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3.2. Characteristic Polynomial

w0 o $ i - 1 linear operator cR* 3%, F P ¥ 1 it & 5 B 3T square matrix (PR 3R, 4
A g LR - 48 noxon matrix, R {8 £ K2 i  linear operator 5.

%% - B %¥ b F o polynomial f(x) =cqx?+---4cix+cy ™% — B nxn matrix A,
A

F(A) = caAl+ -+ 1A+ col,.
P B en, f(A) R E - B nxnmatrix. - S RFEELIPFEF T 2 FE A e f(A)
MR EFT R EF
Al f(A) =A" (cqA + -+ 1A+ col)
= cqAMT 4  p  ATT AT = (cyAT - elA+col) AT = F(A) AL

Flpb 4e b A1 F A ek fid A e, AT L PTG &

PN EEBE A aEiing ] § 32, - HREFE g)h(x) € Flx] 122
A,BEM,(F), » - ¢ 7 g(A)-h(B)=h(B) g(A).
BT RAPG RESLE A~B LTF f(A)~ f(B) 7 §AREE P L invertible, B
(PhA-PP=P A P-(PA-P)=P AP
fI* B fFpsv @
(pt.a.pi=p1.A.P

2\ ﬂaﬂ"}s Iy ié.‘“‘;r .
Lemma 3.2.2. X f(x) €F[x] £ A,BEM,(F). & A~B, 8] f(A) ~ f(B).

Proof. 4 A~B s & P % invertible # # B=P~ ' A-P. £ f(x) =cgx?+---+c1x+co,
Bl
f(B)=caB'+--+ciB+coly =cq(P"-A-P) +---+c1 (P A-P) +col,
=cg(PVAYP 4 e (PUAP) ol =P (ciAT 1A+ col,) -P=P 71 f(A)-P,
@i f(A) ~ [(B). o
AL T s A 4R ) linear operator, Bk f(x) =cgx? +---+cixtco € Flx] ™ %

T:V —V &~ i linear operator, d 3% linear operators 2. & en & = fesB'L 2. fF cdp 3k 4p
B (%235 (31)), AP as

f(T)=cyT+---+¢c1 T +cpid,
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< B f(T) 228V | V 0 linear operator. 24+ r14k & To f(T) = f(T)o T, #t
T S R TS

Lemma 3.2.3. #3& f(x),g(x),h(x) € F[x] & f(x)=g(x)-h(x). # T ZV), Bl

§(T)oh(T) = h(T) og(T) = f(T).

ERE DN - TF f() =g(x) h(x) B (T)=g(T) (T> PRAE i
#WH-g(T) fv h(T) i&" B linear operator & = § {7 3| g1 operator, i -:— 4 ""'jz— h(T)

iz B linear operator i » g(x) &1 % 78 5%,
#“ %V eh— B ordered basis f # TF“ pR& K F(T) ¢ representative matrix 2% = T
¢ representative matrix § B. ¥ F F £ 1% B 31, g [T = [T]%’ & i
Pnlz— 3 4
[T = [ToT* g = [T]g - [T) ' = [T]j,

SEUE I TE
Lemma 3.2.4. B3 V - B finite dimensional F-space, B % V e1— I ordered basis *
T:V =V & B linear operator. % f(x)=cax?+---+cix+co € Flx], R

[F(D)p = f([T]p) = ca[Tlg+ - +e1[T]g+coln.

Proof. & & [f(T)]g & f(T) ¢ representative matrix, §]* @ &_linear transformation,
EARNLE 1
[f(D)g=lcaT* +- +c1 T +coid]g =
ca [T+ +e1[Tlg+colidlg = ca[T]f +---+c1 [T]g +coln = f([T]p)-
U
W I nxn matrix oFA5. A de dim(M,(F)) =n?, E A€ M,(F), ¥ & S=

{In,A A2 AT bood 3 #(S) =n?+1 > dim(M,(F)), 2 74 S 5 linearly dependent. 7= 9
T Co,Cly..cp €EF A 2E 0 RE

anAn2—|-~~-+ClA+C()I =0.

L f(x) =X 44 cix+co, BIE f(A)=0. FR NPT R $E R0 X n matrix
- B s A 2 h2b R SN f(x) €F[x] # 1 f(A) 5 nxn 0 zero matrix

£
ARTWcp FF A A0 AT AR i deg(f(x) =n?, ¥ ¢ cp,..,cr,00 B 2RO, 0T

Question 3.2. # A~B ¥ f(x)eFx] % & f(A)=0, 7 ¥ f(B)=07?

Question 3.3. = dim(V)=n * T:V =V &~ B linear operator, 2_F ¥ 35 3| - B nonzero
polynomial f(x) € Flx] ¥ deg(f(x)) <n® # @ f(T)=07?
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FFAPT USRI EE n s AN f(x) #EF f(A) =0, ij*u{“ﬂﬁ 1 characteristic

polynomial.

Definition 3.2.5. BE3X A€ M,(F), ¥ J& xa(x) =det(xl, —A) € Flx|, % A i characteristic

polynomial.

AR F ehE & det(A—xl,) % A 0 characteristic polynomial, #4 i * det(xl,—A) i &
F3E xa(x) - B monic polynomial (& % =X 78 ¥ 5 1). 1 * *5 1§ & determinant 7 ;2
1R BB, AT AT A S onxn matrix P, xa(x) en=c#ici on ¥ BB K98 Gl L
4T - K ED] palx) hx B (T Gl —tr(A) G tr(A) & A P trace, Tt
82 o). T #x=0 & r pu(x) T A qa(x) ¥ BT 5 xa(0) = det(—A) = (—1)" det(A).

Example 3.2.6. d >t xl, —I, = (x—1)I,, * ¥ 7 x, (x) =det((x—1)I,) = (x—1)". 2

5 A% 2 x2 matrix ¢ characteristic polynomial. ¥ Jg
1 -1 1 -1 1 -1
x—1 1 2
XA, = det =@x—1Dx+1)+1=x,

XA2:det< 0 x+1>:(XI)(x+1)=x21,

—1 1
XA; Zdet< x_z 1 ) =(x—1D@x+D+2=x"+1.

Question 3.4. & & 77 X1n(h), Xa, (A1), Xa,(A2), Xa;(A3) EoRet e,
#T kA kg similar matrices ¢ if* ¢h characteristic polynomial 3 = /& B .
Proposition 3.2.7. & A, BEM,(F) ®* A~B, B ya(x) = x5(x).

Proof. 4 A~ B 47t % invertible matrix P ¢ ¥ B=P~!.A.P. ¥ xI, 5 diagonal matrix,

N se xl, - P=P-xl,, 2% P~ l-xl,-P=xI, %]

xl,—B=xl,—P ' A-P=P'.xl, P-P 1. A-P=P ' (xI,—A)-P.

x8(x) = det(xl, — B) = det(P~!- (xI, —A) - P) = det(P) ! det(xI,, — A) det(P) = xa(x).
]
#Fuh, § T:V—V - B linear operator, B,B" % V i ordered bases, 4 ** [T]g ~

[T]p:, Proposition 3.2.7 2 352 1 x7), (x) = X1l (x). Flgt 2w 02 & linear operator £h

characteristic polynomial.
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Definition 3.2.8. B3 V i finite dimensional F-space. ¥+3t V &1 linear operator T :V —
V, 8 V a— B ordered basis B, ¥ & T ¢ characteristic polynomial 3 AT (x), =
xr(x) KZ&7.

d > A ¢ characteristic polynomial % # ¥] xI, — A i # ehaEd :T“u{‘?smfﬁl‘f_m
entry ¢ 3 %33, AN P RT3 e - fFenaErL, —FT L, NPT U EE - S haEE A
XA+ XA +Ag, B POA € My(F) iR e0A]50 . Bl4e N P U T hd T R

52243 4dx—1 (00, (5 0N, (0 4) (3 -1
7 B=224x ) " VLo 1) Lo —2 )7 o1 7 0 )

d A PERF At A x, AP T R AR PR EE A TR F
A,BEM,(F), ¢ "¢ 3 2 (rA)- (sB) = (rs)A-B, & i}

(x'A)- (x'B) =x"T/A-B.
] 4o FlAE 4o 2 3k 2 3 A fRt E, N (Al
(A+xB)*> = (A+xB)-(A+xB) =A>+A-(xB) +xB-A+ (xB)> = A> + x(A-B+B-A) +x*B?,

PERARFIELREIRT A (A+xB)? F - TE3 A2+ 2x(A-B) +x*B2.

% % B entry ® 3 % 38 5% ¢ square matrices g R PE, AT 0T Aol - LaeiE koqp
oA TAIY LG n 2R oy m—fw\i&*, RUGI AR - RER. J gk
Sy g F R Ak e, Tk E AR, A E - B S

Example 3.2.9. ¥ g
5243 4x—1Y\ _ ,(5 0 (0 AN (3
7 x )7 "Voo)™ o1 7 0 )
x—1 1\ Loy, (11
—x x+2 ) -1 0o 2 )
EIE: I e

5x2+3 4x—1 563 -9 +4x—3 9x24+Tx+1
—x x—|—2 X2 4+Tx—"7 X2 4+2x+7 ’

MY - BN RERT
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BEEFAPERAE X d"" -4+ xA1+Ag :ded+"'+XBl+Bo, HY A, B eM, (F) ]
A; Bl,\ﬁ—o,l, A FELFEEFRBAAB, A7 88 GEt B oentry # i ih
hE AR, E XA R TR0 TEMA, 'FQTJL " B2 characteristic polynomial e &

B

Theorem 3.2.10 (Cayley-Hamilton Theorem). & A € M,(F), xa(x) 5 A 7 characteristic
polynomial, B] xa(A)=0.

Proof. £ ya(x)=x"+---+cix+co. F1* x[,—A ¢ adjoint matrix, ¢ Lemma 3.1.5 # i

2

F
adj(xl, —A) - (xI, — A) = det(xl, — A)l, = xa(x)I, =x"I, + - +xc1l, + coly.

% #-xl, — A 1i-th row fv k-th column #% W, AT D (n—1)x (n—1) matrix # determinant
5Bl on e % 38 N AT ik adjoint matrix ehE & adj(A —xl,) ghE B oentry ¥ 5 Kk
It e s R 5, K adj(A—xl,) =x""'B,_1+---+xBi+ By, & ¢ B € M,(F). Flp
g TR

(X" 'B,_1 +X""B,_y+---+xB +By)- (xl, —A) =x" I, +x""'c,_ 1, + -+ xci1I, 4+ col, (3.2)
BEN (32) EER, APE

(" 'By_1 +X"By_a+ - +xB; +By) - (xI, — A)

=x"(B,_1-L,)+x""Y(B,_2-1,—B,_1-A)+---+x(By-I, —B;-A) — By - A

Bifed 2 (32) 2840k, f0t AW

—Bo-A = C()In
Bo-ln—Bl-A = C]In
By o2 li—By 1A = cpily
Byl = I
BE-N 2 oA LR A BN LR AN L R AAadLfA, ApE
—Byp-A = col,
BQ-A—Bl -A2 = C]A
Bn_2~An71 —B,_-A" = Cn_lAnil
nfl'An = A"

Flh 2 2P0tede kg B0 L 20 hede k, FH
O=A"4c, (A" '+t 1A+ col, = xa(A).
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O

% B 5 V ih— & ordered basis, T:V —V & linear operator, # " ® & xr(x) = X7 5 (x).

e pE xr(T) % linear operator, # % B 1 representative matrix , & Lemma 3.2.4 v 3

#cd Theorem 3.2.10 #v [x7(T)]g = O, F]* f1* Lemma 3.1.1 ¥ & x7(T) = O. LE-,T%{

linear operator 4% 4 17 Cayley-Hamilton Theorem.

Corollary 3.2.11 (Cayley-Hamilton Theorem). % V % finite dimensional F-space, T :
V =V % linear operator, B xr(T)=0.

3.3. Minimal Polynomial

A& nxn matrix, ’f'] * A i1 characteristic polynomial, 2 i 4vif 5 =t #c i n 9
N fX)eFR] 2% f(A)=0. §% §F L hi BT UEIER P FrL? 245
w i, bl4e A=, B, x:() (1), 4 f() == 1, 85 f(L) =L~ =0, %
AR E S P k) bR IR f(X) e Flx] 17 f(A)=0.

Definition 3.3.1. 3k A€ M,(F), 273 2£F 33 5% f(x) e Fjx] * B E f(A)=0, * S #&
# -] eh monic polynomial (& § =X 78 Z#c i 1) ff_ 5 A & minimal polynomial, * 4 (x)

A - s i fEc] 2R S f(x) €F[x] # 1 f(A) =0, @ iz & K monic
PRE - R0 f(x)g(x) € Fl] & = #cde ] sh2LF monic polynomial i 17
J(A) =5(A) =0, 1% 5 < Hich | et deg(f) = deg(g), * & & f(x),g(x) 5 monic, &
o deg(f(¥) ~ 8(1)) < deg(f(¥). & B f(4) —g(A) =0 — 0 =0, fed = ek | 5% foie
fx)—g(x) = 5 % 535, T f(x)=g(x), #7'2 minimal polynomial u4(x) Zr&— .

T KA PR E A~ B, 70E U P 0 minimal polynomial ua(x),up(x) L34 %. 7 £
% 5 - 1 minimal polynomial & Z # e F.

Lemma 3.3.2. & AeM,(F) & f(x)eF[x]. Bl f(A)=0 &2 8% ua(x)| fx).
Proof. & f(3) | pa(x), %7 f & h(x) € Flx] & @ £(x) = i (Wh(x), ¥ sa(A) = O, 41
Lemma 3.2.1 &v f(A) = ua(A)-h(A) =0 -h(A). F15 RELRL LEF fp FFPiELr L FaEE
#=i® f(A)=0.

¥-25,%F %~ B field % jg %% ;¢ g i f(x) =pma(x)h(x)+r(x), £ ° hx),r(x) €
Flx] ® deg(r(x)) <deg(pa(x)). 4 f(A) =0 i3k A 7

O=f(A)=1(A)-h(A)+r(A) =0-h(A)+r(A) =r(A).

7w op(x) € Flx] - B dt ua(x) o] 4rid £ r(A) =0 75 35 5% ik pu(x) £ A 7 minimal
polynomial 2. & % r(x) 5 F 5383, B f(x) L palx) R T ua(x) | f(x). O
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ME A~B, F1* Lemma 3.2.2 & Us(B) ~ ta(A) =0, R @ foF &L similar cEL e 5
% 4B (F]%FiZ R, invertible matrix P, P~1-0-P=0), # % us(B)=0. ¢ Lemma 3.3.2 v
wa(x) | pa(x). 1B 3ZF1% pp(A) ~ pup(B) =0, # ua(x) | up(x). @ Ua(x),up(x) # 5 monic,

we i pua(x) = pp(x). BE LT 2 g%,

Proposition 3.3.3. # A, BEM,(F) * A~B, B ua(x) = ug(x).
Ay ¥ 1 Z ~ B linear operator 7 minimal polynomial.

Definition 3.3.4. 3% V % - % finite dimensional F-space, T :V —V % — % linear operator.
T 2EE SIS f(x) e Fla] ¢ & & f(T) =0, & = ] 7 monic polynomial f 5 T

1 minimal polynomial, * pr(x) K % 7.

F matrix 35, T 7 minimal polynomial « 5 & ¥ v&— . 1% Lemma 3.3.2 4p F ¢
ETEETNCEE P ET ST e S P Y S L S
Lemma 3.3.5. 3% V % - B finite dimensional F-space, T :V —V % — B linear operator.
Bl A(T) =0 2% ur(x) | F().

Question 3.5. v € M Lemma 3.3.5 %% ¢

% B % V ¢ordered basis, T ¢ characteristic polynomial yr(x) ¢ T ¢representative

matrix [T]g 9 characteristic polynomial x|q 5 (x) T&m #. 7 i T <1 minimal polynomial
pr(x) £3 2, TEE I, TN PREFH TP LE AR

Proposition 3.3.6. &k V i — B finite dimensional F-space, B 5 V - i ordered basis
2 T:V—=V i linear operator. B

Proof. 5 £/1 &, % f(x) € Flx|, P|4]* Lemma 3.2.4 2 % Lemma 3.1.1 #% i 3
f(T)=0<[f(T)lg=0< f([Tlg) =O.
“rrrd up(T) =0 7 # ur([Tlg) =0, vcd Lemma 3.3.2 4= pypy; (x) [ ur(x). k3% chd
=

wr([Tlg) =0, ¥ & wr),(T) =0, w4 ur(x) | wry,(x). ~ F1 pr(x), dyry,(x) ¥ 5 monic
polynomial, 3 ur(x) = pr), (x). O

B {8 2V P K #£ 34 minimal polynomial §= characteristic polynomial 2_ B eraf# i%.
Theorem 3.3.7.

(1) BK AeM,(F), Bl ua(x) | xa(x). m 2 A€F B & xa(A)=0 &2 rE% ua(A)=0.
(2) B3RV 5 finite dimensional F-space, T :V —V % linear operator, ®| ur(x) | xr(x).
mEAEF BE xr(A)=0 %2 xE ur(2)=0.

Proof.
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(1) #124(A)=0, ¢ Lemma 3.3.2 &= pta(x) [ xa(x). o 27 #%F pa(A) =0 0] xa(4) =0.

2 ) Pl % 57 det(Al, —A) =0 7= AL, —A % &_invertible matrix.

B g Ua(x) ‘f x—A, B opua(x) =(x—A)h(x)+r, B ¥ h(x)eFx] & reF. &

(A)=(A—AL)-h(A)+rl,. & r#0, 4 (A,—A)-h(A)=rl, 7

(AL, —A) - r'h(A) =1, ¢ &% r 'h(A) 5 AL, —A  inverse, 22 AL, —A # &_
invertible matrix 4p 4 §, 4 r=0, 7 ® x— A4 | pa(x). & pa(1)=0.

(2) #+** linear operator T:V — Vi %V - B ordered basis 3, ¢ % xr(x) = X1l (x)
A pr(x) =y, (x). B (1) et [Tlg, 2P @& ur(x) | 2rx) 2

xr(A) =0 ur(4) =0.
([l

Example 3.3.8. & f|* 7 5 Example 3.2.6 #7{¥ e characteristic polynomial % v i
1 minimal polynomial. #] x4, (x) =x?, % Theorem 3.3.7 % ua, (x) & 5 x & x%. & A} #O,
4v Aj ¢ minimal polynomial # ¥ i % x, 74 s, (x) = x2.

F] xa,(x) =x*—1, & Theorem 3.3.7 = x— 1 fr x+1 T Uy, (x) FPFIFEN pa, (x ) [x2—1
B g, (x) = x2 — 1.

7] xa,(x) =x>+1, i& Theorem 3.3.7 4= s, (x) | x>+ 1. % F =R, x>+ 1 ¢ monic factor
(F17%) &% 1 4o x>+ 1, * minimal polynomial # i % #ic % 70 3, & wa, (x) | ¥+ 1. >
% F=C, ﬂ i,—i % % x>+ 1=0 5142, & Theorem 3.3.7 ¥ pa, (x) = x>+ 1.

Question 3.6. %t 35 3] A € Mr(R), € 7 pa(x) # xa(x) %5 7

Question 3.7. F AcM,(F) & xa(x)=(x—A1)---(x=A,) E7° L eF 2 L#A; fori#j,
P g (x) B A7

S0 F 2 % Theorem 3.3.7 Wit~ # ehft f, S F &4 Y - T FHeh it e BK
p(x) € Flx] £.- % irreducible polynomial, #% ¥ 1245 5| F &— B finite extension F, i
Bpx)=0rF P34 BXKAEF 5- 1 (T pAd)=0), R E L f(x) €F[x], % &
f(A)=0, 7] p(x) & irreducible, 2 i* 5 p(x) | f(x). E AEM,(F), A+ ¥k 5 M, (F) ¢ .
A 1 characteristic polynomial 7  #- A AL L viig e B 2 & Y & det(xl, —A), o o
ARG My(F) & M,(F) ¥ ¢ matrix & ¥ . 2 minimal polynomlal T i&‘frvﬂ% ® field
FMILERAMRL M (F) gsErt 3 minimal polynomial (Pt * fig(x) £7), B &3
% Fx] @ = # ] 9 monic polynomial f(x) & ## f(A) =0. #1121 F] 5 us(x) € F[x] C Flx],
F1* Lemma 3.3.2 24 P& fia(x) | ua(x). 727 35— BB APT3 T2 E 8 232

vi

Theorem 3.3.9.
(1) B3k AeM,(F) ® p(x) € Flx] - B irreducible polynomial. B] p(x)| xa(x) &2
FEE p(x) | Hax).
(2) BK V & finite dimensional F-space, T :V —V % linear operator, * p(x) € Fx]
& - B drreducible polynomial. R p(x) | xr(x) & 2 *&% p(x) | ur(x).
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Proof.

(1) @ Theorem 3.3.7 & = s (x) | 2a(x), 2% p(x) | pa(x) RIF p(x) | za(x). 7 - =

%, % p(x) € Flx] 5 irreducible & p(x) | xa(x). ¥ & F 5 F ¢ finite extension,
BEpx)=0E&F %3 -1 A BARL M) ELy & fig(x)€Fx] 5
A €M, (F) # F[x] % minimal polynomial. p* pFd ** p(x )\)CA( ), 2 xa(A)=0.

{1* Theorem 3.3.7 £ % & F 2,
pa(A) =0. RF] pa(x) € Flx] 2

(2) #>* linear operator 7:V —V, i LV - i ordered basis B, d ** xr(x) = x(r), (x)
& ‘UT()C) Z[,LT}B(X). E (1) k= N [ ]ﬁ i iE 2

px) [ xr(x) & p(x) | %71, (x) = p(x) [ yry,; (x) < p(x

@) =0, 2a s w i) | ), @
p(x) € Flx] % irreducible, #& p(x) | ta(x).

) | ur (x).
|

Question 3.8.
irreducible polynomial £ p;(x) # pj(x) fori# j, Bl

FAEM,(F) X xalx)=pi'(x)---p'(x) £ ¢ ¢ €N, pi(x) €F[x] 5 monic
Ha(x) € B EFeA538 2

Example 3.3.10. % J& linear operator T : P,(R) — P, (R) % %_
T(1) =2 —1,T(x+1) =3 + 2x+2, T (—x* +x+1) = 4% + 2x + 2.

AP35 ) T ¢ minimal polynomial pr(x).

%44 & P(R) e ordered basis B = (—x*+x+1,x+1,1). 7]

T(—x>+x+1) = (—4)(=2+x+1)+6(x+1)

T(x+1)
(1)

—4 -3 2
@rp=( 6 5 2 | 4%
0 0 -1

W%+m«mﬁzm(

# xr(x) = X1, (x)

-3 2 —6 -3 —2
6 2 || 6 3 2 |=
0 0 0 0 -3

(=3) (= +x+1)+5(x+1)
(=2) (= +x+1)+2(x+ 1)+ (=11

= (x+1)*(x—2). »

0
0
0

o oo
\
SENRC
v

oy (x) = pyry () # e+ 1)(=2), @ 8 pr(x) = gy, (8) = (e+ 1) (x—2). F92

-3 -3 -2 00 6
([T]ﬁ+13)2-([r]3213)( 6 6 2 )~(o 0 6)0.
0 0 0 00 0

Question 3.9. 4] * ordered basis (x*,x,1) EIL Question 3.3.10. € * ¢ %
F

R 7
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Exercise 3.2. Determinant the characteristic and minimal polynomials of each of the

following matrices:

12 3 1 0 3 1 0 1 -1 0 00 2
o1 2|, {otrol],lo2o0],[1 0o 1],[10 -1
00 1 00 1 10 1 0 1 1 01 1

Q.

Exercise 3.3. Suppose that T € .Z(V) an
that p(T) is not one-to-one. Prove that p(x

p(x) is an irreducible polynomial in F[x| such

| xr(x) and p(x) | pr(x).

~—

10 November, 2017




