
Chapter 1

整數的基本性質

໒ۈ的ಃക, ,Αֹ整性ࣁ .ॺவ整數的基本性質рวך ऩӕᏢςჹ整數的性質࣬Αှ,
ёаౣၸԜക, .ௗΕΠകޔ

1.1. Ӣ數ᆶ७數

整數໒ࢂۈҗԾฅ數рว, ճҔ數數的БךݤॺۓကΑуݤ. ௗԖΑॄ的ཷۺ整ঁ整數
уݤ的ᡏس൩ࡌҥଆٰΑǶ๏ۓ a ∈ Z, ॺҔך 2a Ң߄ٰ a+a. ٰᇥऩ n ∈ N ॺஒך
n ঁ a ࣬у的่݀ࣁ߄ na. ॺΨஒך (−n)a ࣮ԋ n ঁ −a ࣬у܌ளϐॶ. ऩךॺӆஒ 0a ۓ

ࣁ 0, ӵԜٰჹҺཀ的 m ∈ Z, ma ԖΑۓက. ӵԜۓကрٰ的४کݤуݤϐ໔܌ᅈى的
ၮᆉೕ߾ӵҬඤࡓ, ่ӝکࡓϩଛࡓԜೀ൩όӆᙧॊ.

ॺஒёаቪԋך ma ύځ m ∈ Z 的數ᆀࣁ a 的७數 (multiple). ќБय़ऩ b ࢂ a 的७

數, ॺΨᆀך a ࢂ b 的Ӣ數 (divisor). ಄ဦࣁ a | b.

ॺஒך a 的७數܌ԋ的ӝҔ aZ .Ң߄ٰ Ψ൩ࢂᇥ aZ ύ的ϡનࢂ ma ೭ኬ的Ԅ

ύځ m ∈ Z. ೭ኬ的ӝёҔ aZ= {ma | m ∈ Z} .Ң߄ٰ ӢԜךॺёаᇥ b ∈ aZ ک b ࢂ a

的७數 ܈) a ࢂ b 的Ӣ數) .ࡘኬ的ཀࢂ

ௗΠٰךॺाೀӢ數७數的٤性質. Եቾ a,b,c ∈ Z. २Ӄऩ b ࢂ a 的७數Ъ c ࢂ b

的७數, ҢӸӧ߄ r,s ∈ Z ٬ள b = ra Ъ c = sb. Ԝਔҗ४ݤ的่ӝךࡓॺԖ

c = sb = s(ra) = (sr)a.

җܭ sr ∈ Z, ёޕ c ࣁ a 的७數. ೭ঁ่݀ࢂҔ่ӝࡓளډ的, ٣ჴ整數的уݤᆶ४ݤ
໔Ԗϩଛࡓ. ճҔϩଛࡓ, .аΠ的性質ډॺёаளך

ଷ b,c ࣁࣣ a 的७數. ೭߄ҢӸӧ r,s ∈ Z ٬ள b = ra Ъ c = sa. ԜਔჹҺཀ
m,n ∈ Z, җϩଛࡓள

mb+nc = m(ra)+n(sa) = (mr+ns)a.

Ψ൩ࢂᇥ mb+nc ϝࣁ a 的७數.

Question 1.1. ଷ a ∈ Z, ၂ᇥܴჹҺཀ b,c ∈ aZ аϷ m,n ∈ Z ࣣԖ mb+nc ∈ aZ.
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整數的४ݤύᗋԖঁख़ा的性質, ൩ࢂԖ४ൂݤՏϡન 1. Ψ൩ࢂᇥ 1 ४Һཀ的整

數 a ϝࣁ a (ջ 1 ·a = a), ೭ঁεৎޕၰ. ࢂख़ा的׳ჴځ 1 .的整數Ԗ೭ঁ性質的ࢂ
٣ჴऩ a ߚࣁ 0 的整數Ъ x ᅈى x ·a = a ߾ x ࢂۓ 1.

Question 1.2. य़的௶ॊࣁՖाଷ a ̸= 0 ?ګ ၂ᇥܴࣁՖऩ a ̸= 0 Ъ x ᅈى x ·a = a ߾

x = 1.

1 ᗋԖঁ性, Ψ൩ࢂऩ x,y ∈ Z ᅈى x · y = 1, ߾ x = 1,y = 1 ܈ x =−1,y =−1.

Question 1.3. ၂ᇥܴॊ的性質ࣁՖԋҥ.

ճҔ೭٤Ԗᜢ 1 的性. ऩډॺёаளך b ࢂ a 的७數Ъ a ࢂ b 的७數, ߾ b = a ܈

b =−a. ೭ࢂӢࣁӸӧ r,s ∈ Z ᅈى b = ra Ъ a = sb, ࡺ

a = sb = s(ra) = (sr)a.

ऩ a = 0, ߾ b = ra = 0 = a ԋҥ, Զऩ a ̸= 0, ॊҗ߾ 1 的性質ёள r = 1 ܈ r =−1, ҭ
ջ b = a ܈ b =−a. .Ң߄ݤय़ග的೭٤性質ҔаΠ的數ᏢБॺஒך

Lemma 1.1.1. ଷ a,b,c ∈ Z. .ॺԖаΠϐ่݀ך

(1) ऩ a | b Ъ b | c ߾ a | c.

(2) ऩ a | b Ъ a | c ჹҺཀ߾ m,n ∈ Z ࣣԖ a | mb+nc.

(3) ऩ a | b Ъ b | a ߾ a =±b.

.ၮᆉ性質ٰܴаΠϐ性質ݤ४ݤကаϷ整數的уۓॺӆ၂җ७數的ך

Lemma 1.1.2. ଷ a,b,m ∈ Z Ъ m ̸= 0. ߾ a | b ऩЪऩ ma | mb.

Proof. २Ӄଷ a | b, Ӹӧޕ n ∈ Z ٬ள b = na. ᜐӕ४аٿஒԄࡺ m ёள mb = mna =

n(ma), ӢԜள ma | mb.

ϸϐ, ऩςޕ ma | mb, Ӹӧ߾ n ∈ Z ᅈى mb = n(ma), ҭջ m(b−na) = 0. җࡺ m ̸= 0

的ଷޕ b−na = 0. ள a | b. �

ךॺ࿘ٿډ整數 a,b ,ցԖ७數ᜢ߯ਔࢂځղձݤεคࡐࣣ ऩޕၰ a,b ԖӅӕ的Ӣ數,
೯தஒӅӕӢ數ऊѐ, ளډၨλ的ঁٿ數, ӆղձࢂځցԖ७數ᜢ߯. ೭ࢂӢךࣁॺԖа
Π的่݀.

Corollary 1.1.3. ऩ d | a Ъ d | b, ߾ a | b ऩЪऩ (a/d) | (b/d).

Proof. २ӃݙཀӢࣁ d | a а܌ a/d ,整數ࢂ ӕ b/d Ψࢂ整數, ӢԜךॺωёаࢂ
ց (a/d) | (b/d). Ӣࣁ d ̸= 0, ٩ Lemma 1.1.2 ၰޕॺך d(a/d) | d(b/d) (ջ a | b) ऩЪऩ
(a/d) | (b/d). .ۓள本ࡺ �
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ӧ Corollary 1.1.3 ύ d | a Ъ d | b 的ଷ൩ࢂᇥ d ӕਔࢂ a ک b 的Ӣ數, ࣁॺᙁᆀϐך
a,b 的 common divisor (ϦӢ數). Corollary 1.1.3 ນךॺஒঁٿ整數ऊځϦӢ數ϝߥ
.७數ᜢ߯ځ

ፕ٤整數ϐ໔的ᜢ߯ਔϦӢ數کനεϦӢ數ࡐख़ा的πڀ. ௗΠٰךॺ๏ѬॺΠۓ
က.

Definition 1.1.4. з a,b ∈ Z Ъࣣόܭ 0.

(1) ऩ c ∈ Z, Ъ c | a, c | b, ᆀ߾ c ࣁ a,b 的 common divisor (ϦӢ數).

(2) ऩ d ∈ N ࢂ a,b 的ϦӢ數ύനε的, ᆀ߾ d ࣁ a,b 的 greatest common divisor (ന
εϦӢ數), ೯தךॺҔ gcd(a,b) .Ңϐ߄ٰ

ाΠঁۓကਔाݙཀࢂցӝ. όाۓက的ܿՋਥ本όӸӧؒ܈ԖҔ. Definition
1.1.4 ύ൩ाݙཀϦӢ數аϷനεϦӢ數ࢂցӸӧ. २ӃךॺϦӢ數的Ӹӧ性: Ӣࣁ 1

整ନ܌Ԗ的整數, аऩ܌ a,b ∈ Z ϦӢ數ѸӸӧځ߾ (ԿϿ 1 ൩ࢂ).

ԿܭനεϦӢ數的Ӹӧ性, ൩ाҔډ整數的 “well-ordering principle” ೭ঁ性質Α. ೭
ঁ principle ൩ࢂᇥ๏ۓঁޜߚ的整數的ηӝ S, ӵ݀ S ԖΠࣚ (ջӸӧঁ數λܭ
ܭ S ύ܌Ԗ的數), ߾ S ύѸ֖Ԗঁനλ的整數 (೯தҔ minS .(Ң߄ٰ ӕऩ整數的ߚ
ηӝޜ S Ԗࣚ (ջӸӧঁ數εܭܭ S ύ܌Ԗ的數), ԜӝύѸ֖Ԗঁനε的߾
整數 (೯தҔ maxS .(Ң߄ٰ аךࡕॺத࿘ډܜ٤ຝ的҅整數ηӝ, ٗਔ൩ளதҔ
.ԜӝӸӧঁനλ的҅數ޕ整數的೭ঁ性質ٰዴډ ќѦाݙཀԜ性質ӧځд的ݩӵ
Ԗ數൩όჹΑ. ٣ჴ҅Ԗ數ࢂԖΠࣚ的 (0 λ܌ܭԖ的҅Ԗ數), ՠ٠ؒԖ܌ᒏനλ
的҅Ԗ數.

ӧӣډനεϦӢ數的Ӹӧ性. Ӣࣁ a ̸= 0 ਔ, a 的ҺཀӢ數ࣣλܭܭ |a|, ࡺ a,b 的

ϦӢ數܌ԋ的ӝԖࣚ ӵٯ) |a| ൩ࢂ). аҗ܌ well-ordering principle ޕॺך a,b 的ന

εϦӢ數ѸӸӧ.

ाݙཀ的ࢂ a,b 的നεϦӢ數Ԗёૈࢂ 1. ऩӵԜ (ջ gcd(a,b) = 1), Ң߄ a ک b ନΑ

±1 ѦؒԖځд的ϦӢ數, ॺᆀך a,b ϕ質 (relatively prime).

Exercise 1.1. ଷ a,b,c,d ∈ Z ࣣόܭ 0, ၂ܴаΠԖᜢܭ整ନ的性質.

(၂ճҔ Lemma 1.1.1, Lemma 1.1.2 όޔௗҔۓကܴ).

(1) ऩ a | b Ъ c | d, ߾ ac | bd. (Lemma 1.1.2 & Lemma 1.1.1(1))

(2) ऩ a | b, ჹҺཀ߾ n ∈ N ࣣԖ an | bn. (җᚒ (1) аϷ數Ꮲᘜયݤ)

(3) ऩ c | a+b Ъ c | a, ߾ c | b. (Lemma 1.1.1(2))

(4) ऩ a ̸= 1 Ъ a−1 | b−1 аϷ a−1 | bc−1, ߾ a−1 | c−1. (җᚒ (3))

(5) ଷ m,n ∈ N Ъ a > 1, ऩ am −1 | am+n −1, ߾ am −1 | an −1. (җᚒ (4))

Exercise 1.2. ଷ a ∈ Z, ܴ 3 | a3 −a.
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