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ol < Il 2 L] # ], #5722 0% || <|n- ¥ *t% A 5 infinite set, & 2 & ¥ =R neN
T3 L] <|A| & |L| # Al ’ﬂ“i\ F“" |I,| <A. % B % finite set, A PFP4r3 L neN @
# |B| = |L|, #t & |B| < |A]. gtk e strict order #f 7 & AP E B 3 Eicen g s,

5.5. Countable and Uncountable Sets

— i finite set 7 cardinal number, #% ¢ "rri'ﬁ ,T&{}i ~ % B #c, %>t infinite set, 2

cardinal number # % £ 75 - f “ &%+ CERLEET 5

# 5 % B infinite set T ® &0
cardinal number FK#B.;‘! ¥ 1} ¢ 341 * cardinal number, 2 7§ ¥
A 2B S HEuP, AP gzr)‘mp’llpm{"ﬁ‘ﬂ:a%g. ST

4 = countable set = uncountable set  fé.
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Definition 5.5.1. B4c § & - B set 7% & |S| < N|, PIFE S & countable set. & 2. P&

uncountable set.

Question 5.16. B& S,T % sets ¥ |S|<|T|. # T % countable, € F ¥ = S 5 countable?

i ¥ k3, 5 - B one-to-one function f:S— N, B S fr‘r‘«{— i# countable set. d
PoE & AP A B S A finite set, 78— ¥ & countable. # i3 ¥ it — i infinite set » A_
countable, &|4e N & ¥ & § 40 2N (& chil #edr = enfk &), ’Kq\lnﬁmte set ¥ % countable.
% 1§ uncountable set /j}' - Z_¢ 4_infinite set. #7)2 § — 1 infinite set &_countable pF, 3t
7§ B2 F 5 countably infinite 5 %] %~ infinite set §r uncountable set ¥ 4 ) %.
BANPRBILIDE, A finite set fr N 2 FF & F %5 # 8 ¢ cardinal number? ¥ % &
E- s ,Tk{;mg%ﬁ“ infinite set * 3 |N]| ik:—«‘?\ﬁwj' # cardinal number. % S - B
infinite set ® |§| < |N|. i& % & % -  one-to-one function f:S—N. ¥ g T = f(S), #
e f RS - Bd S I T ¢ oneto-one ¥ onto e, #7124 |S|=|T|. d 3% T &_
N 7 infinite subset, #7142 i it P oL 7 |T| = |N]|, ”ﬁ'«“’i‘%”ﬁ S| =|T|=|N], = ’T}“{‘j‘,w

3 ¢ countably infinite set # cardinal number ¥ %+ |NJ|.

Lemma 5.5.2. *) T CN ¥ 5 infinite set, B| |T| = |N|.

Proof. d ** TCN, s |[T|<|N|. mE &#P 5 & f:N—->T 5 one-to-one function,
Ald gt 5 |N| <|T|, ¥cd Theorem 5.4.6 (Cantor—Schroder—Bernstein) ### |T| = |N|.

A AP R N - & order < 2 T &~ B well-ordered set (Well-ordering
Principle) Xz P . w - T, ig %1 * — B N 1 nonempty subset #% 3 least element (&
minimum element). & S % nonempty subset of N, # i * min(S) % 7= S 1 least element,
i i}u{;ﬁu, Fa=min(S), 47 acS PN EF SP hrFE s, F s#a, Pla<s.

FAL f)=min(T), 23 f()ET. 4doim % f(2) %7 fp AhAPEE T =
TV}, 2164 () =min(Ty). LA 140, 3013 TC{A()} &4 T & infinite
set 2. W ALAR A F, A PEF] fR)eT. dept - BT, APL T, =T\{f(1),...,f(n)}
24 f(n+1) :mln(TnH), T AR ,i*uft% d— Bd N 3| T i function f:N—T 7
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FTARAPR P TR A HE e F — B “well-defined” function, * £ P H % one-to-
one. F ik & well-defined. » ,T‘u{ PRI EEL neN ? G harE- g, eT &
X f(n)=t, ¢ 3§ AN K f e 2 Eggns ETF R L R TR, TR R
Picp Renid &% Pl fFypz. APR Y RFFPZED T neN, ¥ 5 bk
S, eT BRE f(n)=t,. § k=1, Apxn=min(T) & T 7 r&e- K1 <r,VieT
i, R f(1)=neT @ ® ArvdE- . RBEXENETR k=1,...,n ¥ v >
WET #17 f() =t RA & Flnt 1), # % Toor = T\ {F(1),os f)} = T\ {11r.. ot} 2
f(n+1)=min(T,11). ¢ % T % infinite set, A P50 Ty #0, TR E3 = T C{ry,... 0} ¢
2 T % infinite set 494 F. * F19 & fFih2 BR T - BF UAE- mLnk & (7
flyeeosty # 2 e — &), #7124 * N ¢ well-ordering principle, # % 4,11 = min(7T,11)
& pat T 2 re— . F)gtd Strong Mathematical Induction (Corollary 2.3.6) % 3 7 %
neN, ¥ 5 tri- i, eT B E f(n) =t

Ajpe v f:N—T ¥ - B function, & ¥ & HpP f :N = T &_one-to-one. ~ i&{mri

B €N T onp#ny, APEEP f(ng) # f(m). * % - B NPEREE np <np. PP
495 Ty = T\ LU f(11), oo, fl— )}, % ) ngnz, § 29 flm) = min(T,,) € T,
B f(n) # f(ny). 8% f:N—=T &_one-to-one. O

dom Aty d Lemma 5.5.2 SN PEEE T 0T 232,
Theorem 5.5.3. X S 5 - B set. Bl S 5 countably infinite & * *& % |S| =|N]|.

Question 5.17. BX S 5 infinite set. FHEM S 5 uncountable & * v& % |S| # |N|.

i P& countable set e _&, i Frif i & - B countable set 7 subset 7 % countable.
A %5 % S 5 countable, Bl iz T &N F |S|<|N|, » Flptg S CS, Bld [ <|S] 22
IS| < |N|, 7 i |§'| <|N|. # #E& L g ¢ countable set * gk & 75 ¥ it &_countable.

G T i,

Proposition 5.5.4. 3 *¥ % i countable set 18 & i % countable set. 7 ¥ F Si,...,8, &

countable set, Bl Ui, Si i* & countable set.

Proof. # i % #c % ﬁﬁf.gﬁ‘ FEMP. §AEPF 51,5, & countable, B S{US, & countable.

& % % S1,5, ¥_countable, #&x % & f1:51 =N "% f:5 — N ¥ % one-to-one functions.
T T & F7e0 function f:S51US, — N, 2 2% 3

2 if seSy;

fls)= { 228 ifseS;\Sl.
tif #eh, f & well-defined function, ] % SIUngSlu(Sz\Sl) A SIN(S2\S)) =0, 7
PHEL SESIUS, s - ZEES  fTrHL\S1 2P - B, 22 ekrmy ald?. ag ses,
fi(s) B~ P prrr 20 (F] f1:S1 — N & - B function), #7120 L pF f(s) B~1E 2f1(s) 7*
AT, FIEE seSZ\Sl, Tl s €Sy, fols) BB AP FLAL T eh, AT pE f(s) BriE 2f5(s) + 1
FEEL AP HT RERP f:S5US, — N £ one-to-one, » TI.%{-Q M EB s reSuUS, #

v
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PosEL R €T f(s) A Sf(t). AP A S A cases. F - ,ﬁk—«kst gt S & A
2 S\ S s B f(s) =2fi(s) #2fi(t) = f(t) (F] fi 5 one-to-one), 11 %
fs)=2fA0)+1#£2H()+1=f(t) (F] fo % one-to-one). % = Al iRA_seS & reSH\S
BRIES B SEH\S £ J0) 25 o b A ) A S0 AL

7 f:851US, — N % one-to-one, ## ¥ S;US, & countable.

BREAPLY WFFR2EP, #0328 neN 2 n>2 % 8,...,5, & countable
set, B] UL;S; ™ % countable set. 2% m n=k+1 niF3;. f]* BB, S1ye Sk s
countable set, #7114 UfleSi % countable set. J_* % Si; & countable set, f1* } & 3 iF
k=2 eniFa;, Ao (ULIS,-)US;{H % countable set. #&d UfillS,-:( f-;lS,-)USkH e

Uk“S, % countable set. O

Proposition 5.5.4 F 3% % & * | & fj ¥ - fé,T* AEE TR féfﬁﬂ:“r%\ ik £ % countable.
T T SRR N e RS PR R s et
el B chk & N j - B- - R % (T —n—n), 7711 q\countable. @ {0}
%_finite set, 7 5 countable, F|* F &%

Corollary 5.5.5. Z is countable.

F Egerr g & Q A countable, AP A F - B H ehEIL,
Lemma 5.5.6. The Cartesian product N x N is countable.

Proof. w - T NxN e~ 2 5 TR i (n,m), B7° n,meN, @ ¥ (n,np) = (n),n))

a

FrvEE n=n) F m=n) Ry S NXNN #2x3
f(ny,np) =2M3"" Vnp,ny €N

g % 7 f:NxN—=N & function, & 7" & % f 5 one-to-one. % (ny,ny) # (n,n),
d R HceE - AN R e

fni,ny) =2M3" £2M3"% = f(n)| nb).

#% f:NxN—=>N % one-to-one, #= N x N &_countable. O

Lemma 5.5.6 #F 7 [NxN|<|N|, 2 @2 P {x% % =2 NxN % infinite set, #712
NxN % countably infinite, 7= ¥ |N x N| = |N|. Proposition 5.5.6, & % L &g * &7 1148

#3 *T % B countable set 7 Cartesian product 7 % countable.

Proposition 5.5.7. & Si,...,8, & countable set, B] S XSy x---x 8, 7 5 countable set.

Proof. g £ PP S xS, & countable. §|* §1,5 % countable iz, # i frif i3 &
fi:S—=N, f5:5 =N % % one-to-one function. 3% g f:S; xS - NxN H 7 %

f(s1,82) = (fi(s1), f2(52)), Vs1 €8p,5 € 8,.
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F by 8 xS > NxN 5 function, 2 i & & ¥ 5% f 5 one-to-one. ¥t iz F,
(S17S2)7(s/17s/2) €S x8 * (51752) 7& (SII’S/2)7 P A sy 7& sll ) 7& S/2' RE 8| 75 sl’ d
fi:81 = N & one-to-one, 5 fi(s1) # fi(s)), st FF

fls1,52) = (fi(s1), fa(s2)) # (f1(51), f2(55)) = f(s1,52).
P32y 5o F£sh B, T E f(s1,52) # f(s],55). % f:81 xS - NxN % one-to-one. 7
IS1 X S| < INxN|=|N|, F]p P 7 §; xS, & countable.

2% Si,...,8, % countable set, B4 #* S; xSy x -+ xS, = (S XS X - X8,_1) XS,
"R FE ET%J% EVEM S xS x---x 8, & countable set, fr“fI!-LZ 5 RGP . O

Question 5.18. % 2 ne N, FHEM 75 Z B * n DF GEc AN TR R G

countable.

A g w24 * Proposition 5.5.7 P § BT hk & Q 5 countable. & E F i F
15‘1_%:‘,% 70 ?F‘,f;"i? murE- B g/b B P acZ, beN ¥ ged(a,b) =1 07558 (VP H
AR A, Tt Qo ZxN, & F0)=(0,1); 7% geQ, g£0 * a/b
Pog B AP, P ETE flg = (ab). @ 2EFF RicE A Bk EgrE- b AP
f:Q—=ZxN % function. @ & q#4q¢', % ¢.¢d 27 3 - B 5 0, Apwg ¥- B2 5 0,
HHBH AR TR B 0/, FI P () AS(). E qqd FF GO KRERGAK
Bulh g=al/b,d =d/b. 43 alb£d /b, Fipae f(q) = (a,b) # (d, D) = f(q). F]
f:Q—ZxN % one-to-one, #% |Q| <|ZxN|. 4 Z % countable 12 % Proposition 5.5.7
fw ZxN % countable, * Z x N % infinite set, tz |ZxN|=|N|. F]#* |Q| < |N|, ## 11T

Corollary 5.5.8. Q is countable.
1% Lemma 5.5.6, #* *+ ¥ 3 Proposition 5.5.4 & 3| { — %,
Proposition 5.5.9. %= & i€ N, S; ¥ 5 countable set, B] U=, Si 7 5 countable set.

Proof. X, ¥z g ieN, ¥ 3 & f;:S,—N % one-to-one function. % g f:U‘f:lS,-—>
NxNz&:, #HE2d selU, S, Fi i ot BB seS;, P L f(s)=(,fi(s)).
FrhEE U2 Si—> NxN 3 function. ¥ E R 5,5 € U, S, BK i,/ » %5
FHis i seS,s'eSy. # i, pRE f(s)=0fi(s) # (. fr(s)=f(s). @ % i=i, RIF]
S5 SN 5 oneroone 215 6% W) £ 1(5)= 0. 6)) 1. 1)) = )
## f:Ue Si— NxN 5 one-to-one, ¥ |UZ; Si| <INxN|=|N|. &% U=, S 5

set. O

Jmfk

countable

Question 5.19. FHEP 73 F ¥k 3 N or 2 ihfk & 5 countable.

B o 3% R I fﬁ"’"i #_countable sets, ¥_%F 3 & ¥ uncountable set *1? ¥ % {_F T
)4 Proposition 5.5.7 # Cartesian product ¥ % it 4B £ - % e R 7|2 5 7 B & &
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A5, 4 i}u{;ru’ﬁ ¥ i S1,...,8.,... » countable = ¥_S§; x---xS§,x--- & uncountable. sf“ﬁ
N &1 power set Z(N) » {uncountable wEE- T, - BE & A power set Z(A), FE A

1975 subsets TR e &, F AN u’rrr:*%
Theorem 5.5.10. & A 5 - B set, Z(A) 5 A & power set, B |A] <|Z2(A)].

A — P(A)

Proof. 4 g st 1: A — P(A) T& & 1(a) ={a}, VacA. 2PRF 50
Al FLR R 4] £

% one-to-one function, F]} 7 |A| < |P(A)|. #r1 & FEP |A] < |P(
|Z(A)]-

APEFEP A E R function f:A— P(A) 383 F i fLonto. FRFERE ,T%%‘\»T’r
7 ¥ it 3 & function f:A — F(A) 4_one-to-one ¥ onto 3, F]M FE |A| # |P(A)|. R
*iE e function f1A— P(A), Y e A- BFELE S={scA|s¢f(s)}. AL SEF 7
WREZEE PEFFERAPEG SCPA) APREP AT GA- B acA RS
fla)=S. 4 A S 3 § bode f1A— P(A) e image * | FL W f1A - P(A) 3
it L_onto. 1* F&EZ BRK acARE fla)=S AP AELTE aeS. BE aes, 47
ac f(a) (%] f(a)=S), Lit S P EXFE acS %7 af f(a), FILFIF 5, /v agS. 7
Wd adS, Fadfla),* & SHTHTacS2FF. ~ T‘{%’% racA®® fla)=S,
g~ aceSfragSFrvagdai g (AL SE3HE, ff\'ﬁﬁ? > ). T
BSecPA) *fiA— PA) chimage » , B#% f:A— P(A) 7 €_onto. O

Question 5.20. £ A={1,23}, T g f:A— FP(A) & 5
S =A12}, f2)={13}, FB3)={2}
L S={scA|s¢f(s)}. FBT S 5P? THk%HK S f:A— P(A) D image ® .
Corollary 5.5.11. N 7 power set Z(N) &_ uncountable.

Proof. 4 Theorem 5.5.10 # |N\ < |Z(N)|, #7 2 #] cardinal number 2 B & - # partial
order, |Z(N)| < |N| 2 # &t = = . #% Z(N) i uncountable. 0

A arig 3 'L % B countable set 3 Cartesian product 7 % countable (Proposition
5.5.7), # #Bi&¥t & B % B countable set ¢ Cartesian product & 7 = = . FF F A5 12
T s
Proposition 5.5.12. $*t iz & neN, £ §,={0,1}. Bl & & 0 Cartesian product

SIXSy X o X8, x---
% uncountable.
Proof. %7 H82 420, £ S =S xShx - XS x-. APREP S| =|P(N)| (7
- #H-rpaagaik 1= P(N)), Fletd Corollary 5.5.11 #% . & uncountable.

W E R s=(51,82,...,8n,...) €S, A5 f(s)={neN|s, =1} e Z(N). iz T &
AR [ - P(N) - B (well-defined) function. # P& M f § - - ¥ ph o
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)

B’ FAE s—(sl, ) FES = (8,8, ), FT ;;&néNiﬁ%ﬁsn#s;.Jiﬁ{éﬁ.&r
5 s,,_l Al s, =0, “‘E‘*lﬁ TH,AG nef(s) Lng f(s
sp =0, "T"‘«F' f)Af(s), BF f 5 - HH- . Z3%pSRs, V‘”«TLSE@(N)('"‘“E?PSCN),
FHER neEN, 2 neS, M4 =1 F 2, B4 5,=0. BB 5= (s1,...,8,...) €S,
TEf(s)=S, Flp#ESf S O

3
@
+
=
h\
T,ﬁi
e
W

T kAP Proposition 5.5.12 X#EM F #cfr= 0k & R E_uncountable.
Proposition 5.5.13. R is uncountable.

Proof. ¥ g S 5 #73 F#3tA 5 0, ~§£2&».’§ﬁ®&{0* 1 #7fe & 0F #icr & e
£. mle'OIOIIOIO ’fFOIOUOI ME S enF, B APRSY mm—?*& = L)
B (FEF UL, AR E %\ﬁxf‘ % = 0 @ "UTR -] i H]4c 0.101101 = 0.101101 0).
SRAR S ARG EUFRE, S F AT R (R RN R R XS
#c). 4 Proposition 5.5.12 # i 4rig S & uncountable, #ruf* SCR, ¥ & |S| < |R|, F]
OR[SIN| 2 Fac sz (BRI g [S|<IN| 0% F). ## R 5 uncountable. O

e

Theorem 5.5.10 vz = 2 £ #% R Cantor ## J1en. & I * Finenfeiz s F 7
st il £ R 2 uncountable, i& BFHEP = "f)I‘ e F B AL

Question 5.21. £ § % #75 FE#INA 5 0, @ | BB 2 8 E 0 & 1 e fieir
e s BR fIN-SE-Badk YRSYHhE s=0amaz...q..., B¥HER

PEN, 24P 4 s | BB S | RPE g &
oo L F ) LR S 0;

’ 2

N

'

0, f( 'S SRR

)
HEP s 7 A [N S érimage ¥, T &P S F_uncountable.

Question 5.22. E#HP & B H#cAr= 0 E & 5 uncountable.

Bfs R B A - K KFEEFH - B infinite set S E_ countable # %_ uncountable
TAFE.RANPFRFAY - BT R A ETT L countable & & uncountable. % | %7
%_ countable, )j}wu = R ﬁ} EH - B S— N & one-to-one function. @ & 2| % 3
uncountable, & @ # 3 uncountable, — ¥R E* & FiE, ih%;alf;»?}{ H % countable,
RisHEI A 'ﬁ. HP EF 2 ,TJ' L H dew g P P 9T S — N 9 function jF'KZ ¢

%_onto.



