Chapter 4

Form Reduction

¥ - B linear operator, #% i % ¥ i 45 I if § 7 ordered basis, & # representative
matrix 5 #F7k 035 (form). & matrices &k #dp m,j* A& 3535 4% form 0 similar
matrices. # P # ¥ ¥ 3] form F HE_#73} ¢ canonical form (#Z»—%E“i fv % canonical form %
Jro0 i ) ggomit oL § similar), B - & form AEFF S ARG LR DR P B B
A2 2B E R (X FEFAHRBMAASEF REET]), A BN e K- BAEL
% i3 forms.

- F AP F 4 * Primary Decomposition Theorem, % i # 12 #- linear operator #
v % B & ¥ Jg characteristic polynomial % p(x)¢ &85 ¢ linear operator, £ # p(x) 4

F[x] + & irreducible polynomial. #% i #-i% 3 d  p(x) 77 i §3; X (7 7| & & forms.

4.1. Diagonal From

B- &P AP i 8 o0 T-invariant subspace J1F, 51 473 0 eigenvalue 1 %
eigenvector, £ P #RE 3257 12 (B 7] diagonal form.

¥+t — B linear operator T:V —V, “,’TT 7 {0} 12 #h ) & i B ¢h T-invariant subspace p #&
4_dimension 5 1 0 T-invariant subspace. % U % T-invariant subspace ¥ dim(U) =1,
THEREVAOy 7 U :Span({v}). d U % T-invariant enE K, AP E T(v)eU =
Span({v}). »T}T\LPRﬁ FRAEF @1 T(v)=Av. A5 T T &,

Definition 4.1.1. 3% T:V —V % linear operator, # 3 2 A€ F 12 veV ® v#O0y
RET(V)=Av, BRI A 5 T - B eigenvalue, @ v & T - B eigenvector.

A E, HT eigenvector v A& R v #£ Oy, & 73 eigenvalue A AP T & & K A #0.
5 ﬂ}“ﬂ";}“ Oy 82 % & T(Oy) =A0y, &2 4 g iefd trivial 02, &7 £ Oy =
eigenvector. ¥ — * & & v£Oy B T(V)=0v=0y, 257 v 5 Ker(T) ehr~3%. #7u%E 0
% T e eigenvalue, % 7 Ker(T)#{Oy}, 7# ¥ T :V -V 7 &_one-to-one.
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Question 4.1. 3% V % finite dimensional vector space £ T :V —V % linear operator.
T AR § % en?

(1) T is an isomorphism (2) T is one-to-one (3) T is onto (4) 0 is not an eigenvalue of T.

£ 35 |- B linear operator 7 ¥%i: eigenvalue {v eigenvector, 4274 *+ #_ &35 T 3 ¥%
i eigenvalue, £ ] * &t eigenvalue #-H 4k o0 eigenvector 35 . F ABEZEE A i
T:V —V eheigenvalue, Bl 35 & v# Oy # 8 T(v) =Av, 7 Aid(v) —T(v) =O0y. ~ 1%{
# veKer(Aid—T), 7 Aid—T iz- % linear operator # &_isomorphism, 4] * Lemma
3.1.4 7= det(Aid—T) =0. 4ce F det(Aid—T)? whg- T, 7 L5 V eh— B ordered
basis B, £ & Aid—T $** B 5 representative matrix [Aid —T]g. & T & det(Aid—T) ,Tja—fy'\
det([Aid —T]g). #& @ & dim(V)=n, FI24 5

[Aid —T]g = [Aid]g — [T]g = Alid]g — [T]g = AL, — [T]p-

FlptF A€ F £.T - 1 eigenvalue, B det(Al, —[T]g) =0. * T &7 characteristic poly-

nomial & xr(x) = X7}, (x) = det(xl, — [T]g). ¥4, F A €F LT & & cigenvalue, P

xr(A)=0. F 2, % AeF % xr(x ):0 2. - 13, B] det(Aid—T) =0. %l:ﬁ Ad—T i&- B

linear operator # ¥_one-to-one, 7 T3 . veV ¥ V#OV #ET(v)=Av. FlRt A5
T2 5.

Proposition 4.1.2. B*% V i finite dimensional vector space ® T :V —V i linear
operator. Bl A €F 5 T ¢ eigenvalue % ® v&% xr(A)=0.

3 dim(V)=npF d 3 yp(x) €Fx] - BRBci nend BN, v & F ¢ Bk §
F3on B (F RS T3 R, T T W 3 S B oeigenvalue. A€ F L oxr(x) 0
-1, 8 (x—A) | xr(x). * x—A 5 Flx] 9 monic irreducible polynomial, #712 %& # xr(x)
& f& = monic irreducible polynomials 3k 4 xr(x) = p1(x) - pr(x)%*. B2 pi(x) ¥ = #
L- et JE;“,TkL.ifgff\l - I T ¢ eigenvalue. 2 P4 x—A + Z%éf“ﬁv‘ xr(x) g &> 3 &
AR, BN G T DKL

Definition 4.1.3. &% V % finite dimensional F-space, T :V —V % linear operator ¥ A
= T e— 1§ eigenvalue. AP Hx—A ¥ ﬁ'ﬂf xr(x) e B =% > 5 A 7 algebraic multiplicity.

Bt &, E xr(x) =pr(0) - pr(0)%, B P opi(x),...,pr(x) 5 4p 2 ¢ monic irreducible
polynomials ® pj(x) =x—A, B ¢; €_A 7 algebraic multiplicity.

Question 4.2. & T:V =V 5 linear operator ® dim(V)=n, B T & % 5 % > Bip R v

eigenvalue? »* PF* B eigenvalue 71 algebraic multiplicity % % ° ¢

FH I T 73 ¥ i 0 eigenvalue f, 34 T]":T‘.%? A g3 eigenvalue #7 ¥ €7 eigenvector
7. % A i eigenvalue, Wk £ ETF R L VAOy MR T(V)—Av=0y i+ % v 1*»&
eigenvalue 3 A &7 eigenvector. = )’T&{;fu eigenvalue % A 7 eigenvector ’T)LK Ker(T — Aid)

doezk Qp oL AR »g—*ﬁ@u'r £1 vector space.
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Definition 4.1.4. 3% T:V —V % linear operator * A % T &1— B eigenvalue. %
E,(T)=Ker(T —Aid) ={veV|T(v)=Av}.
2z & T #HRE* A 0 eigenspace £ dim(Ey(T)) #- % A 7 geometric multiplicity.

Bk veEEL(T), ¢ % T(T(V) =T(Av) =AT(v), &9 #@ T(v) € E;(T). 94 E5(T) 4-

# T-invariant subspace.

Question 4.3. iwic * Lemma 3.5.3 3P E,(T) % T-invariant subspace *5 ?

doie (8 3] Ep(T) »2? 22 5 £ 4% ordered basis B # 3| [T —Aid]g = [T]g — AL, i&— B
matrix, £ & [T]|g —Al, 9 null space N([T]g —Al,) ={x€ F" | ([T]g—Al,)-x=0}. £ {1* B
WN(Tlg—AlL,) ¢ h~3BRhw Ve hrd, ;’I&L{EA(T) sk, @2 dim(N([T]g—AlL)) =
dim(E, (T)) ﬁﬁ{l £ geometric multiplicity.

Example 4.1.5. % i T : My(F) = My(F) %% % T<“ b) <Z 2).{;@1‘42(1?);

b”!orderedbasisﬁ—((é 8),(8 (1)),( ) ( ) Bl T 3t B &0 repre-
0
0
0
1

sentative matrix &
[T]g =

S O =
(= e ]
S O = O

0
R xr(x) = 27, () = (x = 1)3(x+1). #2140 —1 5 T £ eigenvalue, T i 0 algebraic
multiplicity » % % 3 = 1.

& f T > 1 i eigenspace Ey(T), i L4 g N([T]g— 1), s = fele
0 O 0 0 X1 0 0 =0
0 -1 1 0 X2 _ 0 s B 47 —X2 +X3 =0
0 1 -1 0 o |7l o SRR T — 0
0 O 0 0 X4 0 0 =0

f218 N([T|p —1s) = {(x1,x2,%2,%4)" | x1,X2,x4 € F}. #v 1 £ geometric multiplicity = 3 ¥

x| X
EI(T):{< x; x2 ) | x1,%2,x4 € F}.

2, $30 —1 &0 eigenspace E_(T), & L4 g N([T]g— (—1)I), Tfam = fzle

2000 X1 0 21 =0
0110 n | [|o ) s = 0
0110 s |70 [0 TFEYE nin = o0
0 00 2 X4 0 2x4 =0
2% N([T]g — (=)L) = {(0,x2,—x2,0)" | xo € F}. %~ —1 £ geometric multiplicity 1 =
_q( O =
EI(T)—{< 0 >|x2€F}.

Algebraic multiplicity # 7 — Z_§ % ** geometric multiplicity, F“ H- B@E b
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Example 4.1.6. % g T:P(F)— P(F) % 5 T(ax+b) =bx, ¥ % g P(F) ¢ ordered

basis B = (x,1). &5 [T]g= ( 8 (1) ), & xr(x) =x> #1r2 0 £ T - ¢ eigenvalue

2 # algebraic multiplicity = 2. & & N([T]g —0L) = N([T]g) % < 8 (1) > : < Z > =
( 8 # b=0, ¥ N([T|g —0k) ={(a,0)' |a€ F}. # 0 1 geometric multplicity = 1 ®
Ey

(T)={ax|a€F}.

B2 X T - [ eigenvalue A ¢ algebraic multiplicity = geometric multiplicity 3 # i
P, A BT P2 FRMAM R A AP ]* Primary Decomposition Theorem % 3
. 41* Theorem 3.5.8 e 5L, B3k

pr (x) = pr()™ - pr(x)™ and - yr(x) = pr(x) - pr(x)®

2¥ pi(x),...,pr(x) % 4P £ 7 monic irreducible polynomials ¥ #]15 A i T = eigenvalue,
AL pi(x)=x—A. 4 Vi=Ker(p;(T)™), for i =1,...,k, B] Primary Decomposition
Theorem (Theorem 3.5.8) £ 7% i

=

,LLT‘Vi (X) = pi(x)mi and XTlvi (x) = pi(x)ci, Vi= 1, e ,k.
iRk pix) =x— A, A
Vi = Ker((T — Aid)*™) D Ker(T — Aid) = E; ().

d M4 A 9 geometric multiplicity dim(E) (7)) < dim(V;). ¥ - * &, €& ¢ 5 A
¢ algebraic multiplicity, @ ~ yr|, (x) = (x—A)", &= deg(xr),, (x)) =ci. F1& - # linear
operator £ characteristic polynomial 7 degree & #* operator #7 % 7 space 2. dimension,

& dim(Vy) = cp. T AP de dim(Ey (T)) <ep, @512 e %

Lemma 4.1.7. = V % finite dimensional F-space, T :V —V % linear operator ® A &

T - B eigenvalue, B A & algebraic multiplicity ~ *> %>t 2 geometric multiplicity.

% A AT cheigenvalue P, d ** E)(T) % ¥ 22 Oy eh~ %, & dim(Ey(T)) > 1, ~
)‘Il'u‘{?ru A 0 geometric multiplicity & = 3~ %3t 1. g PFE A 7 algebraic multiplicity #_
I, Fld Lemma 4.1.7 5= A ¢ algebraic multiplicity % **# geometric multiplicity (¥ A
geometric multiplicity %+ 1). #—- i35, # AP iz A ¢ algebraic multiplicity ¢ % %

H geometric multiplicity *27 G T kg %

Proposition 4.1.8. BX V % finite dimensional F-space, T :V —V 5 linear operator *
A & T en— B eigenvalue. B A 7 algebraic multiplicity % 332 geometric multiplicity %

e oA pp(x) i (x—A)2F ur(x).
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Proof. £ 3 % — i B, 3 tr(x) = p1 (0" -+ ()™ 113 r(x) = pr ()1 -+ e,
BY pi(x)=x—A4. * £ Vi =Ker((T —Aid)°™). & x—A | ur(x) © (x—2A)*fur(x), ¢+ ¥ 4
i omp =1, #&® V) =Ker(T—Aid) =E,(T). % & ¢ &~ dim(V}) % A & algebraic multiplicity,
@ & 2 & dim(E,(T)) 5 A 1 geometric multiplicity, ## & v P 4p % .

F ik, F A ¢ algebraic multiplicity %3t # geometric multiplicity, ¥ % 7= dim(V;) =
dim(Ey (7)), &8 V; = Ker(T —Aild). #oHEw, W E R veV, T(v)—Aid(v) =0y. &
2 A0 T—Add T4 & Vi + &~ B zero mapping, ¥ (T —Aid)|y, =Ty, — Aidly, = O
J- ,]*um;fu, %4 hx) :x—),, # W(T|y,)=0. Ftd Lemma 3.3.5 ¥ T|y, 7 minimal
polynomial Uz, (x) i}é_”f h(x) =x—A. #@ Theorem 3.5.8 £ FF# 1" up), (x) = (x—A)m,

S B m = 1. O

Fula BE xr(x) ¥ um >R Fix] ¢ - = FE Nk, T xr(x) =
pr(X)T ()%, B2 E - B opix) FE- X FAN x—A. FEEE- B A4 9 alge
braic multiplicity 4= geometric multiplicity % 4p %, B|d Proposition 4.1.8 %= ur(x) =
pi(x) - pr(x), F1 18 Vi=Ker(T — Aiid) = E, (T), Vi=1,...,k. F]2*d Primary Decomposi-
tion Theorem *+

V=E, (T)®-- '@Elk(T)-

» 7* e g3t Bi‘ \% 1* ¢ #_eigenspaces ¢ (internal) direct sum. ."] % & & eigenspace ® ¢z
Oy ~% ¥ % T ¢ eigenvector, 711 E, (T) ¥ iz - % basis §; % d T i eigenvector 7
o, X FV=E(T)®- - ®E,(T), Proposition 3.4.6 £ 21 SjU---US = V - &
basis, ,T*{Ffu V 3 - ! basis #.d T ¢ eigenvector #Ti . LK {vi,...,V,} & V en
‘ Y - A E),

- /2 basis, # ¢ v; 3 T & eigenvector ¥ H ¥} & ¢ eigenvalue % ¥ (iE4
4 g V e ordered basis B = (vi,...,V,). @ 975 i=1,....n, ¥ F T(v;) =%v, 3

P pE
I
" 0]
[T =
(0] Y

5 — B diagonal matrix (¥4 4B"%L). FptF T 2L T &K,

Definition 4.1.9. #3 V % finite dimensional F-space * T :V —V % linear operator.
F V 3 &- % basis £.d T & eigenvectors #rie=, BIF T % - B diagonalizable linear

operator.

Ay UTE [ el % R D %7— B linear operator . F 5 diagonalizable.

Theorem 4.1.10. 3% V % finite dimensional F-space ® T :V —V % linear operator.
Rl T E 5 o
)2

(1) T ¥~ ® diagonalizable linear operator.

(2) % . V 5 ordered basis B ® 7 [T]g = — & diagonal matriz.
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(3) T ¢ characteristic polynomial yp(x) ¥ 115 2 A &= Flx] ¢ - = § 78 ;% 2 k4,
2 T & - B eigenvalue £ algebraic multiplicity fv geometric multiplicity 4p % .

(4) T < minimal polynomial up(x) ¥ 14 % 2> & f&= F[x] ® 4p B ¢ monic - =% 5 38 ;¢

2 %k F.

Proof. # g e v (3)=(1) 2 (1)=(2), REHP 2)=4). BXR dm(V)=n2 B 3
V & ordered basis & ¥

il 0

[Tlg = "
o Y

% — 1 diagonal matrix. X Ar,.... 4 ¥ 2E {n,.... % ={ A, ., A&} “FHEIL )
T kA RE = REE () =X, (0) = (k=) (=) = (= AT (x— A,
He ¢;eN. @ d Theorem 3.3.7 (2 Theorem 3.3.9) = ur(x) = (x—A1)™ - (x — A)™,
He meN Y g h(x)=(x—A1) - (x—A), ¢ Lemma 3.2.1 {7

h([T]g) = ([Tlp —Mdn) -+ ([T]g — Aidn)
n—A 0] N — M (0]

o T —M o Yo — Ak
n—24)(n—4) o

Y (T =21) - (= A)
BaE Byt ahA, =1k @@ p=A), &@ W(T]p) =0, =% W(T)=0.
d Lemma 3.3.5 # ur(x) | h(x), ##& pur(x) =h(x)=x—2A1) - (x—A), 7* ¥ T &7 minimal
polynomial pr(x) ¥ 4% 24 fE= Flx] ¢ 4 £ 9 monic — =% % 38 ;2 #.
BRUEAPEED 4)=0). B urx)=0—-24)-(x—-A), B¢ LEF * ¥ 3.
Theorem 3.3.7, % xr(x) = (x — A1) - (x = )% ¢ ¢;eN, XT( ) TR RS F[x]
- S SN2 k. ARA AL A 5 T e0¥0F eigenvalues, T 3N E - B i=1,...k
3 (x—A) | ur(x) © (x—A4)?tur(x). % Proposition 4.1.8 2 32 i & § A; 1 algebraic
multiplicity f= geometric multiplicity % 48 % . & * T32. O

Question 4.4. B3}k dim(V)=n, T:V =V i linear operator. % T 7 n B4p R
eigenvalue, Bl T E_F 5 diagonalizable?

Question 4.5. Example 4.1.5 fv Example 4.1.6 ¢ %~ & T &_ diagonalizable?

B2 R R %_3 linear operator, #\ 7% & 35 33 iz &t |4 %‘ri—‘%%? nxn 3% Wy G Ap e

VS
F
B3R AE AEM,(F), 2 F 973} o eigenvalue 17 % eigenvector.

Definition 4.1.11. X AEM,(F). F5® AEF M2 XEF" ¥ x#0 # # A-x=Ax,
e

I A 5 A - B eigenvalue, @ X & T - 1 eigenvector.
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7T kqI* A > characteristic polynomial xa(x) * ¥ 3| A 0 eigenvalues A 12 2
N(A—AL) *{EF 3] A fp >+ A i eigenvector, :B 3 B >* eigenvalue £ algebraic multiplicity
Fr geometric multiplicity, ... & {25, n’rei}m {3 4.

Question 4.6. = A€ M,(F), L % A 1 eigenvalue, i%ic T_& A 7 algebraic multiplicity
fe geometric multiplicity *% ¢ e B 4 A ¥t Lemma 4.1.7 ™2 % Proposition 4.1.6 1
TILeE ¢

e ¥ g & 3 diagonalizable matrix 4o .

Definition 4.1.12. B& A€ M,(F). %15 t— 2 F" basis .4 A 1 eigenvectors #7182
PRI A 5 - B diagonalizable matrix.

24 5 4ol Theorem 4.1.10 %7 A £ F % diagonalizable eh% f§ = 2. F] 5 &P J’T‘L
4rf linear operator &35, 4 7]’“)7-*-;Z L E4.

Theorem 4.1.13. BEX A€ M,(F). BT &5 .
(1) A - % diagonalizable matriz.
(2) % & PEM,(F) % invertible i 8 P~'-A-P % - % diagonal matriz.
(3) xalx) P MR 2AfEX Flx] » eh- = 52 % ff, ¥ A = - B eigenvalue 0
algebraic multiplicity = geometric multiplicity 1p % .

(4) pa(x) ¥ 1= 2L fES Flx| ¢ 48R 9 monic — = % 3858 2 f .

% A % diagonalizable, Theorem 4.1.13 (2) ¥ P~!.A.P i#- i diagonal matrix ,T*u?fﬁ-;
A &1 diagonal form. R P IFLEP - TooR 5 F] P # A v 5 diagonal form. B
n o
Pl AP=D= _
o 12
24 PEeF" % P ei-th column. # & #%# £3 BAEL PR H i-th column &= j2, 2
3 A-P ii-th column Z A-P, & P-D ¢ i-th column z ¥%pP, T fl* A-P=P-D %
A-P.=AP, » ij‘%{;ru P &1 i-th column P iﬁ{— % eigenvalue % 7 €7 eigenvector. )t
7 ¥ & #- B diagonalizable matrix A 7 eigenvectors #T = F" i1— % basis, R "8 B —
B column -  column # » , #717 &7 invertible matrix P, ﬁ.l—.;{? MHE-A A S fjfu{;m
Pl AP A - B A
B is AP 5 @3 B diagonalizable matrices, #-H it = diagonal form B‘I&‘»? PN o

HEE 5 similar. 5 A% # % A & diagonalizable, * B~A, | B % & diagonalizable. iz
¥ _F) L B3k P % invertible ¥ P71 A.P =D % diagonal matrix. 9 7 & Q 3 invertible

#B=0"A.0 7

@ "-P)B(QP)=(P Q) (0" 4-0) (@7 -P)=P""-A-P=D.
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x 7 Q~'.P % invertible ¥ B % diagonalizable.

¥ - > m % AB % 5 diagonalizable, # A~ B, % 77 v ¥ 3 48 F ¢ characteristic poly-
nomial, F|* 5 48 I ¢ eigenvalues * A fr B o — i elgenvalue 1 algebraic multiplicity '#
ApE. m =& - B eigenvalue £ algebraic multiplicity * % # geometric multiplicity, #714
#- A,B it L diagonal form 1 Fr - B eigenvalue # 2 At & R hA B, F 2,
%% A,B i- 5 diagonal form {4 F — B ecigenvalue # 2 A ¥t & M P ch=tHcfp b, £ 7 ¥
diagonal form ¥+ & &= ¥ 3§ 4 3 # {5, @ B diagonal form € 4p%. Ko HEMTE T # ¥
A_#- eigenvector #73 = i1 ordered basis g § £ AT B (Gl4o®- (i,i)-th entry {v (j,/)-th
entry I # F -k k& P & i-th column fv j-th column 3 %), #7121 {5+ A ~ B.

4.2. Triangular Form

4 linear operator T =7 characteristic polynomial ¥ % 2 4 f% =8 — =t ¢7 monic polyno-
mials hk P, T % - %_4_diagonalizable. i&— & @ i B45 3¢ g T 7 00 it
= E ke 50

AR AEP AP BER ) PHUR2AES - ZDFE N R (T o) =
(x=A) - (x— lk)"k). T B EXF V over e field F 4_ algebraically closed (#]4r F = C)
FEpARE =2 I Prlmary Decomposition Theorem, # i 2k T 7 minimal polynomial
5 our(x ):(x— .4 ,T*u{?ru (T —Aid)°" = O.

% — 1 linear operator T:V =V & L T" =0, P fL2 5 nilpotent, @ & | chl F#c
m & @ T°" =0, § % i&# nilpotent operator 7 index. ] % 3% i BE3X T —Aid % nilpotent
2 index & m. VPR WHE 3T nilpotent operator e E

%3 - B linear operator T:V —V. & veIm(T%), 24 73t ueV # & v="TC(u),
F g i>2 AP v=T"1(T(u) € Im(T° ). #r2A§0 p 24 2T ¢h chain of
subspaces

VOIm(T) 2 Im(T°?) D - DIm(T°" 1) DIm(T*) D ---.

#Fwin, § T 5 nilpotent of index m, 2% * 5 T {535,

Lemma 4.2.1. &3X dim(V) >0, & T % nilpotent operator of index m, R34 5 T i

chain of subspaces.

V2Im(T) 2 Im(7) 2 --- 2 Im(T° 1) 2 Im(T) 2 --- 2 Im(T"~") 2 Im(T°") = {Ov }.

Proof. 7 P Im(T"" 1)DIrn(T"’") {Oy}. 15 TO"=0, "z veV, T"(v)=
Oy, #71 Im(TOm) ={0y}. ¥- 25, % Im(T>" ") =Im(T°") = {0y}, Rl %7 T°" ! =0,
BB om G o]l BHR B T =0 4pF F, e Im(T°"") £ Im(T°).

2T kA PP VDIm( ), #Im(T)=V, 2 7HEZZ veV ¥ FhveV i#F
v=T(v}). @ i€V, &B eV ## v=T(v) =T%v2), ¥ V:Im(Toz). G gt
T4, AP T R V:Im(TO’) VieN. F1V#{Oy}, »* & T % nilpotent 4p4 7, #=4v
V #Im(T).
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PO, f 1<i<m—2, FIf3 475 veIm(T““) dHhucV i@ v:T°f+1(u) =
T(T(u)). 3% Im(T°) =Im(T°*Y), pld T (u) € Im(T°) =Im(T°*!) v 3 e weV i@ @
7o () = 77 (w). 7 %y = T(T°(w) = T°72(w) € In(T°*2), @3 Im(T°'*!) = Im(7°/*2).
dopt - BT €3 Im(TO" ) = Im(T°™), o 225 & #718 Im(TO’” D) #Im(T") 84 F, &
G Im(T°) # Im(T°), 9% 4 52 O

ETAAPRP E dm(V)=n 2 T:V —V 5 nilpotent operator of index m, 4riw #-H

)=
i % triangular form. F %% 2~ Im(7°"!) ¢ ordered basis (vi,..., Vg, ), L & 2t PF P}
T(V,‘) S Im(Tom) = {Ov}, =
T(V,‘) :Ov,Vi: 1,...,k1.
BES Vil Vit B8 (Ve Vi, Vh) & Im(T"2) &1 ordered basis. v p 24 i
2

f
T(v;) € Im(T°""') = Span({vy,..., v, }),Vi=ki +1,... ks,

@ 2 1% ordered basis (Vi,..., V..., Viy) #TH# Tljp(ron-2) €7 representative matrix &

Ok, *
Ot ks Oyt oty )

BP0 275 ixjIEanREE a Lt hhx S Bk xk—k PRt e BT
e r Vit Vig 8 (VI Vi Vig, ey Vi) B Im(T"73) 9 ordered basis. 4 pF 2
(Al
) .
T(v;) € Im(T°" ") = Span({V1,...,Vi,s---, Vi }), Vi=ka+ 1,... k3,

@ 2 1% ordered basis (Vi,...,Vi,. - s Vig, .o, Vig) #THF T|Im(Tom73) £ representative matrix
Okl,kl * *
Ot —kiki Oky—ty oy *

Ok—to ki Oks—todo—t1  Ols—kabs—ky
- 272 APT ED Im(T) o ordered basis (vi,...,v, ), B ¥ j=1,....m—1

)

¥ F (Vi,...,vk,) & Im(T°"77) &0 ordered basis ®
T(v;) € Im(T°"U=Y) = Span({vi,..., v, , }), Vi=kj_1 + L,....k;.
Bofsde » {vi, 415, V) 8 (Vi,..,Vk, s...,Vn) & V 5 ordered basis, # pF

T(v;) € Im(T) = Span({vy,..., Vg, ,}),Vi=kn_1+1,... kg,

@m 2 4] * ordered basis (vq,....V .., V) #1718 T &9 representative matrix &
1 s Yk 19 sy ¥n

O x x
. T *
O 0 O
- BEL I &R Y 5 00 upper triangular matrix (F = & 4B, AP g 0T Gk

*.
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Proposition 4.2.2. 3% V % finite dimensional F-space £ T :V —V % linear operator.
Rl T % mnilpotent & £ *& 3% 3% & V 0 ordered basis B 1 17 [T]g & upper triangular matriz
o (Tl et st 5 0.

Proof. 4 # & dnt#ha i 2 T 3 nilpotent 7% & V 7 ordered basis B # @ [T|g &
upper triangular matrix * H ¥t & &% 5 0. £ 2, # [T]g = upper triangular matrix ¥
H¥td s 4 0, A XT(X) = X[T]ﬁ(x) =x" (_‘E‘_ ¥Popn= dlm( ))7 i T"=0, F&% T %

nilpotent. -
Question 4.7. & V i finite dimensional F-space ®* T :V —V 5 nilpotent operator of
index m, Bl xr(x) & @2~ up(x) & @ ?

w g — T, %3t linear operator T:V =V, &4 3| Im(T), & 7 124 * V & ordered
basis B, # # I representative matrix [T] g+ F [T g ¢ column space C ([T] [3) (35 i

C(A) # 1 %" A 7 column space). # ¥ #- column space 77~ % * TE‘I BRFV i,

,T*u;ft' | Im(T) er~% 7. R T]“'fg i 4 upper triangular matrix i)+

Example 4.2.3. ¥ J& linear operator T : P»(R) — P»(R), %% 5 T(ax>+bx+c) = (c—a)x*+

-1 0 1
cx+(c—a). #% & P(R) 1 ordered basis f = (x*,x,1), &3 [T]jg=| 0 0 1 |, #
-1 0 1
0 00
xr(x) =x3. x [T]f3 = -1 0 1 | & ur(x)=x>, % T % nilpotent of index 3. 7] [T]lz3
0 00

¢ column space & Span({(0,1,0)'}), 2% ¥ Im(7T°%) = Span({x}). F = d
space, ¥ & Im(T) = Span({x,x> + 1}). & 7] x> ¢ Im(T), & 7 ¥ 12 ¥ & P»(R) 1 ordered
basis B’ = (x,x> + 1,x%). ]

T(x)=0,T(x*+1) = 1x4+0(x>+1) +0x?, T (x*) = Ox+ (—1) (x> + 1) + 0x?

[T]p =7 column

01 O
#[Tlp=1 0 0 —1 | i&— & diagonal ¥ % 0 5 upper triangular matrix.
00 O
F B w B T ¢ minimal polynomial B Ur(x) = (x—A)" A, e T—A1d &
nilpotent #7142 ¢ Proposition 4.2.2 473 % ordered basis B #& # [T —A4id]g =U = - B
diagonal '# 5 0 7 upper triangular matrix
0 =*= =
U= e %
0 --- 0

Ao dim(V)=n, F] [T —Aid]g = [T]g — ALy, #= ¥ [T|g =AL+U, = - & diagonal % 5 A
£ upper triangular matrix
Aox %
AL +U =

*

O‘./l
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Theorem 4.2.4. B3& V % finite dimensional F-space. & T :V —V % linear operator H

characteristic polynomial %
xr(x) = (x=2A1)" - (= A%,

HY A, 5 F ¥ 4R ennd ) PIF &V e ordered basis B ¢ 1%

7], = Ay O
B O 4 ;

HeP BB A 5 X FEe upper triangular matrix
)Li * ES
’ *

o .

Proof. ¥ Theorem 3.3.9 %75 e m; <¢; & 7 ur(x) = (x—A1)™ -+ (x—A)™, #&d Primary
Decomposition Theorem, 3 40 V =V ®--- @V, B ¢ V; =Ker((T —A;id)™) = ug), (x) =
(x—A)™. # T|y,—Aid|y, % nilpotent, # 4] * Proposition 4.2.2, P 4ei & B 5 Vi 0

ordered basis, i (¥ [T|y]g = A; &k ¢ x¢; I¥ & upper triangular matrix. #&#- f,..., B
& B 735 V e ordered basis B, ¥ 1 [T]ﬁ % #1& &0 triangular matrix. O

Theorem 4.2.4 £ 273V i § T ¢ characteristic polynomial ¥ % > 4 f&= Flx] » - =

SRk AR, 82X T 7 4c 7 v (v & diagonal form 7 - 2 ¥ 14 it & triangular form.
# ¥ 340 kg linear operator 48 ¥ /& ¥ n x n matrix %%,

Theorem 4.2.5. X A€M, (F) * 2 characteristic polynomial 4= minimal polynomial »

v

] &
2a(x) = (x—= A1) (0= )%, pa(x) = (0= A)"™ -0 (0 — Ag)™

2P AL, A 5 F ¢ R a3, B & dnvertible matriz P # 18

PlAP= Al O
O a ]

He X B A 5 cixc FF upper triangular matriz
)Ll' * *

*

O'Ai

Bk Ac Mn(F) By XA(X) = (x—?L])C' ---(X—kk)ck, HA(X) = (x—?Ll)m‘ (x—/lk)mk. EA
W e ie 45 7 invertible matrix M @ ¥ M~!'-A-M % upper triangular matrix. AL
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41 * Chapter 3 primary decomposition 33 ;% 35 ¥| invertible matrix P & ¥ P~1.A-P %

block diagonal matrix

A O
O m A

BFLRF - B ¢ xXc matrix A;. F15 pa,(x) = (x—A4)™, A; — A1, € nilpotent of index
m;, 3 ¥ 2] % Proposition 4.2.2 77 2 g A4S (A; — XI)™~ 1 column space fh—
basis (#* % 4p %1% Proposition 4.2.2 ¢ Im(7°"~!) 5 basis), 2kt 45 % & (A; — AL,)" 2 ¢h
column space #— % basis, i#—- 2 T2 B IIHF X = FY - 2 basis. F £ i& % basis
1 column by column i& B % = &7 ¢; X ¢; 7 matrix 5 Q;, B3V 3 Qi_1 -A;-Q; % upper
triangular matrix. & {é #-iz¥ Q; # diagonal ehiz ¥ & B x>, %2 = nXxn & invertible

matrix
01 O
O Ok
g im

(POt A(P-Q)=07"(PT1AP)O=

% upper triangular matrix . g 00T G5

Example 4.2.6. 7% Example 3.5.10 ¢ 2 4 & 5 x5 matrix

2 1 1 1 0
1 4 2 2 1
A= -1 -2 0 -1 -1
0O o0 o0 1 1
0O -1 -1 -1 0

i palx)=pa(x) =(x—173x—2)? 2 Q] # 2 24 &+ - = 5 H N ehaffh, A7 455
invertible matrix M € Ms(Q) # ¥ M~'-A-M % upper triangular matrix.

% Example 3.5.10 » 2 e 35 3] Pe Ms(Q) # A i* 5 block diagonal matrix.

0 -1 -1 0 0
1 1 00 0
pltapr=[0 1 20 0
0 0 01 —1
0O 0 01 3
NN EAN A
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it % triangular forms. %] pup(x) = (x—1)3, ¥ & B— 1 i&— # nilpotent matrix. 2% i 7

-1 -1 -1
B—1I;= 1 0 0], B=EB?’=| -1 -1 -1
11

d Proposition 4.2.2 €17 j# § £ (B—h)? &1 column space 1 basis, #¢ 38 w; = (0,—1,1)",
£ 4t > B—1I3 0 column space 7% wy i ¥ {w;,wa} 5 B—1I; ¢ column space £ basis,
BAAPE wy=(—1,1,00" R4 r w3eQ & EF {w,wo, w3} & 5 Q3 ¢ basis, 2

Ul

F P wy = (0,0,1)'. S PFF G BW| =W, BW) = Wi + W2, BW3 = W + Wy + W3, (<F

0 -1 0 1 1 1
o= -1 1 0 |, Bl Qfl ‘B-O1=10 1 1 % upper triangular matrix.
1 0 1 0 0 1
¥ 28 % pc(x) = (x—2)2, 214 B C—2L i&— B nilpotent matrix. F C—2h =
( _1 _i > APE u = ( _1 ) % C—20 ¢ basis, £ 4c}t uy= ( é ) ® @ {u,um)

. , . e -1 1 _
% Q7% th basis. P Cu; =2u;, Cup =u; + 2wy, <% £ sz( | 0>,E“J QZI’C'QZZ

2 1 . . . . v o . .
( 0 2 > % upper triangular matrix. & # 01,0, & # 5 5x5 ¢ invertible matrix

SO = O O

0
0
0
1
1

S = O O O

1
1
0
0
0

SO = = O

¥ ¥ upper triagular matrix

(PO A (P-Q)=07" (P AP) 0=

SO OO =
S OO = =
SN O OO
N = O OO

O O = = -

% T §_diagonalizable, 2% 9% 12§ # %t & (v §Tes 20 o 48 T w4 # V ineigenvectors
N Y % o
#:2 4 ¢4 ordered basis B # [T]p = wF (T = |

Y

0 T 0 T
T # ic it % diagonal form PF, #* 7 # 4] * trianbular form & § esz+ 5 T°.

B ARV B & T-invariant subspaces 7 direct sum V=V, @---®V,. d * EF veV,
‘FK? Mr¥E- B X v=v 4+ v, B¢ v;eV; (Proposition 3.4.6). ¥ 3 hi=1,...,k,
AP ¥ ¥ & - B linear operator m;:V =V, ® 2 & & m(v) =v;. ¢ linear operator #
% the projection to V; with respect to the direct sum V =V, @®--- DV, ik T_& N o
FHE»?TF oveV, ¥ 3 m(v)=v. ¥ - 3 a5 d 3V, I T-invariant, $#* veV;, A3
T(v)eVi. FIrHEH?EZZ veV, #28X v=v+-Fwv, B¢ v,eV, B T(m(v)) =T(v),
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A m(T(v) =m(T(vi)+---+T(w))=T(v;). Bz

Tom=moT,Vi=1,...,k. (4.1)

Theorem 4.2.7. B3& V i finite dimensional F-space. % T :V —V % linear operator &
minimal polynomial %

pr(x) = (x—2A)™" - (o = )™
HY A,...,.k 2 FPApR a2 R T=Tp+Ty B ® Tp % diagonalizable, Ty % nilpotent

of index m = max{my,....mi}, @ & TpoTy=TyoTp.

Proof. % J& Primary Decomposition V=V, &---&V,, £ ¢ V;=Ker((T — 4id)™™), = £
m;:V —V % the projection to V; with respect to the direct sum V=V, ®---®dVi. ¥ g V
e linear operator Ip = Ay + -+ 4. FIHEZL vieVi, ¥ 3 Tp(vi) =Av;, #T0EF - &
V; ¢ basis, ¥ 4 Tp #1 eigenvectors #ri . z&d V % V...,V & direct sum, &8 V; &0
basis ¥ 2= V &1 basis. » ;’I*u{?ru V § — % basis ¥ d Tp ¢ eigenvectors *73 =, & Tp
% diagonalizable.

4L In=T—Tp % V i linear operator. FIHZ & v, €V, Ty(vi) =T (vi) —Tp(vi) =
T(vi) = Avi €V, & V; % & Ty-invariant. * & 4w pp, (x) = (x—=24)™, * m; L]
T fFEi (T —4id)™ (vi) = Oy, Vv; €V, &4 ugy, (x) =x™. f1* Lemma 3.5.6 4=
Uz, (x) =lem(x™ ... xX"™) =x" B ¥ m=max{m,...,m}, #% Ty 5 nilpotent of index m.

B F A

TDOT:(l]TL’]+"'+lk7rk)oT:;Ll(7T1OT)—!—-'-—i-)Lk(EkOT),

ToTp=M(Tom)+ -+ ((Tom)=TpoT.
5 5
TpoTy=Tpo(T —Tp) =TpoT —TpoTp=ToTp—~TpoTp = (T —Tp)oTp=TyoIp.
]

Question 4.8. 4 g Theorem 4.2.4 © i ordered basis B, ¥ [T)|g % wupper triangular

matriz, P'| Theorem 4.2.7 ¥ &1 Tp, Ty £ 4+ B 0 representative matriz [Tplg, [Tvlp & & # ¢
Question 4.9. =i §1* Theorem 4.2.7, &M % T 1 minimal polynomial ur(x) ¥ 12 % >
A f2% Flx] ¢ 4p 8 ¢ monic — = $ 2 %4, Bl T % diagonalizable?
d Theorem 4.2.7, 2 {7 if & §1* triangular form %3*% T° 7. d TpoTy=TyoTp, ¥
T = (Tp+1Ty)o(Tp+Ty) = Tp> +TpoTy +TyoTp+ Ty = Tp°> +2Tpo Ty + Ty 2.

Sl BB G T T s SR

i .
Toi _ Z <l> TDoifjo TNOJ-
J

=0
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4 % Tp % diagonalizable #8 i {x% % 3* ¥ Tp°/, @ Ty % nilpotent of index m, 2% ¥ 5if &
J=m, Ty =0. #1105 8~ B Tes st T ek

B {4 i j\—”g Theorem 4.2.7 4p ¥ B et 6975 58,

Corollary 4.2.8. B3k A€ M,(F) & & characteristic polynomial 4= minimal polynomial
AR ]

Ha(x) = (x=A) o (0= )%, pa(x) = (x—Ap)"™ - (x = Ae)™
HY AL,.... M 5 F ¢ pBeha 2. B3 & invertible matric P # % P"'-A-P=D+N,
H ¢ D i diagonal matriz, N % nilpotent matriz % . D-N=N-D * N"=0, m =

max{my,...,my}.

fo linear operator iffiwip . % A v & triangular form P~'-A-P=D+N, ¢ **
D-N=N-D, 3 4

i .
PlalP=Y (’,)DU-N/'.
=0 \J

Flpt R - R AP A R
4.3. Jordan Form

#sprl v 5 Triangular form # 72 % 5 A P L 478 B 8 F 5 similar. 2% 0 3-pag
{ 4# e ordered basis #-H it % #73} ¢ Jordan form. * & ¢ NP BIER yr(x) ¥ 4R A
fEs - e F IR A (T xr(x) = (=)D (e — A)%). B R e i R34 nilpotent
A5,

¥+~ 1 linear operator T:V — V. i&— F AP 4Ed T,7°2,... i kernel B chbf 4. &
v € Ker(T%), % 7= T°(v) = Oy, & @ T (v) =T(T°(v)) =O0y. #r 8§ p 2% 12T e

chain of subspaces
{0y} CKer(T) C Ker(T%) C --- C Ker(T* ') C Ker(T*) C --- .
Frwleh § T 5 nilpotent of index m, # 7§ Ker(T°) #Ker(T*), Vi=1,...,m—1.

Lemma 4.3.1. X dim(V) >0, & T % nilpotent operator of index m, B3\ 11T en

chain of subspaces.

{0y} C Ker(T) C Ker(T?) C --- C Ker(T* ') C Ker(T*) C --- C Ker(T°" ") C Ker(T°™) = V.

Proof. % £ Ker(T*" ') CKer(T°")=V. Fi T" =0, = FHEd veV, T"(v) =
Oy, #t7 Ker(T°")=V. ¥ - 3 &, % Ker(T*" ') =Ker(T°") =V, Rl &7 T" 1 =0, pt &
m i Eo el B F T =0 4pd f, #eav Ker(To" 1) #£ Ker(T°™).

BT hAPEp {Oy) CKer(T). i veV % Oy =T(v) =T(T" (v)) #
T 1(v) € Ker(T). 3% Ker(T)={O0y}, PRIz & veV ¢ & &L T"1(v)=0y & {73
To" ' =0 24 'f, &4 Ker(T) # {Oy}.
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P, § 1<i<m—2 F$®d veV §§ Oy =T"(v) = 7o (1ol (y)),
7o+ (y) € Ker(T°H!). % Ker(T%) = Ker(T°*!), pld 17"+ (y) € Ker(T%) 2
Oy =TT HD(v) =T (v). Rl g AfER veV ¢ 32, &@H T ' =0 27
%, % Ker(T°) # Ker(T°). O

B i>2, % vi,...,v € Ker(T°!) % linearly independent *
Span(vy,...,vs) NKer(T°) = {Oy},
B T(v1),...,T(vy) € Ker(T®) 7 % linearly independent. ¥ 4 * %
nT(vi)+--+rT(vs) = Oy,

Pld T(rivi+--+revg) =0y & rpvi+--+ryvg € Ker(T) C Ker(T%). #4d Span(vy,...,vs)N
Ker(T°) = {Oy} 2 B ® rivi+---+rvs=0y, £ 4 vi,...,vy 5 linearly independent
’TFV

<+

ri=--=r;=0, 8% T(v1),...,T(vs) 5 linearly independent. ¥ ¢} # i, +
Span(T(vy),...,T(vy)) NKer(T*"!) = {Oy}.
BEFLE v=nT(v)+-+rT(v) € Ker(T 1), Bl
Oy =T (T (vi)+--+rT(V5)) = T (rivi + - +ryvy),
I r1vi 4+ rgvg € Span(vy,...,vo)NKer(T*) ={O0y}. £ ¢ vy,...,vs % linearly independent

4 — S B _ R Ry
Hr=-=r=0#&Fv=0y. 235 1T 25H.

Lemma 4.3.2. 3% T:V —V 5 linear operator. % i>2 P, & vy,...,vs € Ker(T°H!) %
linearly independent ® Span(vy,...,vs) NKer(T*) = {0y}, Bl T(vy),...,T(vy) € Ker(T*) %
linearly independent ¥ Span(T(vy),...,T(vy)) NKer(T°~!) = {Oy}.

Fuly EV i finite dimensional F-space, P

dim(Ker(7°*1)) — dim(Ker(7°)) < dim(Ker(T°')) — dim(Ker(T°~1)). (4.2)

Proof. & P & #|& %m0 3 (4.2). B& {uy,...u} 5 Ker(T°') - & basis, #-2 4+ &
{ag,...u,wi,...,w;} & 2 5 Ker(T%) ¢h—- 2 basis. £ #* & {u,...u,Wi,...,W;,vi,...,V}
2. 5 Ker(TF') eh— % basis. & @ vy,...,vs € Ker(T!) % linearly independent
2 Span(vy,...,vs)NKer(T%) = {Oy}. & % & &% 5 T(vy),...,T(vy) € Ker(T*) 3 linearly
independent ¥ Span(7(vy),...,T(vy))NKer(T°~ 1) ={0y}. & {uy,...u,,T(v1),...,T(vs)} &
Ker(7°") # ¢ linearly independent set. 4 ¢t +s < dim(Ker(7T%)) =t+1, 7 ¥

dim(Ker(TOiJrl)) — dim(Ker(Toi)) =s<l[= dim(Ker(TOi)) _ dim(Ker(T""*I)),

=T kAP AP w3 Jordan form, X £ P 4o 3] Jordan form.
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Definition 4.3.3. %2 A € F, 3" 1 x 1 matrix (1) ™ % 4T 3538 1 { F F¥ square matrix

A 0 O -+ 0 O
1 2 0 -~ 0 0
0O 1 2 0 0
O -~ 0 1 A O
o 0 -~ 0 1 A

4 R AGRE LA (i0)-thentry 5 A, @ HEMRT 2 B ¥ (i -thentry 5 1, 8 =
By s 0L, NP AL elementary Jordan matriz associated with A. @ d associated

with A 7 elementary Jordan matrices 7% = 7 block diagonal matrix, ¥

n 0
O
Y & J; ¥ % elementary Jordan matrix associated with A, £ % Jordan block matriz

associated with A.

AR F & F A elementary Jordan matrix (hE & 1 B ARG 3 (T (i+1) D

= %), ¥ ¥ & ¥ ordered basis "E B w {5 ¥}, F I RieS AEL L similar.

Question 4.10. X T:V —V i linear operator ® B = (Vi,V2,...,,Vy1,Vy) & V N
ordered basis. ¥ [T)g & elementary Jordan matriz associated with A, % Jg ordered basis

B’ = (Y, Va-1,-..,V2,v1), Bl [Tl % # #8755% ¢ matriz?

% T k2N PSP nilpotent linear operator ‘¥ ¥ 35 ¥| ordered basis ¢ H representative

matrix i Jordan block matrix associated with 0.

Proposition 4.3.4. B33& V % finite dimensional F-space. % T :V —V & - B nilpotent
2E

linear operator of index m, R| 3 . V 7 ordered basis B # 1% [T|g & Jordan block matriz

associated with 0.

Proof. £ S; 5 Ker(T) - & basis, #-2 4%~ 5 Ker(T°?) h— % basis S, - £ T4 & 3|
B3 Sy, 5 Ker(T") =V ¢- % basis. ~ ,*T*u{ﬁué i=1,....m & S; 5 Ker(T%) ¢ basis
(AR Lemma4.3.1 £23#FAPF i=2,....m P Si.1CS). ¥ i {Vi,..., Vi, } =Sm \Sm—1 i
e linear independent subset (v # .3 # &). Corollary 1.4.4 £ 2734 i Span({vi,...,vg })
fe Span(S,,_1) = Ker(T°" ) th2 & % {Oy} %4 Lemma 4.3.2 & {T(vy),...,T(vx,)} %
Ker(T°"~1) ¢ & linearly independent set ® Span({T(vy),...,T(vk,)}) NKer(T°"2) = {0y},
#f1* Corollary 1.4.4 5 {T(v1),...,T(vt,)}USu—2 5 Ker(T°"~!) # ¢ linearly independent
set. & {T(v1),...,T(Vi,)}USp_2 7 5 Ker(T°"!) & spanning set, B v ifu{Ker(Tom_l) !
- % basis. @ % {T(v1),...,T(Vi,)} USm_2 # &_Ker(T" ) &1 spanning set, B3 ¥ %
Ker(T°"~ 1) @ B~ v 0q,..., v, &

{T(Vl),...,T(Vkl),Vkl_H,...,sz}USmfz
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% Ker(T"!) ¢ th- % basis. + 7* HAPEEL Sy 1\ Sy *
{T(V]),...,T(Vkl),Vkl+1,...,Vk2}

Bt RV, Vi T (V) T (Vi )y Vi1 -3 Vi FUSm—2 17 5 Ker(T") =V - &
basis.

2T kY BB Sm—l\Sm—Z gl £ {T(Vl),...,T(Vkl),Vkl_H,...,sz}. £ :'K’f‘J’* Lemma
4.3.2, & i se {T2(vq),...,T?(vi, ), T (Vi 11)s -, T(Viy)) } US55 Ker(T"2) ¥ ¢ linearly

independent set. #712 £ e » Ker(T°""2) ¥ cha % Vig+1y---,Vig 18 17
{T°2(v1), ., T (Vi) ), T (Vg 1)+ T (Vi )y Vg 1 -+ Vis } U Si3
% Ker(T°"=2) ¢ basis. » ifu{;mff\ P Sy 2 \Sm3 H&*
{T°2(v1),. o s T2 (Vi) ), T (Vi s 1) o T (Vi) Vg 1 -+ Vi }

it pk-E TR B HE mg._,i}q-\ﬂi—ﬁ’w* Siv1\S; g & S/Jrl s T 3 T(S;Jrl) T B A
Ker(T°') ¢ linearly independent set, £ 4c » Ker(T) ¢ eh% f & SV & (7 T(S.,)US/ US|
5 Ker(T®) ¢ basis. a‘%%‘*ﬁ&{ﬂ& Si/Sic1 * S;=T(S; )US] B~k A T Bl & k&5

Sy \ Sm—1 Vi, Vg
St \ Sz ~ T(vi)se s T(Viy)s Vi +1see s Vig
Sm—2\Sm—3 ~ T (V1),..., T2 (vg)), T(Vig+1)s--+: T (Viy)s Vig 1o s Vig
Si ~ T (1), T () T 2 (k1) T 2 (Vg )y T 3 (Vi) n T3 (Vg )y o Tk p1)seon Tk )5 Vi 415-- 05

Bofs o BH R LIRS\ S 7t

Tom—2(V1)7 .. .,Tom_z(Vkl),Tom_3(Vkl+1), ey Tom—S(sz)’ ceny

T(vkm—3+1)7 tr T(Vkm—Z)’vkn1—2+l ’c ’vkm—l

o T, {83 Ker(T) ¥ ¢ linearly independent set

{Tom—l (Vl)a e Tom—1 (qu )7 Tom_z(VkH_]), ceey Tom_z(sz)a ERER)
Toz(vkm73+l)v ceey TO2(Vkm—2)7 T(Vkm72+1)7 T T(Vkm*I >}

£ 4o~ Ker(T) ® 0% v, 41,...,Vk, & 2 %5 Ker(T) e basis. #7121 & Bl % b {8 -
% row ﬁﬂi%?{ﬁxﬁ Sy eh=~ %, 7 Ker(T) ¢ basis. #2825 §;\§) g L‘E%%&ﬁ‘&
Pk S, cha%, % Ker(T°?) ¢h basis. B4 ¢ Bk §;\S; ) h78— B row 2 H 2T
L row tha % 5 e Ker(T%) ¢ basis. » F]pt } & ¢ ehi A% T V=Ker(T") ¢
basis. ¥ B # T P48 5 - B column — B column ¢ F jL T £ 5 #1352 4 ordered basis
B, T Benm—-BAEL v EEFLITWV), - 23 mBi T (v) £BF% v, T(v),...

féﬁl" E_T—i B {8 i% B ;é Vkm—l7T(Vkm—1)’vkm—l+17""Vkm' 1&49 5 = P 4 [ ] l{ T i# Jordan
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block matrix associated with 0. &{4c [T]g & (vi,T(v1),...,T°" 1 (vy)) e384 & block TTJL
L

o o0 o0 --- 0 O
1 0 0 0
o1 0 o0 0
o - 0 1 0 O
o o0 --- 0 1 0
iz— 1 associated with 0 v m x m ¥ elementary Jordan matrix. O

Question 4.11. &} & &P ¢ [T]g ¥ (Vi,11,T (Vi 11),-.., T 2(vy)) 384 ¢ block £
A rg e elementary Jordan matriz? &3 (vi, |, T (Vi, ) To (Vi 41,5 Vi,) 384 * A&

1% 9 matrices?

Example 4.3.5. ¥ g linear operator T : P4(R) — P4(R) T& 5 T(ax*+bx’ +cx’>+dx+e) =
dax> 4+ 3bx+2c, %% % 2|%r T % nilpotent of index 3. #] Ker(T) = {dx+e|d,e € R}, i
15 7] Ker(T) - 2 basis S; = {x,1}. @ Ker(T°?) = {bx’ +cx* +dx+e|b,c,d,e € R}, 3
B8 S L S ={xx%x 1} & 5 Ker(T°?) ¢rbasis. e is# S #H+ & S3={x* 2%, x%,x,1}
# 2 % Ker(T) =V ¢ basis.

S\ ={x*), &y B T(x") =42 2 S chm & {4 x,1} 5 Ker(T°?)  ¢Hlinearly
independent set, ¥ 4 » x* & & {4x® x>}US; = {4x®,x3 x,1} 5 Ker(T°?) ¢ basis. p pF*
{423} % $H\ S = {32}, BF LB T@x?) =8,T(x*)=3x, F15 {8,3x} = 5 Ker(T)
dibasis #TILA FAer A F B HEY {83x) Bt S AT T 2 B4

S3\Sz = {x4} x4
$H\81 = {x*, ¥} ~ TOH) =42 ¥
Si={x,1} ~ T(T(x*)=8, T(x*)=3x

#1121 % & ordered basis B = (x* 4x2,8,x%,3x), £ i 18 5|

00000
10000
Tlg=] 010 0 0
00000
00010

H 4 4 Example 4.3.5, 22 7 2 & & 743 7| ordered basis { & |%7 T 1 Jordan form
¥ i A53%. J1* Proposition 4.3.4 g P ¢ o1 % ] £, A i Jordan block matrix ¢ e
elementary Jordan matrix ¢ ﬁi:ﬁ‘h{[%]% ¥ column B #Hc, m column =B gq}u{rgj %@
Bt - B row chZ B, T #(S)) =dim(Ker(T)). ¥ *t & - B column 1+ 3 Tl?»ﬁi:i]&{?
#1¥t i e elementary Jordan matrix efF #ic. 4% - # column ,T}u{j\ BoSyu\Su_1 g~
2V, EFLT(v),....T" Y T)xmB~1E, v b’%é"ﬂ’%ﬁﬁ&{— # m x m I ¢ elementary
2

Jordan matrix. &% m x m F¥ i1 elementary Jordan matrices =i ﬁ:fjﬁ AR5 om B
Hee column B e, d Bl AP APFT A s PR ﬁiﬁ%{ ki, ¥ Sp\Sp—1 7~ % B



84 4. Form Reduction

¥, » 'T)M?‘ dim(Ker(7°™")) — dim(Ker(T°"!)). ¢ Lemma 4.3.1, 2% i fopt ez < 3+ 0. %
* (m—1)x (m—1) F§ ¢ elementary Jordan matrices =71 #z, ,T‘u{ Proposition 4.3.4 #
1 ky — ki, dim(Ker(T°"!)) — dim(Ker(T°"~2)) — (dim(Ker(7°")) — dim(Ker(T°"1))), s
#F vae 5 0 (Lemma 4.2 @4 3780 A 3230 0). B I, jxi F§ 7 elementary Jordan
matrices Hi# #ic 3 dim(Ker(7°)) — dim(Ker(7°~!)) — (dim(Ker(7°*!)) — dim(Ker(7°))).

% Example 4.3.5 ¥ 3 T % nilpotent of index 3, 7 # Jordan block matrix ¥ - %7
3 x 3 F# e elementary Jordan matrix. & dim(V) =35, #&#& i 3 - ® (% Al Jordan block
matrix IfF B g £ T EI 6x6). TP T F ay AE G - B 2x2 I 0 elementary Jordan
matrix, & & 3 @ B 1 x 1 F§ 7 elementary Jordan matrix. % i dim(Ker(7T)) =2, #7m # i
3 2 1 elementary Jordan matrices, %]t ¢ “ﬁ% f¢ . & T it = 1 Jordan block matrix — F_
Hd - B 3x3 FFfr— I 2 x2 F§ e elementary Jordan matrices ¥ =¢.

AP w F] T o9 minimal polynomial 5 pr(x) = (x—A)" eafi2), @ T —Aid
& nilpotent #7r4d Proposition 4.3.4 %33 { ordered basis B # # [T —Aid]g=J = - &
diagonal % % 0 £ Jordan block matrix J. @ % dim(V)=n, ¥] [T —A4id|g = [T]g — Al,,
=t [T]B =Al,+J, 5 - B diagonal ¥ % A =0 Jordan block matrix.

Theorem 4.3.6. H3&X V 5 finite dimensional F-space. % T :V —V % linear operator &

characteristic polynomial §= minimal polynomial » %| &
2 () = (v = M) (2= A, pp(x) = (r— Ag)™ - (x — Ag)™

B A, 5 F P apRennd, RIF &V e ordered basis B & ¥

m-( 2O
B O .Jk,

HP X B J 5 ¢ xc FEe Jordan block matrix associated with A;, m & %= J; & elementary
Jordan matrices 71 ﬁf:i]%{ Ai i1 geometric multiplicity, ¥ dim(Ker(T —A;id)). ¥t J; ?

B8 I¥ e elementary Jordan matriz 5 m; X m; FE.

Proof. ¢ Primary Decomposition Theorem # V=V, @&---®V;, £ # V;=Ker((T — A;id)”™)
2 opry, (x) = (x=A)™. # Tly, —Aid|y, 5 nilpotent, #f]* Proposition 4.3.4, 2 i 413
& B % V; c0 ordered basis, ® # [Tly]g # J; & ¢;x ¢ Fg 0 Jordan block matrix
associated with A;. #&#- By,..., B & B #5]2)= V i ordered basis B, ¥ 7 [T]g & #7& 7

Jordan matrix. O

Question 4.12. =it J1* Theorem 4.5.6, % P % T 7 characteristic polynomial Xr(x)
TR AAfES Flx] P - X SN2k,

multiplicity %> 2 geometric multiplicity, ?| T % diagonalizable?

T eh& - B eigenvalue 1 algebraic
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% Theorem 4.3.6 » T & representative matrix fj*uﬁ-; T < Jordan form. = & $ i §
BOFRAPET 0 yp(x),ur(x) X3 T 7 Jordan form, 7 3 FFT 2 F AR, AP uT

Example 4.3.7. 3% T:V —V % linear operator £ yxr(x) = (x—24;)3(x— L)%, # *

M # A 3R EEE T 7 Jordan form # ¢ 597558 5 A d deg(xr(x)) =7, v dim(V) =7,
#0020 T 0 Jordan form — % &_7 x 7 matrix. ¥ ¢ %] xr(x) 7 & @49 R - K F)38, #r00w

e Jordan form, - € & 3 &  Jordan block matrix #ri =, # ¢ - & 3x3 ¥ associated
with A1, ¥ — B E_4 x4 ¥ associated with A,. B &P 38 % &5 B Jordan block matrix &_
d ¥Rt elementary Jordan matrix #7ie =,

B %7 3x3 7 block Jordan matrix associated with A; 7% it /2. F ur(x) ¥4
(x—21)3 fj{f“ﬁ%, Ald Theorem 4.3.6 #4* block » - %3 - B 3 x3 1 elementary Jordan
matrix, #114 * fFiz - B Jordan block ,T}L{" # 3 x3 &7 elementary Jordan matrix. #
pr(x) 874 (x—A)? Fog, A oaudk (x—X4)3 %%, Rkt d Theorem 4.3.6 4wt block *
- %3 — I 2x2 ¢ elementary Jordan matrix, @ ¢* block % 3 x3 matrix, #71 &3%:E 5
- B 1x1 ¢ elementary Jordan matrix. #7/izf8 75 ® block £.d - B 2x2 fr—
1 x 1 matrix “t2 2. &i&%F (x—A) | ur(x) & (x—2A1)*fur(x), ¥ 42t block ¥4 3

1 x 1 # elementary Jordan matrix #7i =, N ipE#-2 %75 T 4

e 3 2 1
M0 O AL 0 O A0 0
block Jordan matrix 1 /l] 0 1 A] 0 0 /l] 0
0 1 A 0 0 A 0 0 A

#r12 Jordan block matrix associated with Ay % ¥ ¢ pur(x) 2 2
I * 4 x4 e block Jordan matrix associated with A, &% it i, e x—A; 7 %_’“,ﬁ? Uz (x)
ko K Hcs 4,31 FF, foew g - R, @ EF A0t block 7 elementary Jordan matrix &

VO EE R 0 NP A AT 4

x—ly e | 4 3 1
A 0 0 O A 0 0 O A 0 0 O
block Jordan matrix I )Lz 0 0 : )Lz 0 0 0 12 0 0
0O 1 A O 0 1 A O 0 0 A O
0 0 1 A 0O 0 0 A& 0O 0 0 A
Fx—M ¥ f{“ff Ur(x) (i F K s 2 P, M PF associated with A, 74 x4 = block

Jordan matrix ® #&4r— T F - B 2x2 i elementary Jordan matrix, @ # is G384 F ¥ Ay

H - # 2x2 ¢ elementary Jordan matrix & % 3 & f# 1 x 1 ¢ elementary Jordan matrices

Ariea . 4 RGP PFiz- B block 3 W A AT S AR

AL 0 0 O A 0 0 O
1 % 0 0 1 % 0 0
0 0 A 0 |’ 0 0 A O
0 0 1 A& 0 0 0 A&
RO %&,E’ 1 * Ay & geometric multiplicity (7 dim(Ker(7 — A,id))) &k 2]%77 . & geo-
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matrices 7% =), @ geometric multiplicity 5 3 Eﬁiﬁ{?g‘é H(rd - B 2x24ea B 1x1
elementary Jordan matrices #7e=¢).

#-7 % Jordan block matrices Fx #_1s, i ﬁ‘ﬁﬁ‘é A %_ T & Jordan form 7, &)4c g
Ur(x) = (x—41)2(x— A)? 0125 T 0 Jordan form ,T%’P" FET_5

M0 O O O O O
1 4 0 0 0 0 O
0 0 A4 0 0 O O
0 0 0 &% 0 O O
0 0 01 A 0 O
0 0 0 0 I A O
0 0 0 0 0 0 A

A% ur(x) = (x—A)*(x—A)? B T 0 Jordan form ,T*ujé B AV i, § A 7 geometric
multiplicity % 2 = 3 p¥, T 1 Jordan form 4 %| 5

A0 0 O O O O A0 0 O O O O
1 4 0 0 0 0 O 1 4 0 0 0 0 O
0O 0 44 0 0 0 O 0 0 44 0 0O 0 O
0 0 0 % 0 0 0 |, 0 0 0 % 0 0 O
0 0 01 A 0 O 0 0 01 A O O
0 0 0 0 0 A O 0 0 0 0 0 A O
0 0 0 0 0 1 X 0 0 0 0 0 0 A

Question 4.13. % Example 4.3.77 xr(x)=(x—A41)3(x—)* % ur(x)=(x—211)*(x—12)?

P, Ay i geometric multiplicity % P B3 ¥ i E_1 & 4 92 2 X R FE T A D geometric

multiplicity =5 ?

¥ nxn LA PL 3 A BT, 4 i&{?‘a%’ A € M,(F) 2 characteristic
polynomial 7 1% 2 4 2 % Fl] # e- 2 5 3 8 F 48 ga(0) = (1= )% - (x— A%, 21
% invertible matrix P € M, (F) # ¥

PlAP= ,
O
He EBJ i c¢ixc e Jordan block matrix associated with 4;. i matrix #% 4L 5
A ¢ Jordan form.

AP ELP 4o e 5 P invertible matrix P 8 8 P71 A-P % Jordan form. FIRCRE A
7% & 4o 7] triangular form a5 L A i % block diagonal matrix. & E_F] 5 %
a(x) = (x—Ap)™ -+ (x—A)™, 41 * Proposition 4.3.4 1= ;2 35 - B i=1,... k,
&R - 2 (A—AL)™ <0 null space N((A—A;L,)™) &5 basis (# ¥ 4p 3% Proposition
4.3.4 ¢ Ker(T°") ¢ basis), @ N((A—A;1,)™) k|4F E_primary decomposition ® #r% Jg
invariant subspace, #7143% {7 & €47 @3 basis s iF. R 45 B P o Bhe T A
- Bi=1,...k A NA-AL) P basis S, £ #2 H* 2 S #2252 N(A-AL)?) «»
basis. izth— 2 T2 Z 3| EF I N((A—A)™) o basis Sp,. BT K 4L S, \Sm—1={v1,...,Vx },
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Ris ¥ {AV],...,AVkl}. EAR A RN {AV],...,AVkl,Vkl+1,...,Vk2} 25 Smi—2 B S A
N((A=2)"~1) £ basis 235 Sy 1 \Sm_s. Sfi- 5 T4 3 5[4 5\ 85 Bk 2B, $ s iz

Proposition 4.3.4 #-iz4" bases # 5 {# 5] P. A —é M ]S

Example 4.3.8. % & 5 x5 matrix

2 1 1 1 0
1 4 2 2 1
A=] -1 -2 0 -1 -1
0 0 O 1 1
0 -1 -1 -1 0

B2 2% & Example 3.5.10 » 2 4% ¥| invertible matrix P & ¥ P~'-A-P % block diagonal
matrix, # % % Example 4.2.6 ¢ 24 f#x 45 | invertible matrix Q # ¥ (P-Q)"'-A-(P-Q) =
upper triangular matrix. % i & #- A i* 3 Jordan form iﬁl% &L H#- A Y % block diagonal
matrix £ i* 5 Jordan form iz A& fr'f, 2 E & * Proposition 4.3.4 973 2 k2.

F xa(x) = a(x) = (x—1)*(x—2)?, § £ L% A—I5 “rnull space 5 dimension 1, # i {7
S;={(0,0,—1,1,0)'} 5 & basis. #F#H * =+ S ={(0,0,—1,1,0),,(1,0,—1,0,1)'} 5 (A—1I5)?
¢ null space £ basis. A3~ = S3={(0,0,—1,1,0)',(1,0,—1,0,1)',(—1,0,0,0,1)'} 3
(A—1I5)? s null space ¢ basis. F] 4 vi = (—1,0,0,0,1)' € S3\ S5, 2% & vo =Av| —v| =
(=1,0,0,1,— 1), @ #-2 B 5\ S) %, Bt v3=Ava—vo = (0,0,1,—1,0) B~ §; ¢

~E. AP G {v,vo,va} 5 (A—I5)? & null space 1 basis *
Avy =V +Vy, Avy =Vy +V3,Avy = v3.

Fieanst i3 S ={(0,-1,1,0,0)'} 5 A—2Is 1 null space 7 basis. #-2 3+ 3
s, ={(0,-1,1,0,0)',(1,0,0,0,0)} & (A—2I5)* hnull space 1 basis. =¥ & v} =(1,0,0,0,0)
by V/2 :Avll —2V/1 = (0717_17070)t P ik (07_1717070)t' g P fruﬂﬁ {bvll7vl2} 5 (A_215)2
1 null space 7 basis *®

AV] =2V} + V), AV) = 2V},

~

Il
—_o O O =
—_——_= 0 O =
SO = = O O
SO O = =
SO = = O
S O = O O
— N O O O
b OO OO

1

0

0 —1 ® pl.Aap=
0

0

fav o Section 4.1, X P} ¥ A,B€ M,(F) 5 diagonalizable pF, 2\ i 7 r #-H 4 &
M B fheigenvalue i§ § ehE # k% A B £.F % similar. F #k 7% A, B & characteristic
polynomial % Flx] ¥ = 2 4 f#= - = 77 monic polynomials sh3k f, 4 i ¥ W& A B it &
Jordan form *Z|#%7v i E_F 5 similar. § 87 R AEE I pa(x) = xp(x) £ palx) = up(x).
FHY 4 - BAAPELT v AB # 5 similar, @ F ¥ #EESI\-%% %%‘d A,B 1 Jordan form
KrFEE. ¥ A B ehE — B eigenvalue, % # A,B ¥t associated with A #1 block Jordan
matrix ¢ 5 elementary Jordan matrices wif § £# 7 4k, RIS A~B. F 2, % A~B,
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APV R ABAR 5 % - B linear operator T * % F ordered bases #7#¥ 7 representative

matrices. ¢ >t associated A 7 elementary Jordan matrices % i ¥ 8o B2 2720 9
..., dim(Ker((T — Aid)* 1)), dim(Ker((T — Aid)*)),dim(Ker((T — Aid)*"")),...

iz dimensions 2. & e 7%, @ izt B %4 ordered basis 3% B~ & B #7121 A, B associated

A 5 elementary Jordan matrices % B FF BB B g 4p b, 4 i&{A,B VLiv A AR e

Jordan form. %] i Jordan form ¥ 1 * % %] 7 & B matrixes £ F & similar, #74 Jordan

form ¥ AR % — 44 canonical form.

Bis AP, Jordan form - BE &R Y. wEE- T, E ASM,(F) Bl A e A 0
transpose A' § 4P I £ characteristic polynomial = minimal polynomial. &% 7 A = A'
3 ¥ i 5 similar. R+ F xalx) ¥ M A Flx] ¥ % 24 f#= - =% 7 monic polynomials
ik fh, APTEA~AL TEFEF AeM,(F) P, dim(N(A)) +dim(C(A)) =n. * ]
% dim(C(A)) = dim(C(A"Y)), #7121 2 7 {8 dim(N(A)) =dim(N(A"Y)). 2=, > 5 - B A
eigenvalue A (» ¢ H_A' e eigenvalue), 34 7 5

dim(N((A—A1,))) =dim(N(((A = A L,)Y))) = dim(N((A' = 1 1,))).
el #- A v % Jordan form, & — i Ff #icen elementary Jordan matrix associated with A fe
A' [ F# #0 elementary Jordan matrix associated with A & Eitﬁﬂ Pk, ,T*u{?fu Afe A' ¥ 2

it =% [ ke Jordan form. P F 0T 2 5%

Theorem 4.3.9. & Ac M,(F). % xalx) ¥ M & Flx] ¢ = 2 A f& 2 - = &7 monic

polynomials 03k %, Bl A 0 transpose A' v A 5 similar.

SIS e /FIFE ABEM,(F) 2 5t— By F 2 enfield F @& M (F)* A~B
(%% & P e M,(F) invertible # @ B=P1.A-P), Bl t= M,(F) * A~B (¥ % & P € M,(F)
invertible # {# B=P '-A-P). #7112 % 9 } Theorem 4.3.9 % § ya(x) ¥ 721 & F[x] ¥ = 24

fi# = — =t &0 monic polynomials e3k §f 20 K, AP v E A~ AL

- B EL



