Chapter 5

Determinant

- F AP R4 % determinant (17 7]5%). 3t - B nxn matrix, 2P HE-T T ARG H
row vectors #75& & ihT {7 5 G R 5w RAH ¥ L;:'l}'g &, P51 determinant &3
U L A i P K 7 3] determinant hE A, - F ¢, APHFEFAR 225 T

row vector ®k % 71, $?b?4&’i§f\i£ 7 M1 € * column vector k% 7%.

5.1. Signed Area in R? and Properties of Determinant Function

Ajpgmieig f A= [ Ccl Z ] € Myuo(R), £ u=(a,b), v=_c,d). ¥ det(A) = ad — bc 3

$HEE Ly FEA T T 806 g 5 det(A) A1 A AV Aou UL b (4
AR U A Bl 180° R R G VL) F 2 det(d) B AT VB
u FVEEEE S B F]P det(A) BN A FFAP G BT u,v A7k S nT T B A L AR
A ou,v 2 B et md F]p A det(A) EFow,v ATk A T 7w i3 40 signed area.

AR Y BB P n X n matrix. ¥ ,T*K g AeMpup(R), £ v, v, eR" 2 B 5
A fhrow vectors. F P F i Tk det(A) B HE S vi,..., v, R ARSI T 5 G5 487
i1 signed volume. » )T*mprb # % det(A) hEHEET vi,...,v, & R AFEX T FF
R AR, B OH D f A TR v, v, e R FE AT F n>4 P R
Pon e £ArRD T 75 G M7 P ARS 3 v, Rdefe AU R ? g, A
TF“%‘*L‘EL# anwid R2enT Fo #26 Foafnif R ohT 72 5 MUAE. R F -2
R TEEEN-BLR Y p B BRI TG M. T2, AP R R -
f]}%ﬁ;f % & omiE M ?.‘fm'ﬂ EN -4 J}ﬁyfi AT kena ;r)]-}—q.\yl ] *)i l@i‘f\," signed
area Ap M PR, £ ¥ i T & ) determinant (7 7]3%) i&— B My (R) 3 R ehdndie (*
det 2 77), @ @7 f# & e .

FAAPE LAMME, BEALTAE WAL P AT AR APLAE R
& (1 0),(0,1) #f5k e Fw f25 (HFEr 7)) cha ff 5 1, 4 ;fr'i'J‘f!w—"-rr\2L§rl/m

ﬁmf < (1,0) 3] (0,1) /e B G pF4aiE /2, ha H> i L. 2102 det(h) =1 F%
FREAPLE £ (1,0),(0,1) TR enT Fo B F 5 12 52w £ FPE A R
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136 5. Determinant

v A, fp RenA i ¢ T2 standard basis eq,...,e, “TR T 7 5 G BB S 1,
TR e, e B R b S RRA P F L e e, SRS 7 G A
signed volume % 1, 7% 24 i 2_det(l,) = 1.

IN-BR'? g BrR VL.V, ERETEE? AR E WV AR, ATV

fu N PEAE S B “‘Bffvui*{é W, FlE u AV aVERFsE S v, @ 2x2 g determinant

det[i z]:ad—bc:—(bc—ad):—det[z Z} » &z *IB?F}?& Flet e s R P

nEEE Vi, Ve, FRE S BAAS R Vv REOTR GRS i o RAGY
AEMyn(R), FH#- A chjp8a B row 7@ el 2 A/ Bl P& R det(A)) = —det(A).

¥ - Bg ovy,...,V, (07 B T ?E%&{ﬁ‘-’-’kﬂ o Bovith v BlAe e R2 P
wyv i iw, B —uvfn\émv F2,Zwv s pw, b —u,viRdtw. 4o BT

v u
u \J

—u

M 2 x 2 e determinant
det[ —Ca _db } :det[ _ac _bd } :—ad—i-bc:—(ad—bc):—det{ Z Z ]
~ BREE. FRAPERE R Y n Be R vV, BB - By i —V,-)’].%g
EI%‘% L )I&n\;rué AEMy,(R), FH# A % B row kb —1 #rF et 5 A plat
i & f det(A) = —det(A).
INHBAPF LG EROEFTR? A AE r Ao B P TEIEVFET-EER
kenr g A lfam;:.,—ifﬂ"ﬁ%}%» g2 s Rkehr B, @ 2x2 ¢ determinant

ra rb a b a b
det[ . d}—det[rc rd]—mdrbc—r(adbc)—rdet[c d]

dOREEBEET. FIAPRIE r>0R Y n B vy, BREY - By i
rv; i&grz%;&!iﬁﬁé Rkar g, & ,7*»{;&7&; r>0, F# AcM,,(R) é2% B row k}
rerEaser LA Bl PR f det(A)) =rdet(A). @ FH-A R B row F b —r A7 e
LA A PTG B row Ak r B A R A g row b 1 A PR R
det(A”) = —det(A") = —rdet(A). # 72, 2 ¢ r &0 FHd f FH, FHA DR B row k1t
rATE g 5 Al RIS P ARE R det(A”) = rdet(A).

B4k R' P n BB v,...,v, %8 ° - B g v,1553 B g2 E~'r’v,-:w,-+w§,
PIZVPSRE Vi,V Vy TR T S g ME 5 2 MBS Vi, Wi, v, A

TiF 5 G e v, WV, PR T T S G R e MR 2 e Bldr IR{ZE’TEI”T
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5.1. Signed Area in R? and Properties of Determinant Function 137

Vi+Vagrmmmmmm e -

AR w K, 0, v vy PRI T g B owvy AR anT T Ao u,vy A7
sRenT (T BA5608 2 fo. @ 2x 2 ¢ determinant

det

at+d b+b
d

/ / / / a b a b
(a+d)d—(b+b')c=(ad—bc)+ (d'd—Db'c) = det e d +det c 4

det 4 b =
c+c d+d |

a(d+d’)—b(c+c’):(ad—bc)+(ad’—bc’):det[‘C’ Z}eret[:’ 5,]

s PEEREE. FAPE RF ABC = B nxnmatrix, # ¢ A & i-th row £ B fr C
e i-th row 2. 4v, @ A,B,C £ # % row ¥ 4p % p¥, det(A) = det(B) +det(C).

PR S AT determinant B o F AR 40T

# A,B,C = B nxn matrix, 2 * A &1 i-th row 4B 4r C &7 i-th row 2. fv, @
AB,C B & tow % 4p %, B det(A) = det(B) + det(C).

>

AR (2) EBEFAHE determinant e alternating 1255 @ (3), (4) & BILF, AP
i f % determinant 1 multi-linear 12 5. * 8 7 L 44, v I 2 LEF A=B+rC R
det(A) =det(B) +rdet(C), m €3 W F - B row =2 & B row FH2F o enffinz

T, determinant ¥ %3#F 3% row R e L G A B X RPBT 4T

—Vi— —Vi— —Vi—

det| —vi+rvi— | =det| —v;— | +rdet| —v,—

—Vp— —Vp— —Vp—
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5.2. Uniqueness of the Determinant Function

L *
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TR s RO s, FRY g ArE- gl s i}u{:&, PR EAD B S ok T
Sl AR LA PR RN, 7Y - ?;)T‘fiar— PR~ T
BEF S "’é’\é B,odeh kst s ;}la"zlfr'sﬁ, LR AT grE- Bre? HF RN
A RE R AR L, Gl AR RS, AP R LARR AR A, A
FEARES FRINERT LN, P REETRNSEATY RSN g AT R
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BARAATEY  dONF KFED det 0% hen, AN lF“#@%“"im']“*’%‘r R A det 3 A
R § 2. KBESNER G A ¢%W#&é§- & tha l[%,!t;ciﬂ\auj;fs‘% 4v b4 det
ERN Lsﬁ BRKIE R, RSN PR EP det FER T A, THIREAGER P A E
g BT AR R, AR 2“3 det T 7 PR K I

B A AP RS det & elementary row operation 2. T H B~ 4w ir . A det & Foed
(2P PRy ADRApARa B row J#HE FFHNELE R B EHADEA B
row e § X2 G E FLAPT U H ApAS B orow I e 2B A 9 i-th row
J-th row 2 4. &]4e 3-th row f= 6-th row 3 $&eds i®) AP L @ T a3 3-rd 4r 4-th
row % 3, fX1s 4-th fv 5-th row 2 #, &4k - E FI#¥-R & 0 3-rd row # F| 6-th row iz § .
PR LT 6-3=3 =t Hp S F row I i eEs (THT 40T

—V3— —V4— —V4— —V4—
—V4— —V3— —V5— —V5—
4 N 3 N 5 N 5
Vs Vs V3 Ve
Ve Ve Ve V3

FZFAPET A F k- 5-th fe 4-th row 24 (TR A& 6-rd © | 4-th row iz ¥ ), & {8
#-4-th 4v 3-rd row 2 3K & 1 6-th row # 3| 3-rd row (=¥ . PR R 5-3=2 =%
g HR S F row I & ends (TR T 4o
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—V4— — V4 —Vo—
—Vs— —Vg— —V4—
5 N 6 N 4
—Vg— —Vs— —Vs—
—V3— —V3— —V3—

G dp P, A & - SRR i< j, AT A% A S ith row e i+ 1-th row 3 #, 42
% #- i+ 1-th row fr i+2-throw ¥ #, igtk— 2 72 2 F|#-R » i-th row # | j-th row. /L
% PR A i+ 1-th row 3| j-th row ﬂ?‘?KH A H- B row, m AP E T j—i = ehp
#RA B row I Heehds (T 3BT R j— I-th row B 4s, £fe j—2-th row 24 (M PFR & e
J-throw & ## 3] j—2-throw), ZA{S L &/ AL * 4pAA row I e 2 4R 4 0 j-th row
# 3| i-th row. &0 d T Lt 3 Hehds (58 j— 1-th row fr j—2-th row 24— % 3| i+ 1-th
row fr i-th row 2 # £ #27 (j—1)—i = Sip#8A B row I 4 rfe (0. ST fLE A T L T
@ b % A #i-th row ’fr Jthrow T 327 (j—1—)+(—i)=2(j—i)+1 X chip ks B
row 3 f e iF. d N E fi- A ARAES row Ik det § % - AEL, A 2(j—1)+1 FH K &
Bofs det B A& EH. AP T O

Lemma 5.2.1. % A 2 nxn matriz. % A 5 B row 2 #»+®@chapt L A, R
det(A") = —det(A).

¥ BE— T, # A ehi-th fv j-th row R # i3 ¢ elementary row operation #7 % ehiErL H
FAR-A2f%k ) - B elementary matrix E. @ E ;T}u{;f%— identity matrix 1, ¢ i-th v
J-th row 2 3. #7120 Lemma 5.2.1, 22 5 det(E) = —det(l,). @ det (& (1) & 3730
i det(l,) =1, F]#* 7 det(E) =—1. ~ Lemma 5.2.1 - A =11 i-th §o j-th row 2 # #7117 en
i EA B 7558 5 —det(A), FI % E 5 # i-th {o j-th row % 3% iE 1k ¢ elementary row
operation ”’Lri%f,(?’::ﬁ? elementary matrix, B| det(EA) = —det(A) = det(E)det(A).

F1* Lemma 5.2.1, 4o % det i& S0 ffcis fg, S0P 7 e f T 5 o

Lemma 5.2.2. B3 A 5 nxn matric £ A ¢ 5 % B row E4p % . B det(A) =0.

Proof. 3% A ¢ i-th row fv j-th row €.4p & . } PFE#- A 0 i-th fo j-th row 2 % #71¥
e 3 A Bld Lemma 5.2.1 ¥ 8 det(A') = —det(A). ®x A'=A, 11z det £— &
e (2 BK) 7 det(A) =det(A’). #d det(A) =det(A") = —det(A) ¥ det(A) = 0. O

% = f& elementary row operation #_H¥-EL 1 E B row f - BEFF I - B
elementary row operation #f {7 7| 3¢ g’ 5 H 7 ’]} L E AP R R det (T (3). Bk, Y
* iz — B elementary row operation #- A ¢ j-th row & F — B 2% F #& r #7{% ehiE "ii&
FH#-A ik - B elementary matrix E. @ E i}u{%— identity matrix I, £ i-th row
Fbor T det R F (1)(3), P #PF det(E) = rdet(l,) =r. @ B (3) * & &
det(EA) = rdet(A), #x st P20 ik 2R 5 det(EA) = rdet(A) = det(E)det(A). I * &R 11 2
det & Sificiy Benipak, AP T R E T E PP
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Lemma 5.2.3. %X A Z nxnmatric £ A ® 3 - B row 2 % 0. B det(A) =0.

Proof. % A ehithrow > 5 0. P EFE R A hith 2 »riFaqaEd 32 A pld
det e B (3) 7 det(A') = 2det(A). ®x A=A, #t ik det & - B I (2 BK) 4
det(A) =det(A’). #d det(A) =det(A’) =2det(A) ¥z det(A) =0. O

% = f& elementary row operation #_¥-4E' 1% B row F P 2R F Her 4o F| ¥ - B row.
X A 5 nxnmatrix ¥ &% A i k-throw 5 v, fork=1,...,n. £ # A & i-throw ¥}
r e j-th row “7# chaerl & A/ Bl A &0 j-th row % vj+rv;, @ A’ 7 k-th row 7 5 vy,
fork#j. ¥ ¢4 B i nxnmatrix 2 j-throw 3 v;, @ k-throw % vy, for k# j. B|i% det
multi-linear 2 5 (W IEF (3) (4)), 247 F det(A”) =det(A) +rdet(B). & B i i-th row =
jthrow % % v;, #td Lemma 5.2.2 % det(B) = 0. # 4 det(A’) =det(A), Flpt iP5 10T
Lemma 5.2.4. B3X A 5 nXxn matriz. 4% A e i-th row k2 r 3] j-th row #7118 &vE
w5 A B det(A') = det(A).

Bt en, %A dhi-throw 3k 22F F #ic r 4 3| j-th row &3 ¢ elementary row operation
AriB et B g § A en2 Bk b - B elementary matrix E. @ E )]*} kL §_#-identity matrix I,
e j-th row 3k + 2% F #ic r e ¥| j-th row. #7172 & Lemma 5.2.4, 24 i* 3 det(E) =det(l,) =1
2 det(EA) =det(A). F]H % E i # i-th row 3k *F 2£F F #ic r 4 F| j-th row &4k
elementary row operation #7¥ /& 1 elementary matrix, B| det(EA) = det(A) = det(E)det(A).

% &} 6 = f& elementary row operations ¥ det e, A PRI T £ & gL,
Theorem 5.2.5. B3&X A & nxn matriz. & E % elementary matriz, ¥

det(EA) = det(E)det(A).

Theorem 5.2.5 &_determinant — B2L¥ € & e FF, v 7 W FTA P E N5 5 5 B
determinant 2. § L &1 E = f& elementary row operations #7¥t & ¢ elementary
matrices T i e determinant ¥ # 5 0, ®EE— T T i 7 determinant A W[4

(1) #>* % row % #% 7 elementary matrix E, 2 7 5 det(E) = —1.

(2) #> % B row 3} 222 F # r o elementary matrix E, 34 7 5 det(E) =r.

(3) > X B row F F2LF R B r 43| ¥ - B row ¢ elementary matrix E, 3% 3

det(E) = 1.
¥ b, F Ei,Ey % elementary matrices, ¢ Theorem 5.2.5 2% i 5
det(EzElA) = det(E2 (E]A)) = det(Eg) det<E1A) = det(Ez) det(E1 ) det(A).
% B ﬁﬁﬂp\ ¥ ®, % E,...,E; 5 elementary matrices, R
det(Ek . -ElA) = det(Ek) s det(El) det(A). (5.1)

F1* iz & elementary matrices 7 determinant, 2% 7§ 12 T B3> determinant HE & |2 F
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Theorem 5.2.6. B3k A,B & nXxn matrices.
(1) A 5 idnvertible % ® &% det(A) #0.
(2) det(AB) = det(A)det(B).
(3) det(A') = det(A).

Proof. (1) 3% A % 4_invertible % 7+ A i elementary row operations #7{¥ echelon
form A" # pivot i # € /] > n, T rank(A) <n (% L Theorem 2.6.2). %5 A" &
pivot i fco| 3t n, #7020 A et - B row (7 n-th row) 2 5 0. #d Lemma 5.2.3
7 det(A’) =0. &R a AP s & elementary matrices Ep,...,E; € {8 A'=Ei---E\A, &
d ;83 (5.1) v det(A") = det(Ey) - - -det(E;) det(A). *~ elementary matrices 7 determinants
det(Ey),...,det(Ey) % * 5 0, tcd det(A’) =0 # % det(A)=0. @ & A 5 invertible, B
A 7 1 B & elementary matrices 73k ff (% L Proposition 2.6.7). # 3 & elementary
matrices Ey...Ey & 8 A=Ep---E;. Fltd £ 3 (5.1) v det(A) = det(E)---det(Ey). £
det(E1),...,det(Ey) % 7 & 0 @3 det(A) 0.

(2) # A #* &_invertible d (1) #% i 5 det(A) =0. * } PF %] B » #_n xn matrix,
A3 AB » 7 4_invertible (% 2 Proposition 2.6.5(3)). # £ d (1) % det(AB) =0, &
7% det(AB) = 0 =det(A)det(B). M iEE A 5 invertible. # i* ¥ 73 = elementary matrices
E\,...,Ex @18 A=Ey---E;. 7]t d 33 (5.1) 122 det(A) = det(Ey)---det(E;) v

det(AB) = det(Ey--- E1B) = det(Ey) - - - det(E; ) det(B) = det(A) det(B).

(3) & A # E_invertible & (1) # i 4 det(A) =0 ® p P& A' & 7 &_invertible (% 2
Proposition 2.6.5(2)). # ¥ #% det(A') =0 =det(A). MK A % invertible. # iF* 4w A
elementary matrices Ey,...,Ex @ # A=FE---E; ¥ A'=E}---E; (% % Proposition 2.2.4).
d 34 E 57 row R # fhelementary matrix 28 % # row 3k + 2-F F #ic r chelementary
matrix ¥ § E=E', @ § E % % i-throw &} 2% F # r 4 ¥| j-th row 7 elementary
matrix fF, E' 3 # j-th row 3+ 2% F #) r 4c I| i-th row ¢ elementary matrix, #&¥tix &,

elementary matrix E #* % 3 det(E) = det(E"). F]*
det(A") = det(E} - -+ E}) = det(E}) - - - det(E}) = det(E)) - - - det(Ey).
B {6 d 3% nxn matrix 7 determinant 7 F B FHcf 2 F L E, AP
det(Ey)---det(Ey) = det(Ey)---det(E;) = det(A),
#%% det(A') =det(A). O
d 3t - @B 5 d row operation & B~ transpose ,T}uﬁi e 3t ¥ 4B 'L e0 transpose
column operation. %] #* Theorem 5.2.6 (3) 2 3 2% i elementary column operation ¥

determinant 78 54 elementary row operation ¥+ determinant 9§ 8 - R #H 3 2

Theorem 5.2.5 » ¥ 3T = 11T 35 3%
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Corollary 5.2.7. B3 A 5 nxn matriz. % E 5 elementary matriz, B|
det(AE) = det(E)det(A).
B¥ OAPHDE det B S#kG A, Bl € i BARAP - BAMETEA

*RELR, T‘ij\ﬁﬂ“‘ RN UL IF“"’K@"* - &P det TR Rehw BEEFAES K
. Fpt 2 o Eiedhalic, R B EEe 'E‘]V’L?T)I}jﬁggf‘*b BRI R RS

Theorem 5.2.8. # % & F rir— hdific det: M, (R) > R € i &

(1) det(l,) =

(2) F#-nxn matriz A F A3 B row LA aeL S A R det(A') = —det(A).
(3) EFH#-nxnmatrizA % B row 3k ¥ 22F F Ber i@ el 5 A B det(A') =rdet(A).
(4) # A,B,C = B nxn matriz, 8¢ A 1 i-th row _B v C 1 i-th row 2 4=, @

A,B,C B & row ¥ 4p %, B det(A) = det(B) +det(C).

Proof. % det: My, (R) = R v det’ : My(R) > R % % X iz e R ¥ g nxn
matrix A, & A 7 { invertible, | ¢ Theorem 5.2.6 (1) 4v det(A) =det'(A) =0. @ ¥ A
% invertible, B % % elementary matrices Ey,...,E; & {8 A=E;---E|. ¥F]#*d Theorem
5.2.6 (2) 1 det(A) = det(Ey)---det(Ey) 12 % det'(A ):det’(Ek)---det’(El). Bfsx d W HEE
elementary matrix E % § det(E) =det'(E), 2 P& |

det(A) = det(Ey) - --det(E;) = det'(Ey) - --det’(E1) = det’(A).
FlaHEZ & AeMy(R), #F det(A) =det'(A), & P Z (¥ det fv det’ 3 4p ke e k. O

RFEFEERAR, @M P L £ A3 nxn matrix 7 determinant, i #* A7 L

N AMt? A& R ¥, & - B invertible matrix % = elementary matrix 3k ff #
EREIE AT S SR rF”ﬂ/zf [* B2 det 2B IWA, FIZF 7R gFER
elementary matrix 3k 4 7> 2 2 ¢ @ # 3| 7 IF 1 determinant. 4 pt - i,j}usi F Sl -

BAgHid A RBEaR L SILA FEF LIS AR T det Y G LS, 4 A FER- B

invertible matrix ® = 7 F elementary matrix 3k %, 7 ¥ $£ 11 4p ¢ 7 determinant.
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ray +sa; rby+sby |

Exercise 5.1. :#{|* determinant multi-linear % & #- det tertucs tdy+udy |

a; b;

det [ cj dj

Exercise 5.2. Bk Slic M, - R BT BIF !
(1) f 5 multi-linear.
(2) HEZL AcM,, # AF %3 M row £4p e 0, B f(A) =0.
#M f % alternating (T A %A p#lehrow EHTEEL S A Bl f(A)=—f(A)) .
Exercise 5.3.
Bk A 5 6 FF3 s XAY =20 o 33 R det(A).

b+8c 2c—2b 4b—4c 01 2
Exercise 5.4. F3k M= |4c—4a c+8a 2a—-2c|,P= 1|2 0 1].
2b—2a 4a—4b a+8b 1 20

(1) P! 2 &0 P IMP.

(2) WP — S F A L7 FaEE o det(A) fo det(A™!) HBE % (Hint: det(AB) =
det(A)det(B)) .

(3) & det(P~'MP) & 12t R det(M).



