vare (6, ) + (v, Vy ¥ (2, 1))
=0 (Lyye2y LT = D)+ (v (L2, LT = 1))
=((L7' Ly, = D)xo )+ (LT 'Ly 2, — 1)y, 6]
=(LI2+ )+ (T =2 oy)] — (x+y).¢x)
= (L' = (x4 ), ¢0) = e )%,
where, for simplicity, ¢ (x, y) is written as ¢. This proves (54). Notice that
(Vi (6, 3), VW@ 9)) = ((Ly o2 = L)Ly 2 = L)L e L7 ).

Let S be the symmetric part of (Ly_,’_r_EZx - Lz)(Lx—H—gzy — L;). Then,

1
S = 5[(L)7+12;2x o LZ)(Lx+%y - LZ) + (Lx+%y - LZ)(Ly+f—52x B LZ)]

1 T—-2 , T—-2 , (t —2)? T—2
= |bybe+ L= Ll + — =Ll 4+ = LiLy L.L,
S LA Y S Nty - S 2
vtz ) xtz z xbey 2 y =y
T2 , (t—2)? T2 T2 )
L Ly L - Lely=Lil:———LyL:+L]

T 2 4T 2 2
:Z(LZ—LX—Ly) +T(LZ—Lx—L;),

where X :=x + % yandy:= %«/T(4 —7) y. Noting that z € K" and z2 = X2 + 72,
2 2 2 (s
we have L7 — L% — L;, > O by Proposition 3.4 of [9]. Consequently,
(Vete(x, ), Vyde (x, 9)) = (SL e, L' r)
T _ _
> (Lo = Ly = Ly)’LT e, LT )

2

= DL e 0

where the equality is due to L; — Ly — Ly = Lg,. This implies (55). If the inequality

in (55) holds with equality, then the above relation yields || Ly, Lz_lqb, ||2 =0, which
says

Ly, L7 ¢r = 0 (LT ¢r) =0.
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By the definition of Jordan product, (¢, Lz_lqﬁr) = 0. This implies ¢, = 0 since
L;] > 0. Conversely, if ¢, = 0, then it follows from (24) that (V vy (x,y),

Vyr (x, y)) =0.
Case (2): (x,y) # (0,0) and (x — y)? + t(x o y) ¢ int(K"). By (25), we can
compute

(0, Vit (x, ) + (. Vy e (x, )

[ xix iy + 52 0nx +x1y)
x12 + ylz +(r — 2)X1y1

= [l (x, V%

—(x+y), ¢ (x, y)>

where the last equality uses (23). This proves (54). Equation (55) holds since

(V)CI/IT(xv y)’vyI/fT(xv )’))
x1 + 52y, yi + 52x;
[ 2 ~1 2 —1|llgp x, W11
\/xlz+y12+(1—2)x1y1 \/xf+y%+(r—2)x1y1

207

where the inequality is due to

-2 -2
X1+ 5=y yi+ 55x

<1 and
\/x]2+y12+(t —2)x1y1 \/xlz+y12+(r —2)x1y1

<l

If (55) holds with equality, then either ¢ (x, y) =0 or

+ 52x
=1 or N 2 7 =1.

\/xlz—i—ylz—i—(r—Z)xlyl \/xf—i-ylz—i—(r—Z)xlyl

-2
X1+ 50

In the second case, we have y; =0 and x; > 0, so that Lemma 3.1 yields y, =0 and
x1 = ||x2]]. In the third case, we have x; =0 and y; > 0, so that Lemma 3.1 yields
x2 =0 and y; = ||y2]l. Thus, in the two cases, we have (x,y) =0, x € K", y € K".
Consequently, ¢, (x, y) = 0 by Proposition 3.1. Conversely, if ¢, = 0, then from (24)
it follows that (V¥ (x, y), Vyyrr (x, ¥)) = 0. The proof is thus completed. O

Next, we are in a position to establish another main result of this paper, that is,
each stationary point of f; solves the SOCCP under the condition that

VF(¢) and —VG(¢) are column monotone for any ¢ € R”. &5
Proposition 4.1 Let f; be given by (11). If F and G satisfies the condition (57), then

for every ¢ € R", either f;(C)=00r V() #0.If V(&) #0and VG(Z) is in-
vertible, then (d(¢), V fz(¢)) <0, where d(¢) := —(VG ()" )TV, (F(7), G(2)).
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A one-parametric class of merit functions for the second-order cone 599

Proof By Lemma 4.1, using the same arguments as those of [4, Proposition 3] except
that Y, and f, are replaced by v, and f yields the desired result, and we omit it. []

From [7, p. 1014] or [14, p. 222], A, B € R"*" are column monotone if

Au+Bv=0 =— u'v>0 for any u, v € R".

By this, it is not hard to verify that, if VG(¢) is invertible, the condition (57) is
equivalent to requiring that VG (¢) ™'V F(¢) > O for any ¢ € R”". This implies that,
for the SOCCP (3), the condition (57) is actually equivalent to F being monotone.

5 Numerical experiments

In this section, we use the merit function approach based on the unconstrained min-
imization (11) to solve convex SOCPs in the form of (4), and compare the numer-
ical performance of the method corresponding to different t € (0, 4). Throughout
the experiments, we adopted the Cholesky factorization of AAT to evaluate F, G
in (5), which was completed via the Matlab routine chol. For the vector x satisfying
Ax = b, we computed it as a solution of min, ||Ax — b|| using Matlab’s least square
solver.

All experiments were done at a PC of Pentium 4 with 2.8 GHz CPU and 512 MB
memory, and the computer codes were all written in Matlab 6.5. In the experiments,
we adopted the L-BFGS method, a limited-memory quasi-Newton method, with 5
limited-memory vector-updates to solve the minimization problem (11). For the scal-
ing matrix H° = y I in the L-BFGS, we adopted y = pTq/q"q as recommended by
[17, p. 226], where p :=¢ — ¢° and g := V £, (¢) — V f(¢°!9). To ensure conver-
gence, we reverted to the steepest descent direction —V f7(¢{) whenever the current
direction d failed to satisfy g'd < 1073|lg|l - |Id]|. In addition, we used the non-
monotone line search as described in [10] to seek a suitable steplength, i.e., we com-
puted the smallest nonnegative integer / such that

fr @+ pld*y < Wi + 00!V fr (25 Td*

where d* denotes the direction in the k-th iteration generated by L-BFGS, p and o
are given parameters in the interval (0, 1), and W is given by

Wi= max kﬁ(cf)

j=k—my,...,
and where, for a given nonnegative integer m and s, we set

|0 ifk <s,
"k =1 min {mk_l +1, r?z} otherwise.

Throughout the experiments, we chose the following parameters for the algorithm:

p=0.5, o =1.0e —4, m=5 and s=235.

@ Springer



600 J.-S. Chen, S. Pan

The starting point was set to be ;lmt =0, and the algorithm was stopped whenever the
number of function evaluations for f; is over 10000 or max{ f; (¢), |[{F (¢), G(¢))|} <
1076,

The first group of test instances is the linear SOCP from the DIMACS library [18],
in which A is sparse and g(x) = ¢ x. Numerical results are summarized in Table 1,
where the first row lists the name of the problem and the dimension (m, n) of A, NF
denotes the number of function evaluations for solving each test problem, Gap means
the absolute complementarity gap, i.e., the value of the function |{F(¢), G(¢))| at
the final iteration, and Cpu records the CPU time in second to reach termination
condition for each test problem. For these test problems, we see from Table 1 that the

Table 1 Numerical results with different ¢ for three DIMACS problems

T nb (123,2383) nb-L2 (123,4195) nb-L2-Bessel (123,2641)

NF Gap Cpu NF Gap Cpu NF Gap Cpu

0.05 6153 7.53e-8 1708.9 723 7.47e-7 2309 305 1.17e-7 75.0

0.1 4093 6.68¢e-7 931.9 700 5.00e-8 172.7 241 4.29e-7 58.9
0.5 3370 2.78e-7 763.7 422 2.78e-7 116.7 234 2.52e-7 53.5
1.0 - 7.83e-6 2365.0 475 6.32e-7 136.3 166 6.71e-7 43.9
1.5 3257 6.36e-8 7345 605 9.78e-7 1594 161 4.04e-7 423
2.0 3672 6.49¢-7 788.3 839 4.40e-7 196.8 287 7.99e-7 59.4
2.5 1218 5.76e-7 263.7 597 6.32e-8 139.1 222 9.77e-7 53.8
3.0 2537 7.19e-7 5335 634 6.27e-7 155.4 289 5.43e-7 64.1
35 7404 1.14e-7 1867.1 706 8.70e-7 184.0 239 1.21e-7 57.8
3.9 2606 6.23e-7 513.8 793 9.87e-7 201.1 245 1.55e-7 55.0

A hyphen means the number of function evaluations is over 10 000

Table 2 Numerical results with different T for CSOCPs with dense A

T (500, 50, 2) (500, 50, 10) (800, 80, 8) (1000, 100, 5)
(353,904) (349, 900) (577, 1458) (723, 1824)

NF  Gap Cpu NF  Gap Cpu NF Gap Cpu NF  Gap Cpu

0.05 1086 6.84e-7 5831 617 9.39-7 37.50 746 9.53e-7 98.17 1592 1.68e-7 3204
0.1 848 99l1e-7 45.12 525 8.07e-7 3092 629 2.17e-7 84.84 1353 9.09e-7 255.7
0.5 1046 6.87e-7 5859 389 534e-7 2341 916 1.92e-7 111.1 1529 6.05e-7 308.5
1.0 1015 4.4le-8 5590 407 6.00e-7 24.57 703 2.4le-7 9698 1514 3.30e-7 3123
1.5 1487 3.75e-7 7836 472 6.22e-8 2823 834 8.62e-7 1023 1498 2.78e-7 309.0
20 1169 9.53e-7 62.03 463 7.27e-7 28.07 877 3.78e-7 113.8 1777 3.16e-7 350.6
2.5 1468 3.07e-7 7587 573 235e-7 34.56 713 1l.1le-7 943 1403 4.02e-7 291.8
3.0 1532 9.30e-7 79.11 683 4.8le-7 39.93 1180 4.13e-7 1449 2594 2.24e-7 525.5
35 1802 4.54e-7 85.65 980 9.95e-7 5293 1847 3.65e-7 212.5 3587 7.02e-7 675.8
39 4236 997e-8 149.6 1891 7.98e-7 73.31 4515 5.72e-7 3709 9281 8.58e-7 1244.9
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merit function method has better numerical performance when t € [1.5, 3], whereas
as T — 0 or T — 4, its numerical performance becomes worse, which is particularly
remarkable for the more difficult problem “nb”. Also, the method with T = 1.5, 2.5
or 3 works better than with T = 2.

The second group of test instances is the convex SOCP with dense A. To gen-
erate such test problems randomly, we consider the more realistic problem of mini-
mizing a sum of the k largest Euclidean norms with a convex regularization term:
ming o Zle lsiipll + A (u), where [[spipll, ..., ls;ll are the norms |[Isill, ..., [|s/|
sorted in nonincreasing order with r > k and s; = b; — A;x for i = 1,...,r with
A; e R™i*! and b; € R™i and h : R! — R is a twice continuously differentiable con-
vex function. The problem can be converted to the CSOCP:

r r
. k
min (1 —k/r)X;vi + ;X;wi + h(u)
i= i=
S.t. Aiu+si=b;,, i=1,2,...,r,
(w1 —vp) — (w2 —v2) =0,

(wy; —v1) — (w, —v,) =0,
u>0, v; >0, (w;,s;) € xKmitl i =12 ..., r

In our tests, we set h(u) := % |lu ||§ with || - ||3 denoting the 3-norm, and generated each
m; randomly from {2, ..., 10} and each entry of A; and b; randomly by a uniform
distribution from [—1, 1] and [—5, 5], respectively. Thus, ifd >m =m + - -- + m,,
the constraint matrix is dense. The numerical results are reported in Table 2, in which
the first row lists several groups of different (I, r, k), and the second row gives the
dimension (m, n) of A.

For the dense test problems, we see from Table 2 that the merit function method
with 7 € [0.1,2.5] has better numerical performance, and as t — 4 or t — 0, its
numerical performance also becomes much worse. Combining with the above exper-
iment results, we may draw a conclusion that the function ¢, with ¢ =2 is not the
best, and if the parameter 7 is appropriately chosen, ¥, can be an alternative for the
FB merit function. For example, for the sparse linear SOCPs, the parameter T = 2.5
or 3.0 is more satisfactory, whereas for the dense convex SOCPs, 7 = 0.1, 0.5 or 1.0
seems to be more favorable.

6 Conclusions

We have considered a one-parametric class of merit functions for the SOCCP. We
showed that ¥, is continuously differentiable everywhere and shares the same fa-
vorable properties as the FB merit function y; which was recently studied in [4].
Although the proof techniques used in this paper may look similar to those used
in [4], the algebraic analysis is indeed much harder and subtle since a generalization
is considered. In addition, numerical results are reported for the merit function ap-
proach based on 1/, by solving the sparse and dense convex SOCPs, which indicate
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that v, can be an alternative for v, when the parameter 7 is appropriately chosen,
as well as provides some helpful advices on the choice of t. Thus, it is worthwhile to
study other algorithms based on the class of functions. Another direction is to study
the convergence properties which are seldom analyzed for the SOCCP. We will leave
them as future research topics.

Appendix: Proofs of Lemmas 3.2 and 3.3

Proof of Lemma 3.2 The first inequality can be proved by expanding the square on
both sides and using the Cauchy-Schwartz inequality. It remains to show the second
inequality. Since the left-hand side of the second inequality can be simplified as

(t —2)?
Tnyn2 +(r —2)xTy

; T—2 T—2 T wy
+2(=1" [ x1 + yi){x2+ »| —

llx]1* +

2 2 w2l

whereas the right-hand side equals to
el + Y17 + (2 = 2Ty +2(= 1) + (=D w2

we only need to prove the following inequality

. T2 =2 \T w, (4 —1)
(—1)l|:2<x1+ > )’1> (x2—|— 5 yz) m—||w2||:|ST||)’||2~

Considering that # > 0 and ||w2]|| > 0, the last inequality is actually equivalent

to
T2 -2 \T 2
2( x1 + A + 5 y2) wa— lw2 ||

By using wy =2(x1x2 + y1y2) + (t — 2)(x1y2 + y1Xx2), We can compute

4
< TPl (s

2(x1 + ((r = 2)/231) (x2 + (T = 2)/2)y2) "wa

(r —2)°
=[4x1y1+4(r—2>x%+2<r—2)y%+3<r—2>2x1y1+ S|

(r-2)°

+ [2<r —2)x1y1 + (r — 2% + (1 = 2)%yT + xm} ly211?

+ [4x] +4(r = 2xpy1 + (= 2297 Il
and

lwall* = [8x1y1 +2(r — 2)%x1y1 +4(x — 2)x] +4(z — 2)y}]x3 2
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+ 4] + (0 = 2] +4(r = Dy ]Il
+[4x] + 4@ = xiy1 + (@ =277l
Applying these two equalities, it then follows that
T
2(x1 + ((r —2)/231) (x2 + (t = 2)/2)y2) w2 — [[wa)?
2 3
=[(( =2’ = 9xin + ((r =222 - 2)s} | T2

+ (=2 =4+ (@ =272 =2 = 2)xin | Iy

T—2 T—2

iy il + —

= (% —47) [xlylszyz + X1y1 ||y2||2] .

From this, to show the inequality in (58), it suffices to prove that
|[4x1y123 y2 4+ 2( — Dx1 311217 + 47 l1y217 + 2(x — 2)y7x] y2 |
< lyIP{lwall. (59)

Let L and R denote, respectively, the square of the left-hand side and the right-hand
side of (59). We argue the assertion (59) by verifying that R — L > 0. Since

L= (2x1 + (t = 2y1) 4933 y2)? + (201 + (x = 2x1) 49y 1t
+8y7 121122 y2 (dx1y1 4+ 2(1 = 27 +2(r —2)y7 + (T — 2)%x131),
and
R = |yI*[@x1+ (r = 2yD?(xl* + @y + (- = 2)x1)?[1y211%]
+ Iy II*[8x1y1 + 2x1y1(T — 22 +4(r — 2)(x7 + yD) |3 y2.
Taking the difference between R and L leads to
R—L=(2x1+ (= 2y) (IyI*Ilxe2l® = 4y} T 32)?)
+ 291+ @ =2x1) 2 (Iy1* 121 = 4y211y1)
+8x1y1g v (v * = 4ytlly2l?)
+4( = 2)x3 yaxf (I I = 4y7ly211%)
+4( =213 i (I I1* = 4y7 112117
+2(r = 2%y v (I I1* = 4y7lly211%)
> (191 = 43P l2l?)| @x1 + (@ = 23) 2l + (231 + (2 = 21 2l
+ 8x1y1x3 y2 +4(T — 2)x3 yox] +4(t — 2)x] Y2y} +2(1 — 2)2x1y1x2Tyz]

2
= (3] = Iy201P?[2x1x2 + (r = 2)y1x2 +2y1y2 + (r = Dx1 32|~ > 0.
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By the symmetry of x and y, the above results also hold when interchanging x
and y. O

Proof of Lemma 3.3 By the symmetry of x and y, it suffices to prove the first inequal-
ity in (28). Let x = (x1,x2), y = (y1, y2) € R x R*~! with (x — W2+ t(xoy)e
int(IC"). We will proceed the proof by the following two cases: (1) wy = 0 and (2)
w) ;ﬁ 0.

Case (1): wy = 0. In this case, zp =0 and z; = /|[x[|2 + [ y[I2 + (r —2)xTy > 0.
Hence,

=2 T 2. T
L Ll 1 (xl‘i‘r_ x2+r—}’2 )

Iy VI + P+ @ =2xTy \o+ 52y, (o + 52901
Notice that [|x[|> + [|y[1> + (z = 2)xTy = [lx + T2 y[|? + “%2 ||y ||2. Therefore,

x4+ L Xy + ==
v+ 2y 1 ud lx2 + 2yl -1

VIXIZ+ 112+ (= 2)xTy ~ VIXI2+1y12 + (r = 2)xTy

This shows that each elementin L -2 yLz_1 is bounded with the bound independent
2

of x, y and 7, and consequently the first inequality in (28) holds under this case.
Case (2): wy # 0. Now let A1 and A; be the spectral values of w. By (18) and (14),

I = (bsl +csgu_)2 cslu_)g —i—as;r + (b —a)sgu_Jzu_Jg>
2 )

bsy + csjwy cszu')g +as I+ (b —a)slﬂ)zzi)g

where wy = ” =(s1,82)=x+1 - y, and a, b and c are given by
_ 2 b_«/)»z-l—«/)»l C_«/)»l—«/)»z
Vi + /A N/CYS I 2k

Using Lemma 3.2 and noting that s = x| + 5= T v and 55 = xp + 5= yg, we have

|bs1 —i—csTu")z} < L]sl +sTu_)2| + ;‘sl —sTu")2| <1
P Ty, 2/ T
1 1
|bsa + cswa || < 2m||S2+S1@2|| + 2—«/?»—1”S2 —spwafl =1,
_ o 1 o\ 1 N\ -
||cs1wg+bsgw2wg|| = Hz—m (Sl —i—sng) Wy — 2—m (S] —sng) w
1 _ 1 _
Wi |s1 +s2Tw2| + W |s1 —s2Tw2| <1,
25T
lasT — asTwpl | < | ——2—— H — Wy | <2(n+1),
F
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- T
(52 — s1w2) wy

1
|esawy + bsiiwawy || . = H (524 s1%2) Wy —

1
2V 2V

1 _ 1 _
< —= 2 +s1wzll + —= lls2 — sjw2|| <1,

2\ NS

— i, | <2(n+1).

F

||as11 —asi ﬁ)zlz}g HF

R N

The above inequalities show that every entry of L, -2 sz_l is bounded with the

bound independent of x, y and 7. Thus, the first inequality in (28) also holds under
this case. g
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