82 4. Form Reduction

=T kAP F dim(V)=n ¥ T:V —V 5 nilpotent operator of index m, 4riw #-H
i % triangular form. § % i 2~ Im(7°" ') ¢ ordered basis (Vi,..., Vg, ), L & 2t FFA 0§
T(v;) € Im(T°") = {0y}, #
T(v;))=0y,Vi=1,...,k;.
BES Vit Vi) B8 (Vi Vi, V) & Im(T"2) & ordered basis. #* P& 24 i

2

F
T(v;) € Im(T°" ') = Span({vy,...,vi,}),Vi=ki +1,... ks,

@ 2 4% ordered basis (Vi,..., V..., Vky) #T# Tljp(on-2) €7 representative matrix &

Okl k1 *
s
Okz—kl ki Okz—kl ko —ki

He O 27 5 ixjlEaRedl at b bas i- B kxk—k Hatied g7 %
e r AVt Vit B (VI Vi ey Vi, o3 Vi) & Im(T°"3) 5 ordered basis. tLﬁlir,ih
[l

T(v;) € Im(T°"2) = Span({V1,...,Vk,s---, Vi }), Vi=ka + 1,... ks,

m 2 1% ordered basis (Vi,...,Vi,,..., Viys-- ., Viy) “TH T]Im(Tomfs) £ representative matrix
Okl ki * *
Ot kb Okp—tiko—ky *

Ot-toki Oks—todo—ti Oks—ko kst
- 2 T2 APFED Im(T) 0 ordered basis (vi,...,v, ), B % > j=1,....m—1,
¥ F (Vi,...,vk,) & Im(T°"J) ¢ ordered basis *
T(v;) € Im(Tomf(jfl)) =Span({vi,...,vx;_, }),Vi=kj_1+1,....k;.
Btsde r {vi, g1,V 87 (VL. V .,Vu) 5 V i ordered basis, ¥

m—17°""

T(v;) € Im(T) =Span({vy,...,Vk, , }),Vi=km_1+1,... ky,

@ 2 41* ordered basis (vi,...,Vk, ,,...,Vn) T8 T &1 representative matrix 3
O x x
Lok
O O o

iT- B I3 4% 5 0 7 upper triangular matrix (+F = & 5B, S AP 0T ank
5.

Proposition 4.2.2. ?Fi?‘“ ; finite dimensional F-space 2 T :V —V % linear operator.
Bl T % nilpotent & 2 v&3 3 & V & ordered basis B #€ 8 [T]g & wupper triangular matriz

i3 []ﬁ ¥ AR 5 0.

ETIRS

Proof. d w6 é3dim 4 & T 5 nilpotent, B] 3 % V 9 ordered basis § # % [T]g
upper trlangular matrix ¥ H¥tdmy 2 0. F 2, F [T]g 5 upper triangular matrix
BEESE S 0, AP () = g, (1) =2 (0 n=dim(V)), & T =0, @ T

nilpotent.

e g

O
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Question 4.7. & V % finite dimensional F-space £ T :V —V % nilpotent operator of
index m, B| xr(x) 5@ ¢~ ur(x) 5 @7

¥ gE— T, #3% linear operator T:V — V, & 35 3| Im(T), & i# ¥ 11 4] * V 7 ordered
basis f, L {7 ¥| representative matrix [T]g. £ & [T]|g 7 column space C([T]g) (3% *
C(A) # 5 %" A &1 column space). # ¥ #- column space e~ % * TE*I BRV R E,

ﬂ*u:f" 3 Im(T) e~ % 7. 2§52 i 5 upper triangular matrix ]+

Example 4.2.3. ¥ g linear operator T : P,(R) = P,(R), % % % T(ax*+bx+c) = (c—a)x*+

-1 0 1
cx+(c—a). % & P(R) & ordered basis f = (x*,x,1), & F [T]g = 0 o1 ], #
-1 0 1
0 00
xr(x) =x3. = [T]% =| -1 0 1 | & ur(x)=x% ¥ T % nilpotent of index 3. % [T]lz3
0 00

¢ column space & Span({(0,1,0)'}), 2% i {# Im(7T°%) = Span({x}). ¥ =4 [T]g 1 column
space, ¥ & Im(T) = Span({x,x*> + 1}). & 7] x> ¢ Im(T), & 7 ¥ 12 ¥ & P»(R) 1 ordered
basis B’ = (x,x> +1,x?). 7]

T(x)=0,T(x*+1) = 1x4+0(x*>+1) +0x?, T (x*) = Ox + (—1)(x* + 1) + 0x?

01 0
#@[Tlg=[ 0 0 —1 | i&- & diagonal ¥ % 0 7 upper triangular matrix.
0 0 O
AP w | T ¢ minimal polynomial 3 pr(x) = (x—A)" éfFa5, »pF T —Aid 3
nilpotent #7 12 d Proposition 4.2.2 43 % ordered basis B #& # [T —Aid]g =U = -
diagonal '# % 0 &7 upper triangular matrix
0 *x =
U= T
0 --- 0

@ % dim(V) =n, ¥ [T —Aid|g = [T]g — AL, 7= ¥ [T|g =AL,+U, = - # diagonal ¥ 5 A
£ upper triangular matrix
A% %
AL +U = Lok
O )
Theorem 4.2.4. 3K V % finite dimensional F-space. & T :V —V % linear operator B

characteristic polynomial %

Ar(x) = (x = A1) - (x = A) %,
HY A,.. M 5 F ¥ 4R ennd, P35 &V e ordered basis B & ¥
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HY X A 5 ¢ xc FE e upper triangular matriz
7Ll' * *

O .

Proof. ¢ Theorem 3.3.9 #v33 tm; <c¢; # & ur(x) = (x—A;)™ - (x—A)™, #cd Primary
Decomposition Theorem, # 5w V=V, @ &V, £ 7 Vi=Ker((T —4;id)™) & pr), (x) =
(x=A)". # Tly, — Aid|y, % nilpotent, #&f|* Proposition 4.2.2, & FaF & f; 5 Vi 47
ordered basis, # 1 [T|y]g = A; & ¢ x¢; ¢ & upper triangular matrix. ##- By,..., B

& B ££57)25 % V e ordered basis B, ¥ 7 [T]g & #7& 7 triangular matrix. O

Theorem 4.2.4 £ 3724 i § T <0 characteristic polynomial ¥ % > & &= Flx| ¢ - =X

SIENf A, BER T ¥ ic 7 i i & diagonal form 7 - % ¥ 12 it = triangular form.
F#F A kg linear operator 1p ¥+ T n x n matrix g%

Theorem 4.2.5. B3k A€ M,(F) & # characteristic polynomial fv minimal polynomial »
o3

Za(8) = (xm AT - (r = A%, pa(x) = (x— )™ - (x— )™

He AL, A 5 F @ B8 3. B3 & dnvertible matriz P # 18

| a0
PlAP= ,
O Ak
HY ZB A 5 ¢ xc FE e upper triangular matriz
QLZ' * *
’ *

O ) A

Bk Ae Mn(F) X XA(X) = (x— 2,1)6' e (x— lk)ck, HA()C) = (X— l])ml cee (X— lk)mk. Fipe
WP 4o 35 3 invertible matrix M # ¥ M~'-A-M % upper triangular matrix. AL

41 * Chapter 3 primary decomposition 33 j% 35 ¥| invertible matrix P & ## P~1.A-P %

A O

block diagonal matrix

O A
BFYRF - B ¢ xc matrix A, F1 5 g, (x) = (x—A)™, A — AL, &_nilpotent of index
m;, 3 ¥ 2% Proposition 4.2.2 17 2 5 L4 (A; —Ailci)mi*I £ column space 71— ‘&
basis (#* % 4p %1% Proposition 4.2.2 ¢ Im(7°"~!) ¢ basis), A 54 < & (A, — Ll,)" 2 h
column space - % basis, i - £ T2 & IIHF X = F4 - & basis. ¥ £ i basis

r2 column by column & B % = &7 ¢; X ¢; &7 matrix 7 Q;, B33 Qlfl -A;-Q; % upper
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triangular matrix. # {8 #-iz4 Q; f diagonal eh = ¥ & K X », 2= nxn 0 invertible

matrix
0O O
O Ok
e it
0/ A O O
(PO A (P-Q)=0"" (P AP) 0= :
O 0 Ay O

% upper triangular matrix . g 0T GG

Example 4.2.6. 7% Example 3.5.10 ¢ 24 3 & 5 x5 matrix

2 1 1 1 0
1 4 2 2 1
A=| -1 -2 0 -1 -1
0O 0 0 1 1
0O -1 -1 -1 O

i palx)=ma(x) =(x—113x—2)? 2 Q] # 2 24— = 5 HNengffh, APV 455
invertible matrix M € Ms(Q) & ¥ M~'-A-M % upper triangular matrix.

% Example 3.5.10 ® st e 537 Pe Ms(Q) #- A i+ 5 block diagonal matrix.

0 -1 -1 0 0
1 1 00 0
pltapr=[0 1 20 0
0O 0 01 -1
0O 0 01 3
NN EAl A
0 -1 —1
B=|1 1 o0 |, c=<i _§>
0 2

it % triangular forms. #] pup(x) = (x—1)3, ¥ & B—L i&— B nilpotent matrix. # 7}

-1 -1 -1 0 0 0
B—1 = 1 0 0|, B-K?*=| -1 -1 -1
1 1 1 1 1

d Proposition 4.2.2 ¢77 & § L E (B—13)? 1 column space 7 basis, 2 1% w; = (0,—1,1)}
£ 4 » B—1I3 &1 column space 0% wy 8 {8 {w;,wp} 5 B—I 1 column space £ basis,
TAAPE wy = (—1,1,0)" BiEE 4 r wy QP it {w,wy,w3} £ 5 QP 7 basis,
Fee? P iE wy = (0,0,1)1. S PFF Bwp =W, Bwy =W +Wo, BW3 =W + W+ W3, jtE 4
0 -1 0 1 1 1
o= -1 1 0 ], 8 Ql_1 ‘B-O1=1 01 1 % upper triangular matrix.
1 0 1 0 01
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F- 28 % uc(x) = (x—2)%, 214 B C—2L i&— B nilpotent matrix. F C—2h =

( _1 _i > A uy = ( _1 ) L C—2D i basis, B4t up— ( é) ® @ {u,u)
. , . e -1 1 _
% Q7% th basis. P Cu; =2u;, Cup =u; + 2wy, $<% £ sz( 10 >, A QZI’C'QZZ

2 1 . . . . v o . .
( 0 2 > % upper triangular matrix. & # 01,0, & # 5 5x5 ¢ invertible matrix

0 -1 0 00

—1 1 0 00

0= 1 0 1 00

0 00 -1 1

0 00 10

¥ 1% upper triagular matrix

1 11 00
01100
P-0)ta-P-g=0'(PAP)Q=] 001 00
00 0 2 1
00 0 0 2

# T E_diagonalizable, % if* 7 11 4] % $t & 1 § o420 o 48 T 4] % V & eigenvectors
N o " o
#72 = 51 ordered basis B F [T]g = , ¥ [T = 1
0 T 0 T
T # i f* % diagonal form p¥, 34 ¥ ] * trianbular form % §es3+5 T°.

B AH#V B & T-invariant subspaces 7 direct sum V=V @---@V,. d *EF veV,
FF E- B v=vi 4+, B¢ v €V, (Proposition 3.4.6). $3t 415 dhi=1,... k,
AP ¥ € & - 1 linear operator m;:V =V, # T & & m(v) =v;.  linear operator
% the projection to V; with respect to the direct sum V=V, & --- @ V. (&} & N i 4o
¥ oveV, ¥ 3 m(v)=v. ¥ - 6 d 3V, i T-invariant, ¥ veV, AP 3
T(v)eVi. FIrHE?EZL veV, 28X v=vi+--+v, B¢ v,eV, B T(m(v)) =T(v),
fm m(TW)=m(T(vi)+--+T(w))=T(vi). &

TOﬂi:ﬂiOT,Vi:l,...,k. (41)

Theorem 4.2.7. H3& V % finite dimensional F-space. % T :V —V % linear operator &
minimal polynomial %

pr (x) = (r—=A)™ - (x = Ae)™
HeY M, M 2 FPApRennZ R T=Tp+1Iy 2 ¥ Tp % diagonalizable, Ty % nilpotent
of index m = max{my,...,m}, @ ¥ TpoTy=TyoTp.

Proof. % j& Primary Decomposition V=V, &---&V;, # ¢ V,=Ker((T — 4id)"™), ® 4

7V —V % the projection to V; with respect to the direct sum V=V @&---®& V. ¥ g V
1 linear operator Tp = MM + -+ + 4. FIHER vi€Vi, &3 Tp(vi) = Ay, #7115 - ‘&
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V; ¢ basis, % d Tp 7 eigenvectors #ri=. #&d V i Vi,...,V; g direct sum, &%t V; 0
basis ¥ %= V &1 basis. )’I*uz‘?-\?fu V 3 — % basis ¥ d Tp ¢ eigenvectors *73 =, & Tp
% diagonalizable.

Bt Iy=T—-Tp % V i linear operator. FIHZ & v, €V, Ty(v;) =T (vi) —Tp(v;) =
T(v;)—Av; €V, == V; % 5 Ty-invariant. * @ & ,uT‘Vi(x) =(x—=A)", T m L& |
T i (T —A4id)™(vi) = Oy, Vv; €V, &4 up, (x) =x™. {1* Lemma 3.5.6 4=
Uz, (x) =lem(x™, ... x™) =x", 2 ¢ m=max{my,...,m}, ¥ Ty % nilpotent of index m.

B ¥ o

TDOT:(A]TE]—|—~'-+A,k7tk)oT:l1(7T1OT)—}-"-—i-A,k(TCkOT),
ToTp=M(Tom)+-+M4(Tom)=TpoT.

TpoTy=Tpo (T —Tp)=TpoT —TpoTp=ToTp—TpoTp= (T —Tp)oTp =TyoTp.
O

Question 4.8. 4 g Theorem 4.2.4 ¢ i ordered basis B, ¥ [T)|g % wupper triangular
matriz, P Theorem 4.2.7 ¥ &1 Tp, Ty £ 4+ B 0 representative matriv [Tplg, [Tvlp & & # ¢

Question 4.9. =it §1* Theorem 4.2.7, %M % T 1 minimal polynomial Uy (x) ¥ 11 % >
g Flx] ¥ 48 e0 monic — = 53882 %A, Bl T 5 diagonalizable?

d Theorem 4.2.7, 2 {7 if & §|* triangular form %3+ % T° 7. d TpoTy=TyoTp, ¥
T = (Tp+1Ty) o (Ip+Ty) = Tp** +Tpo Ty + Ty o Tp + Tn°* = Tp™* + 2Tp o Ty + Tn°>.

ESURE 33 X SERECRRALE (3

i .
=Y <’> Tp° 7 o Ty%.
=0 \J

4 % Tp % diagonalizable #* i {x% % 3* ¥ Tp°/, @ Ty % nilpotent of index m, 2% * 5if &
jem, Ty =0, #1is g - BEeA Py T ch 2

B fs 2N i X—ﬁ Theorem 4.2.7 4p ¥ R s 6975 58,

Corollary 4.2.8. B3k A€ M,(F) * ¥ characteristic polynomial 4= minimal polynomial
T

Xa(x) = (x=A) - (0= )%, pa(x) = (x = Ag)"™ - (x = Ae)™
He A, M 5 F P apBR 4. Bl & invertible matriz P € ¥ P"'.A-P=D+N,
H ¥ D i diagonal matriz, N % nilpotent matriz % X. D-N=N-D * N"=0, m =

max{my,...,my}.
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4 linear operator e Ap . % A i 2 triangular form P ' A-P=D+N, d 3
D.N:N.D’ 5\‘.@54);

pPl.Al.p= Xl: ({)Dij N/

=0 \J

FL ] - B RTE A P A R

1
Exercise 4.6. Suppose that A is a 2 x 2 nilpotent matrix. Prove that A is similar to [8 0] .

Exercise 4.7. Suppose that A,B are n x n matrix such that A-B = B-A and A is nilpotent
matrix of index m.
(1) Suppose that B is invertible. Prove that A-B is also a nilpotent matrix of index m.

(2) Suppose that B is nilpotent of index m’. Prove that A-B is a nilpotent matrix of
index k with k < min{m,m'}.

(3) Suppose that B is nilpotent of index m’. Prove that A+ B is a nilpotent matrix of
index k' with ¥ <m+m' —1.

(4) Suppose that B is not nilpotent. Show that A+ B is not nilpotent.

Exercise 4.8. Let F be a field and A be a n X n matrix over F. Suppose that A is nilpotent
of index m and A #0 in F. Let M = A+ Al,.

(1) Find xa(x), ty(x) and det(M).
(2) Show that M is invertibleand M~ ! = A~11, — A 2A+ A 3A% ... 4 (= 1)~ 1A —mam—1,
(3) Show that M~! = B+ A~'I, with B being a nilpotent matrix of index m. Find
X1 (x) and -1 (x).
Exercise 4.9. Let F be a field and A be a n x n matrix over F. Suppose that
xa(x) = (x =) (x=A)7, palx) = (x=A)™ - (=A™
with A; # 0 and A; # A4; for i # j. Show that A is invertible and
Xar (1) = (= A7) (= A7) e (1) = (=AM (= A7)
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