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൩ࢂӢࣁ質數೭ሶόܰр, ӆуࡐᜤղձঁࡐε的數ࢂցࣁ質數, а質數த܌
ᔈҔӧஏዸᏢύ. ۭΠךॺϟಏᅿനᙁൂղᘐ質數的Бݤ.

Proposition 1.5.8. ଷ n > 1 .整數ࢂ ߾ n όࢂ質數ऩЪऩӸӧ質數 p λܭܭ
√

n Ъ整ନ n.

Proof. २ӃऩӸӧ p ≤
√

n Ъ p | n. Ӣ 1 < p < n, ள n ନΑ 1 ک n аѦᗋԖځд的҅Ӣ數,
ޕࡺ n όࢂ prime. ќБय़, ଷ n όࢂ質數, Ӹӧޕကۓ٩ a,b ∈ Z ᅈى 1 < a ≤ b < n

Ъ n = ab. җԜךॺёаዴۓ a ≤
√

n, ց߾ऩ a >
√

n ԋ ab > (
√

n)2 = n Զᆶ n = ab ό

ӝ. Զҗ Lemma 1.5.4 Ӹӧ質數ޕ p ٬ள p | a. ฅࡽ p | a ॺளך p ≤ a ≤
√

n Ъ p | n. �

Proposition 1.5.8 ນךॺ的ࢂঁղձ composite number 的ሽᜢ߯, аѬΨ൩܌
ນΑךॺղձ prime 的Бݤ. Ψ൩ࢂᇥ n ܭܭԖλ܌質數ऩЪऩࢂ

√
n 的質數όૈ

整ନ n. ೭ᅿղձ質數Бݤᆀࣁᑔݤ (sieve method). Ѭёаᔅշךॺᑔளব٤數ࢂ質數.
ܭԖλ܌рפӵऩाٯ 100 的質數. ܭॺѝाஒλך

√
100 = 10 的質數 (ջ 2,3,5,7) ,рפ

੮Π 2,3,5,7 ฅࡕஒځᎩ 2,3,5,7 的७數մନ, ၸ೭ኬᑔᒧࡕ੮Πٰλܭ 100 的數൩ࢂ
λܭ 100 的質數. ೭ࢂӢࣁऩ n < 100 Ъόࢂ質數, җ߾ Proposition 1.5.8 ޕ n ѸԖ質Ӣ

數λܭܭ
√

n <
√

100 = 10. ӢԜךॺ܌մନ 2,3,5,7 的७數൩܌ࢂԖλܭ 100 的ӝԋ
數, ԾฅഭΠ的ߡࢂ質數Α.

Question 1.8. εܭ 100 的ӝԋ數ύ, ಃঁόૈҔմନ 2,3,5,7 的७數ᑔᒧрٰ的ࢂব

ঁ整數?

1.6. ᆉೌ基本ۓ

ᆉೌ基本ۓ (The fundamental theorem of arithmetic) ջϩှۓ, ນךॺঁ
εܭ 1 的整數ऩόࢂ質數ёаቪԋԖज़ӭঁ質Ӣ數的४ᑈЪၸ௨ׇځቪݤ.
Ԝۓ࣮՟ԾฅЪܴᡉ, ՠϝሡঁ҅Ԅ的ܴ.

೭္ךॺΞ࿘ډঁࠠڂ的ԖᜢӸӧ性ᆶ性的ୢᚒ. ೭္的Ӹӧ性ࡰ的൩ࢂჹε
ܭ 1 的整數ёаډפԖज़ӭঁ質數ځ٬ёаቪԋ೭٤質數的४ᑈ, Զ性൩ࡰࢂ的൩ࢂ
ቪݤ. җ҅ܭ整數ॄک整數的ϩှѝৡঁॄဦ, .ݩॺѝሡԵቾ҅整數的ך

Theorem 1.6.1 (The Fundamental Theorem of Arithmetic). ଷ a ∈ N Ъ a > 1, Ӹӧ߾
p1, . . . , pr, ύځ pi ,౦的質數࣬ࢂ ᅈى

a = pn1
1 · · · pnr

r , ni ∈ N,∀i ∈ {1, . . . ,r}.

ӵ݀ a ёаϩှԋќѦ的Ԅ a = qm1
1 · · ·qms

s , ύځ qi ,౦的質數࣬ࢂ ߾ r = s Ъၸᡂ

ඤׇёள pi = qi, ni = mi, ∀ i ∈ {1, . . . ,r}.

Proof. .ॺϩ໒ٰӸӧ性ᆶ性ך

२Ӄٰ࣮Ӹӧ性: ᙁൂٰᇥӸӧ性൩ࢂाܴঁεܭ 1 的整數ёаቪԋԖज़ӭঁ

(ёа࣬ӕ) 質數的४ᑈ. .ٰܴݤॺҔ數Ꮲᘜયך  a = 2 ਔҗܭ 2 ,質數ࢂ аӧ೭܌
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.ჹ的ࢂӸӧ性ݩ ௗଷჹ܌Ԗவ 2 ډ a−1 的整數Ӹӧ性ࢂჹ的. ӵ݀ a ,質數ࢂ ٗӸ
ӧ性Ծฅԋҥ. ӵ݀ a όࢂ質數, ޕ߾ a = a1 ·b1 ύځ a1,b1 ∈N Ъ 1 < a1 < a Ϸ 1 < b1 < a.
ޕճҔᘜયଷࡺ a1 ک b1 ёቪԋԖज़ӭঁ質數的४ᑈ, аள܌ a = a1 ·b1 Ψёаቪԋ

Ԗज़ӭঁ質數的४ᑈ.

ाܴ性, ॺଷך
a = pn1

1 · · · pnr
r = qm1

1 · · ·qms
s ,

ύځ p1, . . . , pr ,౦的質數࣬ٿٿࢂ Ъ q1, . . . ,qs Ψ࣬ٿٿࢂ౦的質數. २Ӄךॺܴ
P = {p1, . . . , pr} ک Q = {q1, . . . ,qs} ೭ঁٿӝࢂኬ的. Һڗ pi ∈ P, җܭ pi | a, Զ
a = qm1

1 · · ·qms
s , җࡺ pi 質數аϷࢂ Corollary 1.5.3 Ӹӧޕ q j ∈ Q ٬ள pi | q j. ӆҗ q j ҭࣁ

質數, ள pi = q j ∈ Q. ॺܴΑך P ⊆ Q. ӕё Q ⊆ P. ӢԜள P = Q, ҭջ r = s, Ъ
җ௨ӈ, ॺԖך p1 = q1, p2 = q2, . . . , pr = qr. ඤقϐӧךॺԖ

a = pn1
1 · · · pnr

r = pm1
1 · · · pmr

r . (1.1)

ௗΠٰךॺाᇥܴ, ჹ܌Ԗ i ∈ {1, . . . ,r} ࣣԖ ni = mi, ӢԶள性. ,ݤॺёаҔϸך
Ψ൩ࢂᇥଷӸӧ ni ̸= mi, ԋҟ࣯. όѨ性, ॺଷך n1 ̸= m1, ଷ׳ॺך
n1 > m1. ԜਔஒԄη (1.1) ӕନа pm1

1 , ॺளך

pn1−m1
1 pn2

2 · · · pnr
r = pm2

2 · · · pmr
r .

җܭ p1 ,質數ࢂ Ъ n1 −m1 > 0, җࡺ p1 | pm2
2 · · · pmr

r аϷ Corollary 1.5.3 ޕ p2, . . . , pr ύѸ

Ӹӧঁࢌ p j ᅈى p1 | p j, Ԝک߃ଷ p1, p2, . . . , pr .౦質數࣬ҟ࣯࣬ࣁ .ள性ࡺ �

ٰᇥךॺஒ҅整數 a ቪԋ質數ϐ४ᑈ a = pn1
1 · · · pnr

r ਔ, ॺाঁךΑ性ࣁ
質數 pi 的ԛБ ni ҅ࢂ的, Ψ൩ࢂᇥךॺѝࡷр a 的質Ӣ數 p1, . . . , pr. όၸाፕ҅ٿ
數 a,b ਔࣁΑБߡКၨ, рࡷॺ೯தך a ک b Ԗ的質Ӣ數ӆஒ܌ a,b ቪԋ೭٤質數ϐ४

ᑈ的ኬη. Ψ൩ࢂᇥёቪԋ a = pn1
1 · · · pnr

r аϷ b = pm1
1 · · · pmr

r ܭύჹځ i ∈ {1, . . . ,r}, ni ≥ 0

Ъ mi ≥ 0. ܭཀ೭္җݙ a 的質Ӣ數҂Ѹ൩ࢂ b 的質Ӣ數, ϸϐҭฅ, а܌ ni,mi Ԗёૈࣁ

0. ೭ኬቪݤ的Бߡ性൩ךࢂॺόѸϩব٤ pi ࢂ a 的質Ӣ數, বࢂ٤ b 的質Ӣ數. ճҔ೭
ኬ的ቪךݤॺࡐܰஒ a,b 的നεϦӢ數߄Ңрٰ.

Proposition 1.6.2. ଷ a,b ∈ N Ъ a,b > 1. ऩ a = pn1
1 · · · pnr

r Ъ b = pm1
1 · · · pmr

r , ύځ
p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾ a,b 的҅ϦӢ數ёቪԋ pt1

1 · · · ptr
r 的Ԅ, ύځ

0 ≤ ti ≤ min{ni,mi}. ձӦ, ॺԖך

gcd(a,b) = pmin{n1,m1}
1 · · · pmin{nr,mr}

r .

Proof. २Ӄӣ៝Π min{x,y} Ң߄ x,y ύനλϐ數. ଷ d ࢂ a,b 的҅ϦӢ數, җ߾
d | aךॺޕऩ pࢂ d 的質Ӣ數, җ߾ p | d ޕ p | a. җࡺ Corollary Ӹӧޕ1.5.3 i ∈ {1, . . . ,r}
٬ள p | pi. ӢԜҗ p, pi 質數ளࣁࣣ p = pi. Ψ൩ࢂᇥ d 的質Ӣ數Ѹӧ {p1, . . . , pr} ύ, ࡺ d

ۓёаቪԋ pt1
1 · · · ptr

r 的Ԅ, ύځ ti ≥ 0. ΞҗܭჹҺཀ i ∈ {1, . . . ,r} ࣣԖ pti
i | d ࡺ pti

i | a,
ҭջ pti

i | pn1
1 · · · pnr

r . җܭ i ̸= j ਔ pi ̸= p j, ӢԜ gcd(pti
i , pn j

j ) = 1, җࡺ Proposition 1.2.6(1)
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ள pti
i | pni

i . Ԝਔऩ ti > ni, ԋ pti−ni | 1 ϐҟ࣯, ӢԜޕ ti ≤ ni. ӕҗ d | b ёள ti ≤ mi,
ளࡺ 0 ≤ ti ≤ min{ni,mi}.

ௗךॺ gcd(a,b). ,ـଆߡΑБࣁ ჹ܌ܭԖ i ∈ {1, . . . ,r}, ॺзך di = min{ni,mi}.
२Ӄᇥܴ pd1

1 · · · pdr
r ࣁ a,b 的ϦӢ數. ჹܭ i ∈ {1, . . . ,r}, җܭ di ≤ ni, ޕࡺ pd1

i | pni
i . ӢԜள

pdi
i | a. җܭ೭ࢂჹ܌Ԗ i = 1, . . . ,r ࣣԋҥΞӢࣁ pd1

1 , . . . , pdr
r җࡺϕ質ٿٿ Question 1.8 (2)

ޕ pd1
1 · · · pdr

r | a. ӕёள pd1
1 · · · pdr

r | b. നࡕჹܭҺཀ a,b ϐϦӢ數 d. җޕ d = pt1
1 · · · ptr

r

Ъ 0 ≤ ti ≤ di, ޕय़的ፕҗࡺ d | pd1
1 · · · pdr

r . ள gcd(a,b) = pd1
1 · · · pdr

r . �

ᗨฅ Proposition 1.6.2 Ψࢂঁளঁٿ數ϐനεϦӢ數ϐБݤ, όၸӧჴሞݩ (Ѐ
(ε的數ਔࡐೀࢂځ җܭϩှ質Ӣ數֚ࡐࢂᜤ的٣, ளനεϦӢݤаᗅᙯ࣬ନࢂаϝ܌
數ၨᆅҔ. Proposition 1.6.2 ख़ाϐೀࢂѬܴࡐዴ的ນךॺനεϦӢ數ߏϙሶኬη, ೭ӧ
ܜ٤ຝፕ的ᏤࢂԖҔ的.

ௗΠٰךॺёаճҔ Proposition 1.4.2 ஒനλϦ७數ቪΠ.

Corollary 1.6.3. ଷ a,b∈NЪ a,b> 1. ऩ a= pn1
1 · · · pnr

r Ъ b= pm1
1 · · · pmr

r ύځ, p1, . . . , pr

౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾

lcm(a,b) = pmax{n1,m1}
1 · · · pmax{nr,mr}

r .

Proof. җܭ ab = pn1+m1
1 · · · pnr+mr

r ճҔ Proposition 1.4.2 аϷ Proposition 1.6.2 ޕ

lcm(a,b) =
ab

gcd(a,b)
= pn1+m1−min{n1,m1}

1 · · · pnr+mr−min{nr,mr}
r .

ჹҺཀΒ數 x,y, όѨ性ךॺଷ x ≥ y, ԜਔךॺԖ min{x,y}= y Ъ max{x,y}= x,
ӢԜள x + y = min{x,y}+max{x,y}. аჹҺཀ܌ i ∈ {1, . . . ,r} ॺࣣԖך max{ni,mi} =

ni +mi −min{ni,mi}, ӢԜள本ۓ. �

ךॺԖӭঁٿܭ的整數ਔ, ॺ൩ёаճҔ質Ӣ數ϩှаϷך Proposition 1.4.6 ک
Proposition 1.4.7 ஒдॺ的നεϦӢ數کനλϦ७數ቪΠ. ӵऩٯ a = pn1

1 · · · pnr
r , b =

pm1
1 · · · pmr

r Ъ c = pt1
1 · · · ptr

r , ύځ p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi, ti ≥ 0, ߾

gcd(a,b,c) = pmin{n1,m1,t1}
1 · · · pmin{nr,mr,tr}

r , lcm(a,b,c) = pmax{n1,m1,t1}
1 · · · pmax{nr,mr,tr}

r .

Exercise 1.19. ๏ۓ n ∈ N Ъ n > 1, з l(n) Ң߄ n നλ的質Ӣ數, ӵٯ l(91) = 7. ଷ n

ӝԋ數Ъࢂ 1 < n < 300 ၂ୢ l(n) നεёૈॶࣁՖ?

Exercise 1.20. ၂פрёૈ的ಔ a,b ∈ N ᅈى gcd(a,b) = 12 Ъ lcm(a,b) = 360.

Exercise 1.21. ଷ a,b,n ∈ N ऩςޕ ab = n2 Ъ gcd(a,b) = 1, ၂ܴӸӧ c,d ∈ N ᅈى
a = c2 Ъ b = d2.

Exercise 1.22. ଷ m ∈N Ъ p ,質數ࢂ ӵ݀ pa | m Ъ pa+1 - m, ॺᆀך߾ pa 整ନ࡞ m Ъ

Ҕ pa||m .Ңϐ߄ ଷ pa||m Ъ pb||n.

(1) ऩςޕ a < b, ၂ r ᅈى pr||m+n.
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(2) ၂ᖐঁ a = b 的ٯη٬ள pr||m+n Ъ r > a.

(3) ၂ s ᅈى ps||mn.

(4) ၂ t ᅈى pt ||mn.

(5) ଷ m < pa+1, ၂ v ᅈى pv||m!.

Exercise 1.23. ճҔаΠᡯפр܌Ԗεܭ 1 的࣬౦整數 a,b ᅈى ab = ba.

(1) ଷ a < b, ܴ a | b.

(2) ଷ b = ak, ܴ ak−1 = k.

(3) ܴऩ a,k ܭεࣁࣣ 1 的整數ᅈى ak−1 = k, ߾ k = 2.

(4) ᇥܴ a = 2,b = 4 аϷ a = 4,b = 2 ىԖᅈ܌ࢂ ab = ba 的࣬౦҅整數.



Chapter 2

Arithmetic Function

ךॺा數سਔ, ԵቾۓကӧѬय़的ڄ數೯தࢂঁख़ा的Бݤ. ӧ數ፕύךॺ
ฅ൩ࢂाۓကӧ҅整數的ڄ數, ࣁॺᆀϐך arithmetic function. ೭കύךॺஒ
ፕ൳ঁதـ的 arithmetic function.

2.1. Multiplicative Arithmetic Functions

٠ό܌ࢂԖ的 arithmetic function ࡐԖ፪, ाব٤ۭډ arithmetic function ?ګ ೭ֹ
ӄ،ܭܭۓा的ࢂԖᜢব٤整數的性. ӢࣁӧԜךॺख़ܭ整數的ϩှ性質, ךа܌
ॺ܌ᒏ的 multiplicative arithmetic function.

Definition 2.1.1. ॺᆀவך N ډ C 的ڄ數ࣁ arithmetic function. ऩ f : N→ C ঁࢂ
arithmetic function ᅈىჹҺཀ a,b ∈ N Ъ gcd(a,b) = 1 ࣣԖ f (ab) = f (a) f (b), ᆀ߾ f ࢂ

ঁ multiplicative arithmetic function.

ाݙཀঁ arithmetic function f ࢂ multiplicative ਔ, f (ab) = f (a) f (b) ٠όۓԋ

ҥ. ೭ࢂाӧ gcd(a,b) = 1 ਔωёаዴࢂۓჹ的. ӵ݀ f 的性質மډჹҺཀ a,b ∈ N ࣣԖ
f (ab) = f (a) f (b),ٗሶךॺᆀ f ࢂ completely multiplicative. җܭ completely multiplicative
arithmetic function 的చҹၨம, Ъ٠คϼӭ೭ᜪԖ፪的ڄ數, ܭݙॺѝךа೭္܌
multiplicative arithmetic function.

ॺӃٰ࣮ঁך multiplicative arithmetic function 的ٯη.

Example 2.1.2. ॺԵቾך Möbius µ-function, ࣁကۓځ

µ(n) =


1, ऩ n = 1;
0, ऩӸӧ質數 p ٬ள p2|n;
(−1)r, ऩ n = p1 · · · pr, ύځ p1, . . . , pr .౦質數࣬ࣁ

ॺٰᡍך µ ዴࣁ multiplicative. Եቾ a,b ∈ N Ъ gcd(a,b) = 1. Ϟऩ a = 1 җ߾ µ(a) =
µ(1) = 1 ள µ(ab) = µ(b) = µ(a)µ(b). ӕऩ b = 1 Ψள µ(ab) = µ(a)µ(b). ॺךа܌
ाԵቾ a > 1 Ъ b > 1 的. җᆉ數基本ۓ (Theorem 1.6.1) ॺёаஒך a,b ϩձቪ

25
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ԋ a = pn1
1 · · · pnr

r аϷ b = qm1
1 · · ·qmt

t 的Ԅځύ ni,m j ࣣεܭ 0 Ъҗܭ a,b ϕ質܌Ԗ的質

數 pi ک q j ࣣ࣬౦. Ϟऩ ni ܈ m j ύԖঁεܭ 1, όѨ性൩ଷ n1 ≥ 2, җ߾ p2
1|a Ъ

p2
1|ab, ޕ µ(a) = 0 Ъ µ(ab) = 0, ளࡺ µ(ab) = µ(a)µ(b). നךࡕॺѝഭΠ n1 = · · ·= nr = 1

Ъ m1 = · · ·= mt = 1 的ݩ. Ԝਔҗܭ ab = p1 · · · pr ·q1 · · ·qt Ъ p1, . . . , pr,q1, . . . ,qt ౦質࣬ࣁ

數ள µ(ab) = (−1)r+t . ฅԶ µ(a) = (−1)r Ъ µ(b) = (−1)t , ளࡺ µ(ab) = µ(a)µ(b). Ψ൩
ᇥࢂ µ ঁࢂ multiplicative arithmetic function.

ाݙཀ µ ߚ٠ completely multiplicative. ॺёаவך a = b = p, ύځ p 質數的ࣁ

.р࣮ Ԝਔ µ(a) = µ(b) = −1 ՠࢂ µ(ab) = 0, ޕࡺ µ(ab) ̸= µ(a)µ(b). ाޕၰգा
ঁ arithmetic function f ࢂ multiplicative ਔ, գѸԵቾ܌Ԗ的ݩ, ջჹ܌Ԗᅈى
gcd(a,b) = 1 的҅整數 a,b ࣣा಄ӝ f (ab) = f (a) f (b), Զόૈжঁٯηᡍ. ՠգाᇥ
f όࢂ multiplicative ਔ, ѝाډפಔ a,b ∈N Ъ gcd(a,b) = 1 ٬ள f (ab) ̸= f (a) f (b) ջ

ё.

ௗΠٰךॺٰ࣮ multiplicative arithmetic function 的基本性質.

Proposition 2.1.3. ଷ f ߚঁࢂ 0 的 multiplicative arithmetic function. ߾ f (1) = 1,
ЪऩჹҺཀ的質數 p аϷ t ∈ N, ёޕ f (pt) 的ॶ߾ჹҺཀ n ∈ N, f (n) ϐॶ൩ёаዴۓ.

Proof. Ӣ f ࢂ multiplicative Ъ gcd(1,1) = 1, ޕࡺ f (1) = f (1) f (1) ளޕ f (1) = 1 ܈

f (1) = 0. ऩ f (1) = 0, ჹҺཀ߾ n ∈N, җܭ gcd(n,1) = 1, ёள f (n) = f (n) f (1) = 0. Ψ൩ࢂ
ᇥ f ࢂ 0 ,數ڄ Ԝک f ߚࢂ 0 ,數ϐଷҟ࣯ڄ ޕࡺ f (1) = 1.

ჹҺཀ n ∈ N, ऩ n = 1, ޕҗ߾ f (n) = f (1) = 1. ऩ n > 1, ޕۓҗᆉ數基本߾
n = pn1

1 · · · pnr
r ύځ, pi ౦質數Ъ࣬ࣁ ni ∈N. җࡺ f ࢂ multiplicativeЪ gcd(pn1

1 , pn2
2 · · · pnr

r ) =

1 ޕ f (n) = f (pn1
1 pn2

2 · · · pnr
r ) = f (pn1

1 ) f (pn2
2 · · · pnr

r ). ᝩុΠѐ٬Ҕ數Ꮲᘜયޕݤ f (n) =

f (pn1
1 ) · · · f (pnr

r ). ӢԜӵ݀ςޕ೭٤ f (pni
i ) ϐॶךॺߡёዴۓ f (n) ϐॶ. �

٩ Proposition 2.1.3 ӵ݀ޕॺך f ࢂ multiplicative arithmetic function, ٗሶऩૈඓඝ
Ԗ質數܌ p аϷ t ∈ N ύ f (pt) ϐॶٗሶ൩ёаֹӄΑှ f ೭ঁڄ數. όၸᚒࢂा
ዴᇡ f ࣁցࢂ multiplicative. ۭΠךॺ๏ঁதҔٰዴᇡࢂ multiplicative 的Бݤ. ೭
ঁБݤόѝёаٰ৾ዴᇡ multiplicative arithmetic function ԶЪёаᔅշךॺബӭ
multiplicative arithmetic function. όၸ२Ӄךॺሡाঁံշۓ.

Lemma 2.1.4. ଷ a,b ∈ N Ъ gcd(a,b) = 1. ऩ d ࢂ ab 的҅Ӣ數, Ӹӧ的߾ a 的҅

Ӣ數 d1 аϷ b 的҅Ӣ數 d2 ٬ள d = d1d2.

Proof. ೭ΞࢂঁӸӧϷ的ୢᚒ. Ӹӧ൩ࢂाӸӧ d1|a Ъ d2|b ٬ள d = d1d2, Զ
൩ࢂाᅈى೭చҹ的ቪݤѝԖᅿ.

२ӃܴӸӧ性. ๏ۓ d|ab, ाӵՖډפ d1|a Ъ d2|b ٬ள d = d1d2 ?ګ җܭा
d1d2 = d аϷ d1|a а܌ d1 Ѹࢂ a ک d 的ϦӢ數. ,ԵΠࡘ ڗॺёԵቾך d1 ࣁ a,d 的

നεϦӢ數, ೭ኬٰ d2 = d/d1 КၨλКၨёૈ整ନ b. ൩ᡣךॺڗ d1 = gcd(a,d) ࣮࣮

.ցёՉࢂ Ԝਔз d2 = d/d1, ॺዴჴԖך d = d1d2 Ъ d1|a. ѝഭΠाᡍࢂց d2|b. ฅԶ
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d|ab ޕࡺ (d/d1)|(a/d1)b. Ξҗ d1 = gcd(a,d) ޕ gcd(a/d1,d/d1) = 1 (Corollary 1.2.10), ࡺ
җ Proposition 1.2.6(1) ޕ (d/d1)|b, Ψ൩ࢂᇥ d2|b.

ௗΠٰ性. ๏ۓ d|abଷӸӧ d1,d′
1,d2,d′

2 ∈Nϩձᅈى d = d1d2, d1|aЪ d2|bа
Ϸ d = d′

1d′
2, d′

1|a Ъ d′
2|b, ॺाܴך d1 = d′

1 Ъ d2 = d′
2. җܭ d1d2 = d′

1d′
2, ޕॺך d1|d′

1d′
2.

Ξҗܭ d1|a, d′
2|bаϷ gcd(a,b) = ޕॺך,1 gcd(d1,d′

2) = 1. аӆճҔ܌ Proposition 1.2.6(1)
ளޕ d1|d′

1. ӕё d′
1|d1 ӆу d1,d′

1 ∈ N ޕࡺ d1 = d′
1, Ъள d2 = d′

2. �

ӧ Lemma 2.1.4 ԖᜢܭӸӧ性的ܴύךॺว٠҂Ҕډ gcd(a,b) = 1 的ଷ, Ψ൩ࢂ
ᇥ٠όሡଷ gcd(a,b) = 1, ჹҺཀ ab 的҅Ӣ數ёаډפ d1|a, d2|b ٬ள d = d1d2. όၸ
ӧܴ性ਔ, gcd(a,b) = 1 的ଷ൩ሡाΑ. КБᇥԵቾ a = 6, b = 4 ک d = 6 的,
ڗॺёаך d1 = 6,d2 = 1 ک d′

1 = 3,d′
2 = 2 ᅈىा, .٠όԋҥݩа性ӧԜ܌ җ

ԜךॺΨӆԛமፓ性๊όૈҔӢࣁ a ک d 的നεϦӢ數ࢂ的ޕ d1 的Զளࢂ

性. ೭ࢂӢࣁคவளࣁޕՖ d1 ࢂளߚ a,b 的നεϦӢ數όё. ,аӧܴ性ਔ܌
εৎᗋࢂाࡪ൩ӦӃଷԖٿᅿቪݤӆѐᇥܴ೭ٿᅿቪࢂݤኬ, ೭ኬ的БٰݤೀК
ၨόрᒱ.

٣ჴ Lemma 2.1.4 ນךॺ gcd(a,b) = 1 ਔ, ऩ d1, . . . ,di, . . . ,dr ک e1, . . . ,e j, . . . ,es

ϩձࢂ a ک b ,Ԗ的࣬౦҅Ӣ數܌ ߾ d1e1, . . . ,die j, . . . ,dres ࢂ ab .Ԗ的࣬౦҅Ӣ數܌ ೭
೭٤ࣁӢࢂ die j ࢂۓ ab 的҅Ӣ數, ӆу Lemma 2.1.4 ນךॺ ab 的҅ϦӢ數ۓё

аቪԋ die j 的ԄԶЪ೭٤ die j ࣬ۓ౦. ௗΠٰךॺ൩ࢂाҔ೭性質ٰճҔঁςޕ的
multiplicative arithmetic function ளډཥ的 multiplicative arithmetic function.

Theorem 2.1.5. ଷ f : N → C ঁࢂ multiplicative arithmetic function. Եቾڄ數
F : N→ C ჹҺཀࣁကۓځ n ∈ N,

F(n) = ∑
d|n,d>0

f (d),

߾ F ঁࢂ multiplicative arithmetic function.

Proof. २ӃှញΠ F(n) = ∑d|n,d>0 f (d) ೭಄ဦ߄Ңӵ݀ d1, . . . ,dr ࢂ n 的܌Ԗ࣬౦҅Ӣ

數ٗሶ F(n) = f (d1)+ · · ·+ f (dr). ॺाܴך F ࢂ multiplicative ൩ࢂाܴ a,b ∈N Ъ
gcd(a,b) = 1 ਔ F(ab) = F(a)F(b).

ଷ d1, . . . ,di, . . .dr ک e1, . . . ,e j, . . . ,es ϩձࢂ a ک b .Ԗ的҅Ӣ數܌ ॺԖך F(a) =

f (d1)+ · · ·+ f (di)+ · · ·+ f (dr)аϷ F(b) = f (e1)+ · · ·+ f (e j)+ · · ·+ f (es). ӢԜޕ F(a)F(b) =

f (d1) f (e1)+ · · ·+ f (di) f (e j)+ · · ·+ f (dr) f (es). җܭ gcd(a,b) = 1 Զ di,e j ϩձࢂ a,b 的Ӣ

數, ޕॺך gcd(di,e j) = 1. ӆу f ࢂ multiplicative, Ԗ܌ளჹࡺ di,e j ࣣԖ f (di) f (e j) =

f (die j). ӢԜள F(a)F(b) = f (d1e1)+ · · ·+ f (die j)+ · · ·+ f (dres). ฅԶ Lemma 2.1.4 ນ
ܭॺҗך gcd(a,b) = 1, ೭٤ d1e1, . . . ,die j, . . . ,dres খӳ൩ࢂ ab ,Ԗ的࣬౦҅Ӣ數܌ ளࡺ
F(ab) = F(a)F(b). �

നךࡕॺٰ࣮࣮ Example 2.1.2ύ的 µ ճҔ Theorem ബрٰ的܌2.1.5 multiplicative
arithmetic function .Ֆࣁ
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Example 2.1.6. з δ : N→ C ঁࢂ arithmetic function ,ࣁကۓځ ჹҺཀ n ∈ N,

δ (n) = ∑
d|n,d>0

µ(d),

ύځ µ ࢂ möbius µ-function. Ӣࣁ µ ࢂ multiplicative, җ Theorem 2.1.5 ޕ δ ࢂ multi-
plicative. ۓ،ाࡺ δ ϐॶҗ Proposition 2.1.3 ѝाӃԵቾޕ δ (pt) ϐॶջё, ύځ p 質ࢂ

數 t ∈ N. ฅԶ pt ࣁԖ的҅Ӣ數܌ 1, p, p2, . . . , pt , ޕကۓҗࡺ

δ (pt) = µ(1)+µ(p)+µ(p2)+ · · ·+µ(pt) = 1−1+0+ · · ·+0 = 0.

ऩࡺ n > 1, җ߾ n = pn1
1 · · · pnr

r ޕ δ (n) = δ (pn1
1 ) · · ·δ (pnr

r ) = 0. ฅԶҗۓက δ (1) = µ(1) = 1,
ॺёளךа܌

δ (n) = ∑
d|n,d>0

µ(d) =
{

1,  n = 1;
0,  n > 1.

2.2. ҅Ӣ數ঁ數Ϸ҅Ӣ數ک

ॺёаҔך multiplicative arithmetic function 的ཷזࡐۺ的р҅整數҅ځӢ數ϐঁ數
Ϸ҅Ӣ數ک.

๏ۓ҅整數 n, з v(n) Ң߄ n 的҅Ӣ數ঁ數. ฅჹҺཀࡽ n ∈ N, v(n) Ԗڗॶ, ܌
аךॺёаஒ࣮ځԋࢂঁڄ數 v : N → N. வڄ數的ٰ࣮ࡋف, v ൩ࢂঁ arithmetic
function. ๏ۓ n ∈ N ӵՖ v(n) ॶګ? ஒࢂ൩ݤௗ的բޔ n 的҅Ӣ數ӈрฅࡕ數Ԗ

ӭϿঁ. ӵٯ 6 的҅Ӣ數Ԗ 1,2,3,6, а܌ v(6) = 4. ೭ኬ的ݤӵՖҔԄη߄Ңګ? ॺёך
а๓Ҕ summation ∑ 的಄ဦ, ஒ v(n) ቪԋ

v(n) = ∑
d|n,d>0

1.

Ԅ的ཀࡘ൩ࢂԛգ࣮ډ d ᅈى d|n Ъ d > 0 ൩уԛ, ډԾฅளࡐа܌ n 的҅Ӣ數ঁ

數.

Proposition 2.2.1. ჹҺཀ n ∈ N, з v(n) Ң߄ n 的҅Ӣ數ঁ數. ߾ v : N → N ࢂ
ঁ multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦質數࣬ࣁ ߾

v(n) = (n1 +1) · · ·(nr +1).

Proof. ऩз l : N→N ঁࢂ arithmetic function ᅈىჹҺཀ n ∈N, l(n) = 1, ߾ v(n) ё߄

ࣁ

v(n) = ∑
d|n,d>0

l(d).

җܭჹҺཀ a,b ∈ N, l(ab) = l(a)l(b) = 1, ޕॺך l ࣁ (completely) multiplicative. ӢԜҗ
Theorem 2.1.5 ޕ v ࣁ multiplicative.

ฅࡽ v ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ჹҺཀ n ∈N, v(n) ϐॶ. Ψ
൩ࢂᇥךॺाӃჹҺཀ質數 p аϷ҅整數 t, v(pt) ϐॶ. җܭ pt 的҅Ӣ數൩ࢂ pi, ύځ
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i ∈ {0,1, . . . , t}, ډॺளך v(pt) = t +1. ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך v(n) = v(1) = 1;
Զऩ n = pn1

1 · · · pnr
r ύځ pi ,౦質數࣬ࣁ җ߾ v ࢂ multiplicative ޕ

v(n) = v(pn1
1 ) · · ·v(pnr

r ) = (n1 +1) · · ·(nr +1).

�

ᖐٰٯᇥ, ॺाך 360 的҅Ӣ數ঁ數, җܭ 360 = 23 · 32 · 5, ճҔ Proposition 2.2.1,
൩ёளזࡐॺך v(360) = (3+ 1)(2+ 1)(1+ 1) = 24. வ೭္εৎᔈૈ׳ᡏ multiplicative
arithmetic function 的ӳೀ. ܈ v(n) 的ϦԄεৎӧଯύਔᏢ௨ӈಔӝਔ൩Ҕ४ݤচ

ளډၸ. ёаҔ४ݤচ的চӢځჴ൩ک v ࢂ multiplicative ৲৲࣬ᜢ.

Question 2.1. v : N→ N ࣁցࢂ completely multiplicative?

Question 2.2. ଷ f : N→C ঁࢂ completely multiplicative arithmetic function. Եቾ
數ڄ F : N→ C ჹҺཀࣁကۓځ n ∈ N,

F(n) = ∑
d|n,d>0

f (d),

߾ F ࣁցࢂ completely multiplicative?

ௗΠٰךॺ҅Ӣ數ک. ๏ۓ҅整數 n, з σ(n) Ң߄ n 的܌Ԗ҅Ӣ數ϐک. ฅჹࡽ
Һཀ n ∈ N, σ(n) Ԗڗॶ, 數ڄঁࢂԋ࣮ځॺёаஒךа܌ σ : N→ N. வڄ數的ٰࡋف
࣮, σ ൩ࢂঁ arithmetic function. ๏ۓ n ∈N ӵՖ σ(n) ॶګ? ஒࢂ൩ݤௗ的բޔ n 的

҅Ӣ數ӈрฅࡕӄуଆٰ. ӵٯ 6的҅Ӣ數Ԗ а܌,1,2,3,6 σ(6) = 1+2+3+6 = 12.
೭ኬ的ݤӵՖҔԄη߄Ңګ? ॺӆԛ๓Ҕך summation ∑ 的಄ဦ, ஒ σ(n) ቪԋ

σ(n) = ∑
d|n,d>0

d.

Ԅ的ཀࡘ൩ࢂԛգ࣮ډ d ᅈى d|n Ъ d > 0 ൩у d, ډԾฅளࡐа܌ n 的҅Ӣ數ک.

Proposition 2.2.2. ჹҺཀ n ∈ N, з σ(n) Ң߄ n 的܌Ԗ҅Ӣ數ϐک. ߾ σ : N→ N ࢂ
ঁ multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦質數࣬ࣁ ߾

σ(n) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

Proof. ऩз I : N→ N ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, I (n) = n, ߾ σ(n)

ёࣁ߄

σ(n) = ∑
d|n,d>0

I (d).

җܭჹҺཀ a,b ∈N, I (ab) = ab =I (a)I (b),ךॺޕ I ࣁ (completely) multiplicative. Ӣ
Ԝҗ Theorem 2.1.5 ޕ σ ࣁ multiplicative.

ฅࡽ σ ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ჹҺཀ n ∈ N, σ(n) ϐॶ.
Ψ൩ࢂᇥךॺाӃჹҺཀ質數 p аϷ҅整數 t, σ(pt) ϐॶ. җܭ pt 的҅Ӣ數൩ࢂ pi,
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ύځ i ∈ {0,1, . . . , t}, ډॺளך σ(pt) = 1+ p+ · · ·+ pt . җܭ 1, p, . . . , pt ࣁঁϦКࢂ p 的

К數ӈ, ॺளך

σ(pt) =
pt+1 −1

p−1
.

ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך σ(n) = σ(1) = 1; Զऩ n = pn1
1 · · · pnr

r ύځ pi ౦質࣬ࣁ

數, җ߾ σ ࢂ multiplicative ޕ

σ(n) = σ(pn1
1 ) · · ·σ(pnr

r ) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

�

ᖐٰٯᇥ, ॺाך 360 的҅Ӣ數ک, җܭ 360 = 23 ·32 ·5, ճҔ Proposition 2.2.2, ॺך
൩ёளזࡐ

σ(360) =
24 −1
2−1

33 −1
3−1

52 −1
5−1

= 15 ·13 ·6 = 1170.

Question 2.3. σ : N→ N ࣁցࢂ completely multiplicative?

Exercise 2.1. ကঁۓॺך arithmetic function ρ ࣁ ρ(1) = 1 Ъჹ n > 1 ကۓ ρ(n) = 2m

ύځ m ࣁ n 的࣬౦質Ӣ數ঁ數.

(1) ၂ܴ ρ ࢂ multiplicative Ъᇥܴ ρ όࢂ completely multiplicative.

(2) з
f (n) = ∑

d|n,d∈N
ρ(d).

ऩ n = pn1
1 · · · pnr

r ࣁ n 的質Ӣ數ϩှ, ၂ f (n).

Exercise 2.2. ᒏ的܌ Liouville λ -function ঁࢂ arithmetic function λ :ကӵΠۓځ
λ (1) = 1 Ъჹ n > 1 ऩ n 的質Ӣ數ϩှࣁ n = pn1

1 · · · pnr
r , ߾

λ (n) = (−1)n1+···+nr .

(1) ၂ܴ λ ࢂ completely multiplicative.

(2) з
F(n) = ∑

d|n,d∈N
λ (d),

၂ܴӵ݀Ӹӧ a ∈ N ٬ள n = a2, ߾ F(n) = 1; ց߾ F(n) = 0.
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