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Division Algorithm £ #ich® - BE & b J7, v 7 U Fb A P d® - B FERILEF
AT - B &fﬁ{fg’“ﬁ% R RE. R T A TFB)*I.%{_Q 1% Theorem 1.2.1 #-Z ¢ 5 vl 3 E & ¥
B A aZ et AN e k.

wAE- T, Lemma 1.1.1 (2) £ 3# A M % a€Z, Bl aZ i&- B & F 73 P 1L,
F bcea RIHER mnelZ ¥ mb+nc€aZ (%2 Question 1.1). R A& WP F
Gk F 2 SRR S L - B R HPE (TELE beeS MHER
mneZ w3 mb+nceS), NPEEP FhacZ #1EF S=dl.

ABRFS L2E7 & FhDES, Flitd HPHDEBERT b+ (—1)b=0€S. + ?u
{?&0— TSP RES={0}, % a=0,AFp KRG S=aZ. FrAPEHT S£{0}
SV EL R, B ERD I aeZ RE S=aZ 7 AP F S=al, VA S P o] e
ﬁf’fﬁtﬁ%iaé‘ —a. T EHFla R E S=al, AT H RS €F RSP Bl FE.
45“’56mﬁ§&w¢m&bfwy SAN. Apiam & 2 £2 84, 2L F5d
SA{0} et beS 2 b#£0. £ b>0, BlacbeS; % b<0,d 0€S 112 HP o
O0—b=-bcsS, Flptd —b>0, ..E'xr—beS’. Bitd § 522883 T hrthacs
PRSP B A APERRP VU S=aZ V- T, EAPERABELIPER N
ERP s BELING 2 ZM G FliacS &d HFHHEIL meZ, maeSs, rﬂl“
HalCS. BisAPHFITREPN SCaZ 5. ,T*Q—JQ HEPHER bES, ¥R beal. ¥
2, N PREP SYHERAE DT ”erf“/f NE)I* L g A& * 3 division algorithm
gpEs T . d 2t ae N, d Theorem 1.2.1 w3 & hyreZ # {8 b=ha+r, ¥ 0<r<a. £
ARMPE r=b—ha, 7 ab FH* S, t&xd HFEMH I reS WE r£0, &7 reN, r-td
reS#E res. B r<a, & fra S ¢ B AFPA FT . A r=0, 5 FEE
b=hacaZ. 3T &}t 6 3l S F2 4o,

Theorem 1.2.2. B& SCZ 3227 3 &6 SHBEEWER byceS ME mnel ¥ 3
mb+nc€S, MstacZ # % S=aZ. #9eh, § S£{0}, £ a 3 SNN ? & | hr %
LT R S=daZ.

Question 1.4. ¥ g S={4x+6y|x,y€Z}. FHEP SHEXHZEIX byceSME2 mnel ¥
3 mbt+nceS. FH M acZ #F S=adl.

BT kAP % Theorem 1.2.2 k#FF M+ 2 FlE L hP . A PR LS B2
iR B 4o 453, L2 abeN &k AP - BELE SHE abesS® LG HP
M, Bld Theorem 1.2.2 § ¥ io 3 b decZ # 18 S=dZ. *pFd *t abeS=dZ, & a,b ¥
od i e, 4 ijt‘ﬂ—\‘:ﬁ.d gn\abm)'—]ﬁ: RmBEF ¥ -FE6 8 "R E abes P E
FTHPE FEeGAdecZ #1885 = B G ab h Tl EX BR SCS,
7 dZ.Cd'Z, Pld dedl {8 ded’Z, W d | d AP urr’lg FAPEH NS AR
o, F AR a,b e ﬂﬁtf‘u%ﬁ*. MU AP R EEST - BE )t S SR abeS
2R HPE
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EReNEL S E€E e ab R HPFEDE PR ER? BHFEDE R J agbeS
APEREI mneZ ¥ F ma+nbeS. ‘ﬂﬁ“Smﬁxjm?ééﬂ*{S {ma+nb|mneZ}.
AP RER SR TN DS T G AP, FE R T

Proposition 1.2.3. B¥* a,beN, £ d 5 & S={ma+nb|mnecZ} ® B | i ik
Pl ged(a,b) =d.

BFAPLLRP S EHPORERRD G DS BHBEP d 5 ab i 2 Fik
EPuveS, d ST s Py, €Z #% u=ra+shb,v=ra+sb. B¥ETI
m,n €L, 73

mu+nv =m(ra+sb)+n(ra+s'b) = (mr+nr')a+ (ms+ns')b.

Flptd mr+nr,ms+ns' €Z 18 mut+nveS, FP TS e3P . #1120 d Theorem 1.2.2 4+
S=dZ. » Flp*d aeSNE beSEF acdl "% bedl. *f{md‘a“cﬂb 75 d
i_a,b g2 Flik,

BEAPRBED d A _ab o Flicy & adc » JI"K‘%”‘EQ = d %_ab > FEk, B
d<d 4d*»deS d SeohasivizhmneZ #® d=ma+nb. Xa d |a* d'|bE’
Corollary 1.1.1 == d' |ma+nb. ¥ d'|d, » Tja—«u-\gruﬁ aleZ #® d=dl Flpd e wd>0
T RE 4 <d. ]

RS RE AR, - BRES ab PE A 2 F BT & g b F USRS T -ﬁﬁx"‘ 2]
G R {ma+nb|\mnelZ} c®3 A5 BAFPE e H? 25 4
ok oab RER oA PR REIRED. Ra g APRNH- KO, b AEZR TR
mﬁﬁﬁx Pt BBEMES - AT‘L i . #7142 2% Proposition 1.2.3 & F %k (TR Y %

TR DIEGHEFRET AP R KA 2 F ka1 . &A% Proposition
123 245 b5 ™ 2 T

Corollary 1.2.4. X a,beN ¥ d=gcd(a,b) B3 mnecZ # % d=ma+nb. @ * %
B d €T, d T ab s FiEr wE d|d.

Proof. ¢ Proposition 1.2.3 4 d & & S={ma+nb|mnecZ} *, ik T &% &
m,n€Z &8 d=ma+nb.

AR SE T —g, L ek d L ab 8 TV d 2 a b
X2Fdkd, F 2 F d KV g < o Fl#c, 7RAE-d' - ¥ 8_a,b 7o Fl#k. d Proposition
1.2.3 g S o d’Kabm Fn] d' |d. K 2% d|d, B8 ¥ d|ar d|b, 17

Proposition 1.1.1(1) == d'|a & d'|b. ¥ d'" 5 a,b = Flik. O
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—HRRF AEFT T T RaE, R 2 A TRET . Aok TI?'“T“} %’TF’ "
I 4g, ﬂ“#ﬂ* “EreEE” Ao 2. FuRBLF Corollary 1.24 ¥ 72 £ HEF - B Fik
d¥H 3 mnelZ & F d=ma+nb, | d ,T*‘un-\a,b Hio Tl o8 - Binkx A8y @Jﬁi:}&
HEFPOgE AR d TR Y matnb 4 d § b & S={matnb|mnel} ¥,
A Ao od €ES P Bl Bl TR R d A g A a b ks o Fli rﬂ“%@%f"“
P d A2_a,b i~ o FlcpF, iR {lgﬁ‘?r‘rfTﬁra“m S UL SRR B E R
HHcmn 1% d= ma+nbﬁ*gbd1*aab gkt S FH, F R Ak REFEP b 3 %‘r
(T ged(a,b)=1) ¥ 2241 * 55 mon @ % ma+nb=1 K2, T FE0F 1 S Y,
FCEARELS ¢ B Pl BB FR A PR R R

Corollary 1.2.5. X a,beN. B ged(a,b) =1 F2raE 5t mneZ & ma+nb=1.

Proof. £ 8- X, EHFMP EFIrEE R T3 [;s'%ravFK’”pq
% gcd(a,b) =1, ¢ Corollary 1.2.4 33
EmneZ €% mat+nb=1, B 1 % 5 & & {ma+nb|mmnecZ} ? 5| it ik wd
Proposition 1.2.3 v ged(a,b) = 1. O

tmneZ # {8 l=ma+nb. ¥ 2, 3

YL ARG A LA D] mon @ 7 ma+nb=ged(a,b), PR LT &4
L RIERE P ;ﬁ’:/z‘\ s <{;—— B2 R mn AP APR odeie £F mn, 3 BT - BIF
#ab 3 FREER DA T g ST vy G RIS T

Proposition 1.2.6. X a,beN ¥ ged(a,b)=1. 25 0T b Fr:

(1) # k€Z & a|bk, R a|k.
(2) #1€Z ® a|l 2 b|l, B ab]|l.

Proof. %1% ged(a,b) =1, d Corollary 1.2.5 i 4e5 & mn € Z # (8 ma+nb=1.

(1) #ma+nb=1 %53 Bk k¥ & mak+nbk=k. Ra BK a|bk &= * a|ak 11
% Corollary 1.1.1 % a | mak +nbk, % a | k.

(2) d all Wz b|l ws5trns€Z @EF l=ar=bs. Fl% al|ar #1% a|bs. £ ¢
ged(a,b) =1 X1 (1) P H als. 7L 3tcZ #EF s=ar. #2223 v [=bs 7
l=b(at) = (ab)t, F% ab|l. O

& ;2 & Proposition 1.2.6 «hif i, - L KR FIRXF a,b 3 FhiERK a|be © 7 i FE
alb & alec. )j}ui 126 x4 ke, 11ﬂ92$m12f6(1‘g%‘1'f%ﬁlfﬂfm,&,u) e 1244,
s ab? 3 F alc® blcs 2iviF@Eab|c Hl4r4[12 2 6]12 & E 4x6112.

d ** Corollary 1.2.5 .3 Fent & i #rde AP e wd e 3 FvF v, @04 @
R KRR S BAT T T ok Lemmai*{fd*mmj

Lemma 1.2.7. 3%k ged(a,b) =1 12 %2 ged(a,c) =1, B ged(a,be) =1.
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Proof. ¢ Corollary 1.2.5, & P ic3 & mneZ M3 mn €Z # @ ma+nb=1 11 %
ma+nc=1. &} 4p%k

1 = (ma+nb)(m'a+n'c) = (mam’' +mn'c+nbm')a+ (nn')bc = 1.

d 3 mam' +mn'c+nbm' €Z ¥ nn' € Z, # £ 4 Corollary 1.2.5, 1 &+ ged(a,bc) = 1. O
f1* Lemma 1.2.7, 24 i ¥ 12 {7 ]2 7 Proposition 1.2.6 (2) a3 .

Proposition 1.2.8. &% a,b,c & & 3 F ( ¥ ged(a,b) = ged(a,¢) = ged(b,c) = 1), & all,
b|ll 2 c|l, P] abc|l.

Proof. %] ged(b,c) =1 £ b|l, c|l, 4 Proposition 1.2.6 (2) # bc|ll. + %] ged(a,b) =
ged(a,c) =1, ¢ Lemma 1.2.7 8 ged(a,bc) = 1. F] £ d Proposition 1.2.6 (2) ##
abcl|l. O

RAaNPw R FEEs s 28k 50 3 {4, 7 ﬁi—ﬁ“'r* AR F 3 a,b e N G
A AR - BEEP d=ged(a,b) APREP S EE. FALREP d Lab D2 TFlH, LR
f]*a&?ﬁﬂg dE_afeb > Flic? o~ @ &W d {a b ®_2 Flism i =+ i, 4 Corollary
1.2.4 2 lF“fr'lﬁf‘kﬁ HPE d Hab T B d|d BEP - B, BAFS éfra—ﬁ'-\
HWPFmncZ @8 d=mad-nb. #1230 A ETER A O Fllicadd S 2 (BP G0p
TRy ):

Proposition 1.2.9. X a,beZ. Bl d=ged(a,b) F2ve%E dla, d|b * Fhmnel A
E_ma+nb=d.

— AL 1@-@#5‘. ﬁrg;a b g & )rjﬁ/,: EM 'f“é ¥ pﬁiﬁ“l— B2 Fik d, L fﬁ;'ﬂ
LFAED I a1 =a/di,by=b/d &5 B o] RN e dy, B - E T4
N by Eo k2 FHch O iR AE mi}u'p" D] a,b ko D FlEces? :}f‘;:ﬂ;;“/ﬁ\-
BEP, E di|a, di|bE d=gcd(a/d,b/dy), P] did =gcd(a,b). & ZHP &2 F, + R
T did FEF E_a,b > FlE AP u—rmy}g’r

Ml
& min mis

:m\
)

Lemma 1.2.10. &3k a,beN * dy & afv b v F#k. & dy €_a/d) v b/d, 2> Flik,
il did> {a ’ft’ b g f—]ﬁﬁl

Proof. £ %% #, d 3 d) _a,b > Flic, x5 temneZ #8 a=dmE b=dn. i
* a/d) fv b/dy ~ B F T omn S B R dy A_a/d, v b/d) > Fl¥, T dy | (a/dy)
2 dy| (b/d1), ¥4 Lemma 1.1.2 ## dida|a & didy | b, ¥ didy A_a v b ch2> Flge. O

Question 1.5. Bk a,b,d,d €Z ¥ dd' £_aqc b > Flie. F#EP d Z_a v b 2> Flik,
* d % _a/d v b/d Fr= Fik.

% Lemma 1.2.10 ® B4 d =ged(a,b), RIF1% $* 2 Flfcchz & A P v @0~ 2 12

i
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Corollary 1.2.11. B3k a,beN ¥ d=gcd(a,b). Bl a/d fv b/d 3 }.

Proof. % % kg2, Bk a/d o bf/d 3 3 F, 75 d >14 a/dfob/d ch=
Fl#c o txd Lemma 1.2.10 & dd' = H_a o b eh2> Fle. & dd' >d ¥ d = ged(a,b) 5=
S FHAp G f, ¥ a/d fe b/d 3 . O

'rj\;\‘,]aa AL u'r]tf}%ﬁ‘
Theorem 1.2.12. & a,beN ¥ dy|a,d\ |b. & d=gcd(a/d\,b/dy), Bl did = ged(a,b).

Proof. ¢ Lemma 1.2.10, # 7 did ¢ &_a,b «h= Fl#. #7124 Proposition 1.2.9 &r, &
BHEP G xyeZ 18 xatyb=dd, Jj*pf_ﬂg 7 dyd = ged(a,b). & Fvd=ged(a/dy,b/d)),
a3 tmnelZ m_ma/d)+n(a/d))=d. & B F12 dy, ¥ mat+nb=dd,. F+F B
x=m,y=n, ¥ ¥ xa+yb=dd. ¥% did = gcd(a,b). O
Exercise 1.4. B®X amneN * a>1, M T APEEN " —1|d"—1 F2EFE m|n.
(1) fl* Af 2B —1=x-1D)" +x"2 4 4x+1) (B¢ heN), &P £ m|n,
Pl a"—1|a"—1.
(2) #PE a"—1]a" =1 (2% m',r 2250 F#) ®* a"—1]a" -1, a"—1|a" —1.
(%% Exercise 1.1 (5))

(3) Bk @"—1|a"—1, P m[n. (17 *Fi2 RILHE-m %00 n Z41* 3L (1)(2)).
Exercise 1.5. B& a,bcZ * d 8 & & {ma+nb|m,n€Z} kool o Bl REP E
reN, Bl rd 2 % & {mra+nrb|mn€Z} ¥ &) et . & FEP ged(ra,rb) =r ged(a,b).
Exercise 1.6. B3% a,b,c€Z, #41* 32 Tged(a,b)=1 F 2 i E 5 e rnseZ # ¥
ra+sb=1, FEP LT G BT F R

(1) ®B& mneN. #F&EP ged(a,b) =1 % = r& % ged(d”,b")=1. (Hint: ] * = 578 3¢

TIL)
(2) ®B& ged(a,b)=1 2 cla+b. F#EP ged(a,c) =ged(b,c) = 1.

Exercise 1.7. #4|* # & iﬁ‘p‘ E T TR

(1) # ged(ay,a;)=1,Vie{2,...,n}, Bl ged(ar,az---a,) = 1.

(2) BK a,...,ap 333 F (THEL Lje{l,...,n} T i#), ¥ ged(aja;)=1)
2 oa|L,Vie{l,...,n}, Bl a;---a, |l

Exercise 1.8. B3& a,beZ * 4 d=gcd(a+b,a—Db).
(1) @2 d|2a ® d|2b.
(2) #° wgedla,b)=1FEP ¥ abk i+ 8PFd=2;7 % ab i-+-BEFd=1.



