Advanced Linear Algebra (I) Exercise (Week 5)
March 21, 2025
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Let Ty :V — W and T : W — U be linear transformations. Consider the composition
Thol;:V—U.

(a) Show that Ker(TroTy) = T, ' (Ker(T2)).

(b) Prove that T, o Ty is one-to-one if and only if 7; is one-to-one and
KCI‘(TQ) ﬂIm(Tl) = {Ow}

(¢) Show that Im(T>0Ty) = Tr(Im(T})).
(d) Prove that T, 0Ty is onto if and only if 75 is onto and

Ker(T2) +Im(T7) = W.
(e) Suppose that W is finite dimensional. Prove
dim(Im(77)) +dim(Im(73)) —dim(W) < dim(Im(750T})) < min{dim(Im(7})),dim(Im(73))}.

(Hint: Consider the restriction map |y (g;) : Im(77) — U for the first inequality.)



