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౜ӧךॺӣډ௖૸നεϦӢ數. ,ـଆߡΑБࣁ όѨ΋૓性, ॺѝሡ૸ፕך a,b ∈ N 的௃
.׎ ཀ΋૓ा᛾ܴݙ d = gcd(a,b) .ҹ٣ٿॺा᛾ܴך २Ӄा᛾ܴ d ࢂ a,b 的ϦӢ數, ӆٰ
൩ࢂ᛾ܴ d ࢂ a ک b 的ϦӢ數ύനε的. Զाᇥ d ࢂ a,b ,ϦӢ數္നε的ࢂ җ Corollary
1.2.4 ा᛾ܴऩࢂၰ൩ޕॺך d′ ࢂ a,b 的ϦӢ數, ߾ d′ | d. ा᛾ܴ೭΋ᗺ, നӳ的Бݤ൩ࢂ
᛾ܴӸӧ m,n ∈ Z ٬ள d = ma+nb ـୖ) Exercise 1.5).

΋૓ٰᇥाډפ整數 a,b 的നεϦӢ數, ΋ঁϦӢ數ډפॺ཮჋၂Ӄך d1, ฅࡕӆ࣮࣮
ډפցૈӆࢂ a1 = a/d1,b1 = b/d1 ೭ঁٿКၨλ的整數的ϦӢ數 d2, ೭ኬ΋ޔΠѐ࣮ډޔ
р an,bn 的നεϦӢ數ࣁЗ. ೭ኬ଺੿的൩ёаளډ a,b 的നεϦӢ數༏? ඤѡ၉ᇥךॺѸ
໪᛾ܴ, ऩ d1 | a, d1 | b Ъ d = gcd(a/d1,b/d2), ߾ d1d = gcd(a,b). ा᛾ܴ೭ҹ٣, २Ӄךॺ
ሡᡍ᛾ d1d ዴჴࢂ a,b 的ϦӢ數. .ॺԖаΠ的性質ך

Proposition 1.2.9. ଷ೛ a,b ∈ N Ъ d1 ࢂ a ک b 的ϦӢ數. ऩ d2 ࢂ a/d1 ک b/d1 的Ϧ

Ӣ數, ߾ d1d2 ࢂ a ک b 的ϦӢ數.

Proof. २Ӄݙཀ, җܭ d1 ࢂ a,b 的ϦӢ數, Ӹӧࡺ m,n ∈ Z ٬ள a = d1m Ъ b = d1n. Ψ൩
ᇥࢂ a/d1 = m ک b/d1 = n .整數ࣁࣣ Ξ d2 ࢂ m,n 的ϦӢ數ࡺӸӧ m′,n′ ∈ Z ٬ள m = d2m′

Ъ n = d2n′. 整౛ள a = d1d2m′ Ъ b = d1d2n′ ޕࡺ d1d2 ࢂ a ک b 的ϦӢ數. �

Question 1.5. ଷ೛ a,b,d,d′ ∈ Z Ъ dd′ ࢂ a ک b 的ϦӢ數. ၂᛾ܴ d ࢂ a ک b 的ϦӢ數,
Ъ d′ ࢂ a/d ک b/d 的ϦӢ數.

ऩ Proposition 1.2.9 ύখӳԖ d1 = gcd(a,b), ॺёளаΠϐךကۓճҔനεϦӢ數的߾
性質.

Corollary 1.2.10. ଷ೛ a,b ∈ N Ъ d = gcd(a,b). ߾ a/d ک b/d ϕ質.

Proof. ा᛾ܴ a/d ک b/d ϕ質, ฻ӕܭ᛾ܴӸӧ整數 x,y ٬ள x(a/d) + y(b/d) = 1

(Corollary 1.2.5). ฅԶςޕ d = gcd(a,b), Ӹӧࡺ m,n ∈ Z ᅈى ma+ nb = d. ӢԜள
m(a/d)+n(b/d) = 1. зࡺ x = m,y = n ջ؃܌ࣁ. �

ௗΠٰךॺ൩ёа᛾ܴаΠ性質.

Theorem 1.2.11. ଷ೛ a,b ∈ N Ъ d1 | a,d1 | b. ऩ d = gcd(a/d1,b/d1), ߾ d1d = gcd(a,b).

Proof. җ Proposition ޕॺך,1.2.9 d1d ཮ࢂ a,b的ϦӢ數. ॺ໻ा᛾ܴӸӧךа܌ x,y∈Z
٬ள xa+ yb = d1d, ൩᛾ܴΑ d1d = gcd(a,b). ςޕ d = gcd(a/d1,b/d1), Ӹӧࡺ m,n ∈ Z ᅈ
ى m(a/d1)+ n(a/d1) = d. ᜐӕ४аٿ d1, ள ma+ nb = dd1. ӢԜऩڗ x = m,y = n, ёள
xa+ yb = d1d. ள᛾ d1d = gcd(a,b). �

Theorem 1.2.11 ֋ນךॺ, ྽ঁٿ數ࡐεਔ, ऩёډפ΋ঁεܭ 1 的ϦӢ數, ൩ёаନ
௞೭ঁϦӢ數, ஒୢᚒᙯඤԋ؃ၨλ的ঁٿ數的ϦӢ數. όၸջঁٿ٬數όε, ٬Ҕ೭΋࿯
פ {ma+nb : m,n ∈ Z} ೭ঁ໣ӝύനλ的ॄߚ整數的Бפݤ a,b 的നεϦӢ數٠όࢂ΋ঁ

Ԗਏ౗的Бݤ. Π΋࿯ύ, .ݤനεϦӢ數的БפԖਏӦࡐॺஒϟಏ΋ঁך
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1.3. ᗅᙯ࣬ନݤ

ᗅᙯ࣬ନ؃ࢂݤനεϦӢ數ࡐԖਏ౗的Бݤ. २Ӄךॺϟಏᗅᙯ࣬ନݤ的চ౛.

Lemma 1.3.1. ऩ a,b ∈ N Ъ a = bh+ r, ύځ h,r ∈ Z, ߾ gcd(a,b) = gcd(b,r).

Proof. ଷ೛ d = gcd(b,r). ॺ᛾ܴך d = gcd(a,b), Ψ൩ࢂᇥ᛾ܴ d ࢂ a,b 的ϦӢ數Ъ܌ࢂ

Ԗ a,b 的ϦӢ數ύനε的.

२Ӄҗ d = gcd(b,r)ޕ d | bЪ d | r. җࡺ Corollary ޕ1.1.1 d | bh+ r,ள᛾ d | aЪ d | b.

౜ऩ d′ ࢂ a,b 的ϦӢ數, ջ d′ | a Ъ d′ | b, Ԝਔӆҗ Corollary 1.1.1 ޕ d′ | a− bh, ջ
d′ | r. Ψ൩ࢂᇥ d′ Ψ཮ࢂ b,r 的ϦӢ數. ӢԜҗ d ࢂ b,r 的നεϦӢ數, ள᛾ d′ ≤ d. �

Question 1.6. ଷ೛ a,b ∈ N Ъ a = bh+ r, ύځ h,r ∈ Z.

(1) ցࢂ gcd(a,b) = gcd(a,r)?

(2) ၂᛾ܴ {ma+nb : m,n ∈ Z}= {m′b+n′r : m′,n′ ∈ Z}.

Lemma 1.3.1 ֋ນךॺ྽ a > b > 0 ਔ, ा؃ a,b 的നεϦӢ數ךॺёаӃஒ a ନа b

ࣁளᎩ數ऩ܌ r, ߾ a,b 的നεϦӢ數฻ܭ b ک r 的നεϦӢ數. Ӣࣁ 0 ≤ r < b < a, а܌
྽ฅעीᆉᙁϯΑ. ௗ๱ךॺ൩ٰ࣮࣮ᗅᙯ࣬ନݤ. җܭ gcd(a,b) = gcd(−a,b) ॺѝךа܌

ाԵቾ a,b ೿҅ࢂ整數的௃ݩ.

Theorem 1.3.2 (The Euclidean Algorithm). ଷ೛ a,b ∈ N Ъ a > b. җନݤচ౛ךॺޕӸ
ӧ h0,r0 ∈ Z ٬ள

a = bh0 + r0, ύځ 0 ≤ r0 < b.

ऩ r0 > 0, Ӹӧ߾ h1,r1 ∈ Z ٬ள

b = r0h1 + r1, ύځ 0 ≤ r1 < r0.

ऩ r1 > 0, Ӹӧ߾ h2,r2 ∈ Z ٬ள

r0 = r1h2 + r2, ύځ 0 ≤ r2 < r1.

ӵԜᝩុΠѐډޔ rn = 0 .Зࣁ ऩ n = 0 ( ջ r0 = 0), ߾ gcd(a,b) = b. ऩ n ≥ 1, ߾
gcd(a,b) = rn−1.

Proof. २Ӄݙཀऩ r0 ̸= 0, җܭ r0 > r1 > r2 > .. . ,ᝄ਱ሀ෧的ࢂ Ӣࣁ r0 ک 0 ϐ໔നӭ໻

ૈකΕ r0 −1 ঁ҅整數, ཮Ԗۓၰ΋ޕॺךа܌ n ≤ r0 ٬ள rn = 0.

ऩ r0 = 0, ջ a = bh0, ޕࡺ b ࣁ a ϐӢ數, ள᛾ b ࣁ a,b 的നεϦӢ數. ऩ r0 > 0, җ߾
Lemma 1.3.1 ޕ

gcd(a,b) = gcd(b,r0) = gcd(r0,r1) = · · ·= gcd(rn−1,rn) = gcd(rn−1,0) = rn−1.

�

౜ӧךॺٰ࣮Ҕᗅᙯ࣬ନ؃ݤനεϦӢ數的ٯη.
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Example 1.3.3. ॺ؃ך a = 481 ک b = 221 的നεϦӢ數. २Ӄҗନݤচ౛ள 481 =

2 ·221+39, ޕ r0 = 39. ӢԜӆԵቾ b = 221 ନа r0 = 39 ள 221 = 5 ·39+26, ޕ r1 = 26. ӆ
а r0 = 39 ନа r1 = 26 ள 39 = 1 · 26+ 13, ޕ r2 = 13. നࡕӢࣁ r2 = 13 整ନ r1 = 26 ޕ

r3 = 0, җࡺ Theorem 1.3.2 ޕ gcd(481,221) = r2 = 13.

ӧճҔᗅᙯ࣬ନ؃ݤനεϦӢ數ਔ, εৎόѸ੿的ډ؃ rn = 0. ύё࣮рٯӵӧ΢ٯ
r0 = 39 ک r1 = 26 的നεϦӢ數ࢂ 13, ճҔ Lemma 1.3.1 ଭ΢ளޕ gcd(a,b) = 13.

ӧ΢΋࿯ Corollary 1.2.4 ֋ນךॺऩ gcd(a,b) = d, Ӹӧ߾ m,n ∈ Z ٬ள d = ma+ nb.
྽ਔךॺؒԖගډӵՖډפԜ m,n. ౜ӧךॺճҔᗅᙯ࣬ନٰݤϟಏ΋ঁډפ m,n 的Бݤ.
Ҕݮॺך Theorem 1.3.2 的಄ဦ. २Ӄ࣮ r0 = 0 的௃׎, Ԝਔ d = gcd(a,b) = b аऩз܌

m = 0, n = 1, ॺԖך߾ d = b = ma+nb. ྽ r0 ̸= 0 ՠ r1 = 0 ਔ, ޕॺך d = gcd(a,b) = r0.
ճҔࡺ a = bh0 + r0 ,ޕ ऩз m = 1, n =−h0, ߾ d = r0 = ma+nb. ӕ౛ऩ r0 ̸= 0, r1 ̸= 0 ՠ

r2 = 0, ޕ߾ d = gcd(a,b) = r1. ճҔࡺ a = bh0 + r0 аϷ b = r0h1 + r1 ޕ

r1 = b− r0h1 = b− (a−bh0)h1 =−h1a+(1+h0h1)b.

ӢԜऩз m =−h1 Ъ n = 1+h0h1, ߾ d = r1 = ma+nb. ٩ྣԜݤ, ྽ r0,r1 ک r2 ࣣόࣁ 0

ਔ, җܭ d = gcd(a,b) = rn−1 җࡺ rn−3 = rn−2hn−1 + rn−1 ޕ d = rn−3 −hn−1rn−2. ճҔ數Ꮲᘜ
યךݤॺޕӸӧ m1,m2,n1,n2 ∈ Z ٬ள rn−3 = m1a+n1b Ъ rn−2 = m2a+n2b жΕளࡺ

d = (m1a+n1b)−hn−1(m2a+n2b) = (m1 −hn−1m2)a+(n1 −hn−1n2)b.

ӢԜऩз m = m1 −hn−1m2 Ъ n = n1 −hn−1n2, ߾ d = ma+nb.

΢य़的ᇥܴ࣮՟ӳႽ྽ r0 ̸= 0ਔჹ؂΋ঁ i∈{0,1, . . . ,n−2}ाӃஒ riቪԋ ri =mia+nib,
നࡕωёஒ d = rn−1 ቪԋ ma+nb 的׎Ԅ. ,ߡፕ᛾ਔ的Бࢂჴ೭ѝځ ӧჴሞᏹբਔךॺځ
ჴࢂஒ؂ঁ ri ቪԋ m′

iri−2 +n′iri−1 的׎Ԅᄌᄌ଍௢ӣ d = ma+nb. ፎ࣮аΠ的ٯη.

Example 1.3.4. ॺ၂๱ճҔך Example 1.3.3 的่݀ډפ m,n ∈ Z ٬ள 13 = 481m+221n.
२ӃךॺԖ 13= r2 = 39−26= r0−r1. Զ r1 = 221−5 ·39= b−5r0,ࡺள 13= r0−(b−5r0) =

6r0 − b. ӆҗ r0 = 481− 2 · 221 = a− 2b, ளޕ 13 = 6(a− 2b)− b = 6a− 13b. ளࡺ m = 6 Ъ

n =−13 ཮ᅈى 13 = 481m+221n.

ाݙཀ೭္ډפ的 m,n ٠ό཮ࢂ୤΋ᅈى d = ma+ nb 的΋ಔှ. ᗨฅ΢य़的௢ᄽၸ
ำӳႽ཮ѝԖ΋ಔှ, όၸѝૈᇥࢂҔ΢य़的Бݤ཮ளډ΋ಔှ, ٠όૈᏼߥё܌ډפԖ的
ှ. КБᇥऩз m′ = m+b, n′ = n−a, ߾ m′a+n′b = (m+b)a+(n−a)b = ma+nb = d. ܌
а m′,n′ Ψ཮ࢂќ΋ಔှ. ӢԜаࡕ྽ा௖૸୤΋性ਔ, ऩؒԖкϩ的౛җί࿤όૈᇥҗ߻
य़的௢Ꮴၸำ࣮рࢂ୤΋的൩ᘐࢂق୤΋. ΋૓的բࢂݤଷ೛գԖٿಔှ, ӆճҔ೭ٿಔှ
.ϐ໔的ᜢ߯ޣٿډפ的ԄηىӅӕᅈ܌ .ݤॺ࣮࣮аΠ的բך

Proposition 1.3.5. ଷ೛ a,b ∈ N Ъ d = gcd(a,b). ऩ x = m0,y = n0 ࢂ d = ax+by 的΋ಔ

整數ှ, ჹҺཀ߾ t ∈ Z, x = m0 +bt/d,y = n0 −at/d ࣁࣣ d = ax+by 的΋ಔ整數ှ, ԶЪ
d = ax+by 的܌Ԗ整數ှѸࣁ x = m0 +bt/d,y = n0 −at/d ύځ t ∈ Z ೭ኬ的׎Ԅ.
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Proof. ଷ೛ x = m,y = n ࢂ d = ax+ by 的΋ಔှ. җܭςଷ೛ x = m0,y = n0 Ψࢂ΋ಔ

ှ, ளࡺ am+ bn = am0 + bn0. Ψ൩ࢂᇥ a(m−m0) = b(n0 − n). җܭ d = gcd(a,b), ॺך
ёаଷ೛ a = a′d, b = b′d ύځ a′,b′ ∈ Z Ъ gcd(a′,b′) = 1 ـୖ) Corollary 1.2.10). ӢԜ
ள a′(m−m0) = b′(n0 −n). ճҔ b′ | a′(m−m0), gcd(a′,b′) = 1 аϷ Proposition 1.2.6(1) ள
b′ | m−m0. Ψ൩ࢂᇥӸӧ t ∈ Z ٬ள m−m0 = b′t. ޕࡺ m = m0 + b′t = m0 + bt/d. ஒ
m = m0 +bt/d жӣ am+bn = am0 +bn0 ёள n = n0 −at/d, ӢԜள᛾ d = ax+by 的整數ှ

೿ࢂ x = m0 + bt/d,y = n0 − at/d ύځ t ∈ Z ೭ኬ的׎Ԅ. നךࡕॺ໻ाዴᇡჹҺཀ t ∈ Z,
x=m0+bt/d,y= n0−at/dࣣࣁ d = ax+by的΋ಔ整數ှ. ฅԶஒ x=m0+bt/d,y= n0−at/d

жΕ ax+by ள a(m0 +bt/d)+b(n0 −at/d) = am0 +bn0 = d, .౛ۓள᛾本ࡺ �

ճҔ Proposition 1.3.5 ॺ൩ёճҔך Example 1.3.4 ډפ 13 = 481x+221y 的΋ಔ整數

ှ x = 6,y =−13 ளډ x = 6+17t,y =−13−37t ύځ t ∈ Z ࢂ 13 = 481x+221y Ԗ的整數܌

ှ.

ӧ數ፕύפ整߯數БำԄ的整數ှࢂ΋ঁख़ा的ፐᚒ. ೭ᜪ的ୢᚒᆀှࣁ diophantine
equation. ,य़的่݀߻ॺёаճҔך ೀ౛നᙁൂ的΋ԛ的 diophantine equations.

Proposition 1.3.6. ଷ೛ a,b,c ∈ Z Ъ d = gcd(a,b). Եቾ linear diophantine equation
ax+by = c. .ॺԖаΠ的่݀ך

(1) БำԄ ax+by = c Ԗ整數ှऩЪ୤ऩ d | c.

(2) ଷ೛ d | c Ъ x = m0,y = n0 ࢂ ax+by = d 的΋ಔ整數ှ, ߾ ax+by = d 的܌Ԗ整

數ှࣁ x = m0(c/d)+(b/d)t,y = n0(c/d)− (a/d)t ύځ t ∈ Z.

Proof. २Ӄךॺ᛾ܴ ax+by = c Ԗ整數ှऩЪ୤ऩ d | c. ଷ೛ x = m,y = n ࢂ ax+by = c

的΋ಔ整數ှ. Ӣ d = gcd(a,b), ޕࡺ d | aЪ d | b. аҗ܌ m,n ∈ Zޕ d | am+bn, ҭջ d | c.
౜ଷ೛ d | c Ъз k = c/d. җܭ d = gcd(a,b) Ӹӧࡺ m0,n0 ∈ Z ᅈى am0 +bn0 = d. ฻Ԅٿ
ᜐ४΢ k, ள am0k+bn0k = dk = c, ள᛾ x = m0k,y = n0k ཮ࢂ ax+by = c 的΋ಔ整數ှ, ҭ
ջ ax+by = c Ԗ整數ှ.

ௗ๱྽ d | c ਔךॺाډפ ax+ by = c 的܌Ԗ整數ှ. ӕኬ的з k = c/d, җך߻ॺޕ
ऩ x = m0,y = n0 ࢂ ax+ by = d 的΋ಔ整數ှ, ߾ x = m0k,y = n0k ཮ࢂ ax+ by = c 的΋

ಔ整數ှ. ౜ଷ೛ x = m,y = n ࢂ ax+ by = c 的Һ΋ಔ整數ှ. җܭςޕ x = m0k,y = n0k

Ψࢂ΋ಔှ, ளࡺ am+ bn = am0k + bn0k. کճҔࡺ Proposition 1.3.5 ࣬ӕ的᛾ܴБݤ,
Ӹӧޕ t ∈ Z ٬ள m = m0k + bt/d,n = n0k − at/d, ҭջ ax+ by = c 的Һ΋ಔ整數ှѸ

ࣁࣁ x = m0k + (b/d)t,y = n0k − (a/d)t ύځ t ∈ Z ೭ኬ的׎Ԅ. ϸϐ, ჹҺཀ t ∈ Z з
x = m0k+(b/d)t,y = n0k− (a/d)t ёள ax+by = c, ӢԜள᛾本ۓ౛. �

Example 1.3.7. Եቾঁٿ diophantine equation 481x+221y= 23аϷ 481x+221y= 91. Ӣ
gcd(481,221) = җࡺ13 13 - 23аϷ 13 | ޕ91 481x+221y= 23ค整數ှ,Զ 481x+221y= 91

Ԗ整數ှ. Ξҗ Example 1.3.4 ޕॺך x = 6,y =−13 ࢂ 481x+221y = 13 的΋ಔ整數ှ, ࡺ
җ 91/13 = 7 ள x = 42+17t,y =−91−37t ࢂ 481x+221y = 91 .Ԗ的整數ှ܌
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1.4. നεϦӢ數ᆶനλϦ७數

,ၰӵՖ؃ளനεϦӢ數ޕॺς࿶ך ௗΠٰࢂߡ௖૸ӵՖ؃ளനλϦ७數. ॺΨ཮௖૸ӭך
ঁ (ӭঁٿܭ) 整數的നεϦӢ數ᆶനλϦ७數.

२ӃךॺԖаΠനλϦ७數的ۓက.

Definition 1.4.1. з a,b ∈ Z Ъࣣό฻ܭ 0.

(1) ऩ m ∈ Z, Ъ a | m, b | m, ᆀ߾ m ࣁ a,b 的 common multiple (Ϧ७數).

(2) ऩ l ∈ N ࢂ a,b 的҅Ϧ७數ύനλ的, ᆀ߾ l ࣁ a,b 的 least common multiple (ന
λϦ७數), ೯தךॺ཮Ҕ lcm(a,b) .Ңϐ߄ٰ

२Ӄךॺ௖૸ٿ整數 a,b 的നλϦ७數的性質. ऩ l ࢂ a,b 的നλϦ७數, ܭҗ߾
gcd(a,b) | l, ӸӧޕॺԾฅך m,n ∈ Z ٬ள l = ma+nb. όၸ೭ঁ߄Ңݤჹ l ൩ؒԖϙሶᔅ

շΑ. ЬाচӢࢂ l ӧ {ma+nb | m,n ∈ Z} ೭ঁ໣ӝύόႽ gcd(a,b) Ԗӵ Proposition 1.2.3
.ॊ΋ኬ੝ਸ的ӦՏ܌ όၸؒᜢ߯, Π΋ঁۓ౛֋ນךॺ΋૓ٰᇥѝाΑှ a,b 的നεϦӢ

數൩ૈඓඝ a,b 的നλϦ७數.

ᡣךॺӃٰ࣮࣮ा࡛ኬޕၰ l ࢂ a,b 的നλϦ७數. ൩ӵӕനεϦӢ數的௃׎΋ኬךॺ
ा᛾ܴٿҹ٣. २Ӄ᛾ܴ l ࢂ a,b 的҅的Ϧ७數, ӆٰ൩ࢂ᛾ܴ l ࢂ a ک b 的҅的ϦӢ數ύ

നλ的. ӵԜ΋ٰ൩ૈᏼߥ l ࢂ a,b 的നλϦ७數.

Proposition 1.4.2. ଷ೛ a,b ∈N Ъ gcd(a,b) = d Ϸ lcm(a,b) = l, ߾ l = ab/d. ԶЪ m ∈ Z
ࢂ a,b 的Ϧ७數ऩЪ୤ऩ l | m.

Proof. җଷ೛ d = gcd(a,b)ޕӸӧ a′,b′ ∈N٬ள a = a′d, b = b′d Ъ gcd(a′,b′) = 1 (Propo-
sition 1.2.10). ౜ӧךॺ٩΢ॊ؁ঁٿᡯ᛾ܴ ab/d = a′b = b′a ࢂ a,b 的നλϦ७數.

२Ӄҗ ab/d = b′a ޕ a | (ab/d) ӕ౛ޕ b | (ab/d), Ψ൩ࢂᇥ ab/d ࣁ a ک b 的Ϧ७數.
ΞӢࣁ a,b,d ,數҅ࣁࣣ а܌ ab/d ࣁ a,b ϐ҅的Ϧ७數.

ௗ๱᛾ܴऩ m ࣁ a,b ϐ҅的Ϧ७數, ߾ (ab/d) ≤ m. җଷ೛ޕӸӧ m′,n′ ∈ N ٬ள
m = m′a = n′b. ඤقϐ m = m′a′d = n′b′d, ੃௞ࡺ d (Ӣ d ̸= 0) ள m′a′ = n′b′. Ψ൩ࢂᇥ
a′ | n′b′. ՠҗܭ gcd(a′,b′) = 1, җࡺ Proposition 1.2.6(1) ޕ a′ | n′. Ψ൩ࢂᇥӸӧ h ∈ N ٬
ள n′ = a′h. жӣ m = n′b ள m = ha′b, ޕளࡺ a′b = (ab/d) | m. җܭ ab/d Ϸ m ,數҅ࣁࣣ
ள᛾ (ab/d)≤ m. Ψ൩ࢂᇥ ab/d = lcm(a,b) = l.

ฅࡽ ab/d = l җ΢य़的᛾ܴךॺޕऩ m ࣁ a,b 的Ϧ७數, ߾ l = (ab/d) | m. ϸϐ, ऩ
l | m, җ߾ a | l Ъ b | l, ளޕ a | m Ъ b | m, ࡺ m ࣁ a,b ϐϦ७數. �

ाݙཀᗨฅ Proposition 1.4.2 ύଷ೛ a,b ∈ N, ՠځҞ的໻ࢂճҔ҅ࣁځ數Бߡඔॊന
λϦ७數. ऩ a,b ∈ Z ό΋҅ࣁۓਔ, ॺѝा፾྽的у΢ॄဦϝёճҔך Proposition 1.4.2
的ԄηቪΠനλϦ७數. ќѦک Corollary 1.2.4 ύ܌ॊϦӢ數ࣁനεϦӢ數ϐӢ數࣬፵ࢀ
Proposition 1.4.2 ֋ນךॺϦ७數ࣁനλϦ७數ϐ७數.
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Exercise 1.8. ၂ճҔ數Ꮲᘜયݤ᛾ܴаΠ性質.

(1) ऩ gcd(a1,ai) = 1, ∀i ∈ {2, . . . ,n}, ߾ gcd(a1,a2 · · ·an) = 1.

(2) ଷ೛ a1, . . . ,an ϕ質ٿٿ ( ջჹҺཀ i, j ∈ {1, . . . ,n} Ъ i ̸= j, ࣣԖ gcd(ai,a j) = 1 )

Ъ ai | l, ∀i ∈ {1, . . . ,n}, ߾ a1 · · ·an | l.

Exercise 1.9. ଷ೛ a,b ∈ Z Ъз d = gcd(a+b,a−b).

(1) ၂᛾ܴ d | 2a Ъ d | 2b.

(2) ऩςޕ gcd(a,b) = 1၂᛾ܴ྽ a,bӕڻࣁ數ਔ d = 2; Զ྽ a,bࣁ΋ڻ΋ଽਔ d = 1.

Exercise 1.10. ၂ճҔᗅᙯ࣬ନݤচ౛ (Lemma 1.3.1) ೀ౛аΠୢᚒ.

(1) ςޕӧ 1 ډ 100 ໔ӅԖ 40 ঁ整數ک 100 ϕ質. ၂ᆉр (ፎόाҔ數的) ӧ 1 ډ

1000 ໔ӅԖӭϿঁ整數ک 100 ϕ質.

(2) ๏ۓ a,d ∈ N, ςޕӅԖ k ঁ整數 b ᅈى 0 < b ≤ na, (n ∈ N) Ъ gcd(a,b) = d. ၂᛾
ܴ n | k.

Exercise 1.11. ၂ቪраΠ diophantine equations 的܌Ԗ整數ှ.

(1) 18x+27y = 15.

(2) 17x+29y = 10.
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