
Chapter 1

極限以及連續性

ҁፐำۓࢂޑကӧჴኧЪڗॶࣁჴኧڄޑኧǶڄኧޑ極限ࢂᏢಞ༾ᑈϩനख़ाޑ୷ҁ

ཷޑǴӆճҔ極限ۺ୷ҁཷޑኧ極限ڄ極限ԶϟಏޑॺӃϟಏኧӈךǶӧҁകύǴۺཷ

性፦Ƕޑኧڄ以及連續ݤБޑኧǶௗǴϟಏ٤極ॶڄϟಏՖᒏ連續ۺ

1.1. ኧӈޑ極限

ाፋኧӈȐsequenceȑޑ極限ȐlimitȑፋࢂޑԖค限ӭޑኧӈȐinfinite sequenceȑߏځය
ᡂϯޑᖿ༈Ƕ೭္ǴࣁΑБߡଆךـॺፋޑኧӈԖଆۈǴЪኧࢂቚуޑǶ೭္ךॺ

όाჹ極限性፦ޑܴǴԶமፓჹ೭٤性፦ޑှᆶၮҔǴ܌以όፕ及ኧӈޑ極限ӧ

ኧᏢᝄۓޑကǶ

όፕ及҅ԄۓޑကǴፐҁ Definition 2.1.1 ᇥঁኧӈ ⟨an⟩ ࣁ極限ޑ LǴࢂޑࡰ n

εਔǴ٬ள an Һཀௗ߈ LǴ٠Ҕ಄ဦ lim
n→∞

an = L Ȑ܈ an → L as n → ∞ȑ߄ҢϐǶ
೭္ाݙཀࢂޑ L ѸࢂঁჴኧǹԶ n εਔǴ٬ள an Һཀௗ߈ L ᇥࢂޑҺ

ᒧঁх֖ L ӵٯ໒໔Ȑޑ (L − 0.001, L + 0.001)ȑё以ډפ N ٬ள n ≥ N ਔǴan

Ȑջಃ N 以ࡕȑပӧ೭໔ϣǶ

ঁኧӈ極限ӸӧЪ極限ॶࣁ L ਔȐջ lim
n→∞

an = LȑךॺᆀԜኧӈԏᔙډ L

Ȑconverges to LȑǴԶऩόமፓځ極限ॶமፓځ極限ӸӧȐԖਔ極限ॶόӳǴךॺᜢ

Јځ極限ӸӧȑǴߡᆀԜኧӈԏᔙȐconverges ܈ is convergentȑǶϸϐǴঁኧӈ極限ό
ӸӧਔǴךॺߡᆀԜኧӈวණȐdiverges ܈ is divergentȑǶ

Example 1.1.1. ፐҁ Example 2.1.1 ᖐΑ an =
1

n
ک bn = (−1)n ೭ٯঁٿηǶڗӭޑ

n ॺёෳךࡕ lim
n→∞

an = 0ǹԶ bn ӧ 1,−1 ໔ၢؒԖ極限Ǵ܌以 bn divergesǶҗܭी
ᆉᐒڗޑॶԖਏՏኧԖ限ڋǴԖਔӀжॶ࣮ᖿ༈ղᘐ極限ॶԖୢᚒǴ܌以҅ዴޑБԄ

൩ࢂճҔۓကܴǶٯӵჹܭኧӈ ⟨an⟩Ǵᒧڗх֖ 0 ޑεܭҺཀ໔Ǵჹޑ nǴan 

ပӧ೭໔ϣǶٯӵԵቾ໔ (−0.01, 0.01)Ǵ n > 100 ਔǴԖ 0 < an < 0.01Ȑջ

an ∈ (−0.01, 0.01)ȑǶኧᏢ൩ࢂ以ԜБݤܴ lim
n→∞

an = 0Ƕፕঁኧӈԏᔙ܈วණԖਔ

֚࣬ᜤǴѝाεৎှ୷ҁཷۺǴӧԜፐำόाǶ

1
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ཀǺӭΓᇥݙ lim
n→∞

an = L Ң߄ n ຫٰຫεਔ an ຫ߈ LǴόၸ೭ኬޑᇥݤܰ

ᡣΓᇤှǶٯӵԵቾ an =

{
1/n,  n ;ኧڻࣁ
2/n,  n .ଽኧࣁ ೭ঁኧӈࢂ以۹ᇻ۹ޑ߈БԄௗ߈ 0Ƕٯ

ӵ a100 = 1/50, a101 = 1/101, a102 = 1/51Ǵ٠ؒԖຫٰຫ߈ 0Ƕόၸᒧڗх֖ 0 Һཀޑ

໔Ǵჹܭεޑ nǴan ပӧ೭໔ϣǶٯӵԵቾ໔ (−0.01, 0.01)Ǵ n > 200 ਔǴ

Ԗ −0.01 < an < 0.01Ȑջ an ∈ (−0.01, 0.01)ȑǶ܌以ךॺϝฅԖ lim
n→∞

an = 0. ♯

җךܭॺᜢЈࢂޑኧӈߏයᡂϯޑᖿ༈ǴჹܭวණޑኧӈךॺΞϩԋٿᅿݩǶ

ᅿࢂݩኧӈ an ჹܭҺཀޑȐ҅ȑჴኧ M ё以ډפ N ٬ள n ≥ N ਔǴan εܭ

Mǹࢂ܈ჹܭҺཀޑȐॄȑჴኧ M ё以ډפ N ٬ள n ≥ N ਔǴan λܭ MǶԜਔ

ॺϩձҔ಄ဦך lim
n→∞

an = ∞ ک lim
n→∞

an = −∞ ҢǴЪϩձᇥ߄ an วණډคጁεȐdiverges
to infinityȑکวණॄډคጁεǶٯӵፐҁ Example 2.1.2 ύ an =

√
n ൩วණډคጁεǶځ

дޑݩǴךॺ൩ޔௗᇥኧӈวණǴΨόҔ lim ӵፐҁٯҢǶ߄಄ဦޑ Example 2.1.1
bn = (−1)n ӢࣁόԏᔙډҺՖޑॶǴ܌以วණǴՠΞࢂԖࣚ܌ޑ以όวණډคጁεǶ

ٰᇥǴाΑှঁኧӈԏᔙ܈วණ٠όܰǴԶऩԏᔙाޕၰځ極限ࣁՖ֚ࢂ׳

ᜤǶ以ࡕᏢΑ༾ᑈϩǴךॺё以ճҔמ٤ѯೀǶ以Πϟಏޑ٤Ԗᜢኧӈ極限ޑ୷ҁ

性፦Ǵ୷ҁࢂນךॺӵՖၮҔ٤ςޕኧӈޑ極限ளځд࣬ᜢኧӈޑ極限Ƕ

Theorem 1.1.2. ଷ ⟨an⟩, ⟨bn⟩ ኧӈЪޑԏᔙࣁ֡ lim
n→∞

an = A, lim
n→∞

bn = BǶ߾以Πኧӈ

極限ॶǶځԏᔙЪёۓ

(1) Եቾኧӈ ⟨sn⟩ ύځ sn = an + bnǴ߾ lim
n→∞

sn = A + BǶ

(2) Եቾኧӈ ⟨pn⟩ ύځ pn = anbnǴ߾ lim
n→∞

pn = ABǶ

(3) ଷჹ܌Ԗ n ࣣԖ bn , 0 Ъ B , 0ǶԵቾኧӈ ⟨qn⟩ ύځ qn =
an

bn
Ǵ߾ lim

n→∞
qn =

A
B
Ƕ

೭ঁۓё以Ҕ極限ۓကБԄܴǴךॺѝाΑှځཀကǴܴ൩ౣၸΑǶፎݙཀा

٬ҔԜۓޑӃ،చҹঁٿࢂኧӈࢂԏᔙޑǶΨाݙཀ (3) ा bn ࣣόࣁ 0Ǵց߾ qn

คۓݤကǶќѦǴջ٬ bn ࣣόࣁ 0ǴϝԖёૈ lim
n→∞

bn = B = 0Ȑٯӵ bn = 1/n ȑǴݩޑ

ॺΨा௨ନך以܌ B = 0 Ƕݩޑ

ፐҁ P.97 ޑӈ܌ Limit Laws for Sequence ޑ೭္ک Theorem 1.1.2 ቪࢂȐѝޑኬࢂ
ёࢂ性፦Ԗ٤ϩޑӈ܌ፐҁࢂ性፦КၨϿǴёޑॺӈךఈӕᏢૈှǴᗨฅ׆όӕȑݤ

以Ҕ೭္ޑ Theorem 1.1.2 ٰᏤǶٯӵ c ঁதኧࢂॺё以ஒϐ࣮ԋךঁதኧǴࢂ

ኧӈ ⟨bn⟩ǴΨ൩ࢂᇥ bn ܭ cǴ܌以ךॺԖ lim
n→∞

bn = cǶΨӢԜኧӈ ⟨can⟩ ൩ё
ຎࣁኧӈ ⟨bnan⟩ǴԜਔ൩ёҔ Theorem 1.1.2(2) ளډ

lim
n→∞

can = lim
n→∞

bn · lim
n→∞

an = c lim
n→∞

an. (1.1)

ӕኬޑၰǴჹܭ๏ޑۓჴኧ r, s ӵ݀ኧӈ ⟨an⟩, ⟨bn⟩ ॺΨёճҔԄηךԏᔙǴࣁ֡ (1.1)
以及 Theorem 1.1.2(1) ள

lim
n→∞

(ran + sbn) = r lim
n→∞

an + s lim
n→∞

bn. (1.2)
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Example 1.1.3. Եቾኧӈ ⟨an⟩ ύځ an = 2+
3

n2
Ƕҗܭ

1

n2
=

1

n
× 1

n
ǴЪ lim

n→∞
1

n
= 0Ǵ܌以

ճҔ極限४ݤ性፦ȐTheorem 1.1.2(2)ȑǴёޕ lim
n→∞

1

n2
= 0 ΞӢࣁதኧኧӈ 2 ܌Ǵޑԏᔙࢂ

以җԄη (1.2) ޕ lim
n→∞

an = 2 + 3 × 0 = 2Ƕ ♯

ќѦ bn = an ਔǴኧӈ ⟨anbn⟩ک ⟨a2n⟩ࢂኬޑኧӈǴ܌以ӕኬճҔ Theorem 1.1.2(2)
ॺΨёளך lim

n→∞
a2n = ( lim

n→∞
an)

2ǶӕǴ೭Ψё׳ډଯԛБǴΨ൩ࢂᇥჹҺཀ҅ޑ

ኧ k ∈ NǴךॺΨԖ lim
n→∞

ak
n = ( lim

n→∞
an)

kǶ೭ჹॄܭኧ −k Ψԋҥ༏ǻҗܭ a−k
n =

1

ak
n
Ǵ

以җ܌ Theorem 1.1.2(3) ޕॺך −k ኧਔǴѝԖॄࣁ lim
n→∞

an , 0 ਔωૈዴߥ

lim
n→∞

a−k
n = ( lim

n→∞
an)
−kǶځჴǴ೭ঁ性፦όѝჹኧԛБԋҥǴჹҺཀޑჴኧԛБΨԋҥǴ

ǶۓޑॺԖ以Πך以܌

Theorem 1.1.4. ๏ۓჴኧ rǴଷ ⟨an⟩ࣁԏᔙޑኧӈЪ ar
n ࣣԖۓကǶऩ lim

n→∞
an = A , 0Ǵ

ॺԖך߾

lim
n→∞

ar
n = ( lim

n→∞
an)

r = Ar.

Ξऩ lim
n→∞

an = 0Ǵ߾ r > 0 ਔ lim
n→∞

ar
n = 0ǹԶ r < 0 ਔኧӈ ⟨ar

n⟩ วණǶ

೭္ाගᒬΠჹߚܭኧԛБ rǴѸሡ an > 0 ωૈዴߥ ar
n ԖۓကǶ

ӆԛமፓ೭္܌ॊޑ性፦ޑӃ،చҹࢂኧӈѸሡԏᔙǴΨ൩ࢂᇥऩԖځύঁኧӈว

ණ൩όҔǶόၸǴځύԖঁԏᔙǴќঁวණǴךॺ٩ฅё以ճҔय़ޑ性፦以及

ϸݤளډ٤Ԗ፪่ޑፕǶКБᇥऩςޕ ⟨an⟩ ԏᔙǵ⟨bn⟩ วණǴךॺ൩ёள ⟨an + bn⟩
วණǶ܌ᒏϸݤ൩ࢂଷ cn = an + bn ҟ࣯Ƕ೭൩ډள่݀ޑޕճҔςࡕǴฅޑԏᔙࢂ

Ң߄ ⟨cn⟩ ǴӢԜளޑᒱࢂ೭ঁଷޑԏᔙࢂ ⟨an + bn⟩ วණǶ٣ჴҗܭ bn = cn − anǴ

ԶךॺΞςޕ ⟨an⟩ ԏᔙǴ܌以ӵ݀ ⟨cn⟩ ග性፦ᇥ܌य़ǴԶޑԏᔙࢂ bn = cn − an ԏᔙǴ

Ꮴठᆶςޕ bn วණ࣬ҟ࣯Ƕ

ӕኬޑགྷݤǴӵ݀ςޕ ⟨an⟩ ԏᔙǵ⟨bn⟩ วණૈցᏤр ⟨anbn⟩ วණګǻךॺ٩ኬฝမ
ᝳǴԵቾ cn = anbnǴ٠ଷ ⟨cn⟩ ԏᔙǴԜਔҗܭ bn = cn/anǴӵ݀ ⟨an⟩ όࢂԏᔙډ 0Ǵ

य़ Theorem 1.1.2(3) ນךॺ ⟨bn⟩ ԏᔙǴ೭൩ԋҟ࣯ΑǶ܌以ӧ lim
n→∞

an , 0 ݩޑ

ΠǴךॺё以ߥ ⟨anbn⟩ วණǶךॺע೭٤่݀ቪԋ以ΠЇȐCorollaryȑǶ

Corollary 1.1.5. ଷኧӈ ⟨an⟩ ԏᔙЪኧӈ ⟨bn⟩ วණǶךॺԖ以Π่݀Ǻ

(1) ኧӈ ⟨an + bn⟩ วණǶ

(2) ӵ݀ lim
n→∞

an , 0 ኧӈ߾ ⟨anbn⟩ วණǶ

ঁٿኧӈࢂวණǴѬॺϐ໔у෧४ନ܌ࡕளޑኧӈԏᔙ܈วණޑݩԖёૈว

ғǴ൩ᇥ೭ᜪޑ極限ୢᚒࢂόࠠۓȐIndeterminate formȑǶךॺӃ࣮ፐҁ Example

2.1.3 ኧӈ極限ޑԵቾ܌ lim
n→∞

1 + 2n2

5 + 3n + 4n2
Ƕҗܭϩηǵϩ҆วණȐᖿܭ߈ค限εȑǴ܌以

วණǶόၸऩΠӕନ以܈ԏᔙځۓ،य़極限性፦ҔݤǴคࠠۓόࢂ n2Ǵচኧӈ٠҂ׯ
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ᡂǴҭջ

1 + 2n2

5 + 3n + 4n2
=

1 + 2n2

n2

5 + 3n + 4n2

n2

=

1

n2
+ 2

5

n2
+

3

n
+ 4

.

೭ঁཥ߄ޑҢݤǴϩηᖿܭ߈ 2ǵϩ҆ᖿܭ߈ 4Ǵ܌以ё以Ҕ極限ޑ性፦ȐTheorem
1.1.2(3)ȑǴளډচኧӈޑ極限ॶࣁ 2

4
=

1

2
Ƕ

Excecise 1.1. ଷኧӈ ⟨an⟩ วණЪኧӈ ⟨bn⟩ ԏᔙǶԵቾ cn =
an

bn
Ƕ၂ճҔϸݤܴኧ

ӈ ⟨cn⟩ วණǶ

Excecise 1.2. य़܌ගፐҁ Example 2.1.3 ೭ᅿόୢޑࠠۓᚒځჴё以ஒϩηǵϩ҆ନ
以ϩ҆ޑനଯԛٰೀǶ၂ҔԜݤᇥܴ以ΠኧӈࢂԏᔙᗋࢂวණǶ

(1) ⟨ 1 + 2n2

5 + 3n + 4n3
⟩ȐHintǺϩηǵϩ҆ӕਔନ以 n3ȑǶ

(2) ⟨ 1 + 2n3

5 + 3n + 4n2
⟩ȐHintǺϩηǵϩ҆ӕਔନ以 n2 ٠ճҔ Exercise 1.1 ȑǶ่݀ޑ

Excecise 1.3. Ԝᚒ׆ఈૈٯډפηᇥܴόޑࠠۓݩǴԏᔙ܈วණԖёૈǶ

(1) ၂ډפΟঁวණޑኧӈ ⟨an⟩, ⟨bn⟩, ⟨cn⟩Ǵᅈى ⟨an + bn⟩ ԏᔙǴՠ ⟨an + cn⟩ วණǶ

(2) ၂ډפΟঁวණޑኧӈ ⟨an⟩, ⟨bn⟩, ⟨cn⟩Ǵᅈى ⟨anbn⟩ ԏᔙǴՠ ⟨ancn⟩ วණǶ

Excecise 1.4. ၂ղᘐ以Πኧӈԏᔙ܈วණǴऩࢂԏᔙፎᇥܴځ極限ǶȐڗԾፐҁಞᚒ
2.1(17,18,19,22)ȑ

an =
n2

√
n3 + 4n

bn = sin nπ
2

cn = cos nπ
2

dn =
3
√

n
4
√

n +
√

n
.

ȐHintǺ
√

n3 + 4n ࣁനଯԛёຎޑ n3/2ǹ 3
√

n = n1/3, 4
√

n = n1/4ȑ
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