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d Foig SRR o, Cramer’s rule 3 7 8§ saJRm > 2 A2l en 2 - A g
B s fee RE E &£* elementary row operations IR i Poik . 3 i A RIE - 4k
o %o A2 2 P REPF, Cramer’s rule F1 5 7 0 E #4511 2050 A g * e B
EA '{ﬁ rE m.]b_}_%‘r

Proposition 5.5.5. 3% A= [a;] = nxn matric & ° a;; €Z, Vi,je{l,....,n}. ¥
by

det(A)=+1, plgtstmd b= | : |, B¢ beZ Vie{l,...n}, B= = e Ax=b iz
by

Proof. d *t det(A) = £1#0, §1* Cramer’s rule 34 i 5 B > > f2¢ Ax=D>b Ff% 3

= +det(By),...,x, = tdet(B,), & * ¥z & ke {l,...,n}, By 5 # A 1 k-th column
* b B~ dipxnmatrix. d 3 a; €Z 2 bieZ, Vi,je{l,...,n}. AipiEL B it
entry ¥ 5 B #c. 1% determinant fE &, A At pF det(By) ¢ 5 B, WHEM G vk
Ax=b f2% L Kk, O

¥ ¢t — i Cramer’s rule & % ﬁ%{ﬁf 2 45 3 invertible matrix 7 inverse. {3k

A € M,,(R) % invertible * C % A #inverse, Pld AC=1,, &4ELF 2 T EZN P C
Clj Clj

jthecolumn | @ | Z&EA| 1| %3 [, 9 j-th column e;. » fj‘a{;k C £ j-th column

Cnj Cnj
O fel Ax=e; fE. F|t C 0 (i,))-thentry ¢;; &5 = 2 M2 Ax=e; if 7 X

2 . #d Cramer’s rule v ¢;; = det(A(j,i))/det(A), # # A(j,i) % 7 % A e i-th column
* e Beit i xn matrix. & 1 # A()j,i) #ith column B B f det(A(j,0)), & 18
det(A(j,i)) = (=1)/*det(A};) = d 4 Gk ¢y LA 9 (jii) cofactor (LA i) i1 %
*ﬁ') ’ﬁrfu det(A) L0 f{ﬂ\i*\ Fﬂ'ﬁ VA3 mkﬁ

Definition 5.5.6. B3k A =[a;;] » nxn matrix, $**Z & i,je{l,...,n} £ A
(i,j) cofactor. ¥ J& nxn matrix A" # (i, j)-th entry 5 aj;. 24 A’ A cofactor
matriz @ f A" 0 transpose (A")' 5 A 9 adjoint matriz, * adj(A) k& .

AR adj(A) 8- A i cofactor ¥R R A Bl A 1B, FE A R LBy, ¥l
L2 %7 F - B nxnmatrix £F % invertible, ¥ ¥ ¥ & # adjoint matrix.

A w3 k)4 A % invertible ehfiiR. BK C 7 # inverse. & adj(A) shE &, AP E D
C & (i,j)—th entry ,T‘u{ adj(A) 7 (i, j)-th entry “ﬁ% 12 det(A). Ft iRAEE B R &, A

13 C= gamadi(A). @@ 1T L,

Proposition 5.5.7. B3& A 5 nXxn invertible matriz. B

1
~ det(A)

adj(A).
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—1
Example 5.5.8. ¥ & Example 5.4.4 ¥ a3 A = 2 # Example 5.5.3 ¥

~ O O
W = W
o0 W N W

-2 7
ApfEd Ax=e; fE, T F ,Tf'u{A 1k 4B A7l e 1-st column. % Example 5.5.3 ¢
1 -1 3 5

0 2
0 5
-2

B = B‘IJL{#’»—A e 1-st column * e B~ #7 {8 el A(1,1). & P By

=
~N W
oo W N

2
1 1-st column & B & det(By) ¥ det(B;) = (—1)!*"!det| 5

1
3 =42 3 LA i (1,1)
7

o0 W N

-2

cofactor. F e By = i}u{ﬁ%— A # 2-nd column * e B~ #7{F chsptd

A O O
(=N ool
~N W o= W
0 W N W

A(1,2). %2 % B, ¢h2-nd column & B & det(By) ¥ det(By) = (—1)!"2det

\s,

01 2
0 3 3 |=
4 7 8
T L Z_A e (1,2) cofactor. IFI21F By - A 1 3-rd column * e B~ #7118 cserd A(1,3)
0o 2 2
2 det(B3) = (—1)!"3det| 0 5 3| =-16 )Tﬁ{A e (1,3) cofactor. @ By #_# A &n
4 -2 8
0 2 1
4-th column * e B~ 18 st A(1,4) & det(By) = (—1)!**det| 0 5 3 | =—4 ?L
4 -2 7
Z_A 1 (1,4) cofactor. ;1 g 42 F ) e cofactor 2 F R F| A ¢ cofactor #7 = ehsErd A/

¢ A" e l-st row. AP R A H s o cofactor € F

-1 35 2 35
dyy=(—1)*'det| 5 3 3 |=-64, dyy=(—1)*""2det| 0 3 3 | =-18,
2 7 8 47 8
2 -1 5 2 -1 3
dy;=(—1)*det| 0 5 3| =20 dhy=(-1)>"det| 0 5 3 |=10.
4 -2 8 4 -2 7
ME dy =26,a3, =8,d33 = —8,a3, = —4,ay = —20,ay, = —6,d); =8,a}, =2. Fli
2 12 -16 -4 42 64 —26 -20
, | —64 —18 20 10 L |12 —18 8 -6
A= 96 8 —g —al| MA=| 6 2 _g 3
20 -6 8 2 4 10 -4 2

¥
s
e

=
L)

2 64 26 —20
1 1| 12 —18 8 -6

-1 _ . _
@M =71 Ji6 20 -8 3
4 10 -4 2
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d Fé )3 F 0 —F': A4 % adjoint matrix foF B LK AR Fe, T 0 A F B Rk B el
MR A € & 0 elementary row operation 97 2 € vh R P 7 iE AEP B RIS 2=
f1* adjoint matrix - inverse B E_i%F * e Gildog A (hE - B entry ¥ i F#pF, d 3
adj(A) & — B entry » ¥ 7 ¥, Fl#tF det(A) ==£1, Bld Proposition 5.5.7 4§ T
G

Corollary 5.5.9. 3% A 3 nxnmatric 8 ¢ A &% - B entry ¥ 5 Fi#. ¥ det(A) ==£1,
Bl A”! chE - B entry 4 ¥ 5 Ak

#FTORAPEN G M adjoint %‘r B &% A & nxn invertible matrix pF, d
Proposition 5.5.7 # i 4 adj(A) = det(A)A~!. Fptd Al 7 % invertible & (A71)"1=A4, &
8 adj(A~") =det(A"")A. f1* determinant 132 £ (Theorem 5.2.6 (2)), # %

adj(A)adj(A~") = det(A) det(A~1A™1A = det(1,)1, = I,.
Fet B TR

Proposition 5.5.10. B3*X A 5 nxn invertible matriz, | adj(A) = € n xn invertible

matriz ¥ adj(A)~! =adj(A™").

2P g A 0 (i, ) minor matrix (A');; # F %A &0 (j,i) minor matrix A;j; B~ trans-
pose, 7 T (AN = (Az)\. s+ A ¢ (i, ) cofactor (— 1)/ det((A%);) % (— 1) det((A;1)!) =
(—1)Fidet(Aj;) (229 * F] det(A') = det(A) ,T* L8 2 A' e (i, f) cofactor e L 8_A 0 (j,i )

cofactor. F]pt #- A ¢ cofactor matrix A’ B’»#@ % ,T} L §_A' &0 cofactor matrix. ¥ 3 2., F#
PAR-A®EE® AL P A i cofactor matrix + € £_adj(A). » FltFH-A' EEE A (F
3 (AY'=A) {43 A & cofactor matrix i}u ¢ % adj(A"). &A@ # A 0 cofactor matrix P~
B L adi(4), Bt @ adi(A) = (adj(4)'. £ BB B30T

Proposition 5.5.11. & A 5 nxn matriz, B| adj(A') = adj(A)".

% A % nxn invertible matrix f¥, ¢ Proposition 5.5.7 #% i 5 adj(A) = det(A)A~!. 7]
phd AEr gk & R B B % (Proposition 2.1.10) #
A(adj(A)) = A(det(A)A™") = det(A)(AA™!) = det(A)1,
TR, 29 3 2 invertible matrix & =, H 4§ $f- 4L nxn matrix ¥ * 2. F AT
l,ﬁ— i n x n matrix A = [a;;]. & & adj(A) 0 (i,j)-th entry 5 df;. Flgt RaEL iz o
% % A(adj(A)) = (i, j)-th entry %

Z aid = Z air(—1)* det(A ). (5.7)

¥ i=j 353 (5.7) 5 A di-throw B B 471 dhdet(A). Fot #7 A(adj(A)) 7 (i,i)-th
entry ( diagonal entry) % det(A). @ § i#j P, % Jg B 5% A ¢ j-throw * A ¢ i-th
row B~ @ B s row %3F 7 ¥ nxn matrix. PEHEZE k=1,...,n, F15 B 7 (j,k)
minor matrix ¥_#- B 7 j-th row ‘,/Tf—i, #7114 A e (j,k) minor matrix 4p F, » ,ﬁ&{;ﬁ,
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Bjr =Aji. X@ P B 0 (j,k)-th entry 15 £ & j-th row, “71 = A 5 (i,k)-th entry £_
. 3}{:& bi=am. A B{l? B jth row B B @ o det(B), % 2k 5

det ijkb]k = ijk(_ J+ det B; k Za,k J+kdet(Ajk).
=1

P S (57) - Ren, & ,Th{?mé i#j P, A(adJ(A)) 22 (z Jj)-th entry 45 % det(B). %
B ¢ i-th tow v j-th row %~ ff¢h, godr det(B) = 0. FIp A P @ E i £ j pF, Aadj(A))
(i, j)-th entry &3t 0, » F|P & #EF 1 A(adj(A)) :det(A)In. F1* g iy en= 2 4 g column
B, APS 7T (adj(A)A=det(A),. 3 EA Pz E* e F B adjoint {- transpose
ehff % (Proposition 5.5.11) # P 11T chg g2

Theorem 5.5.12. B3 A % nXxn matriz, P
A(adj(A)) = (adj(A))A = det(A)1,

Proof. 7 & = # ¥ A(adj(A)) =det(A)l,. F1i A ¥ *TF nxn matrix ¥ = =, ¥ A
A e A'(adj(AY)) = det(AY)],. @ Proposition 5.5.11 12 % det(A') = det(A), i g
A'(adj(A)") = det(A)l,. #-pt % 3% 5 ¥ P~ transpose 7% (adj(A))A = det(A)I,. O

£ =52 2%, Proposition 5.5.7 czg P £ 41 * Cramer’s rule F]pt 5 * 3| det(A) #0 2 BK.
@ Theorem 5.5.12 & %t - 4% n xn matrix % = 2 1. A& AP # 24 * Theorem 5.5.12 J&
{# Proposition 5.5.7, #7124 ¥ 11 # Theorem 5.5.12 ¥_Proposition 5.5.7 &4& 7 .

a1 aj
Example 5.5.13. ¥ g A= | by b, kE &, NTH
2
det| 02 D3| _ge| @ @ det| 92 D
2 o3 | | 2 3 | | by b3 |
. [ by b3 ] [ ar a3 | [ ar a3 ]
A = — —
adj(A) det o o det Py det b by
det bi b —det @@ det ai @
L c1 C 1 €2 by by 1

R gk 2 & A(adj(A)) 0 (1,1)-th, (2,2)-th 4= (3,3)-th entry 4 %] &

aldet[ by b3 ] —azdet[ b bs } —I—a3det[ bi b ],
) C3 c] €3 1

—bldt[ @ a3}+b2det[al a3]—b3det[al “2],
2 (3 1 C3 )

ay ay
cldet[b by ] czdet[b1 b3]+C3det[b bz}

TP s A B ik 1-st, 2-nd fv 3-rd row B B #7 {7 ¢ determinant, & ¥ & ¥t det(A). @
A(adj(A)) =7 (1,2)-th, (3,2)-th entry » %] &

_aldet[ @ 2 }%—azdet[ @ a ]—agdet[ a @ ],

2 1 €3 1 2
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—C1det[ @ :|+Czdet|: ! a3]—C3det|:al az]’

1 C3 ()
a; a a3 a» a3
viEAREM | g a a3 iz 2-nd row & B #7{¥ ¢ determinant, #x ¥
c cz 03
5 0. B A(adj(A t 3 1 th entry 4 % &
mw[@ ] bw[lbﬂ+mw[mbﬂ,
2 C3 1 C
cldet[b2 ]—chet[ by ]—l—qdet[bl by },
2 (3 c3 c1 ¢
by by bj 2 (3
ViAW ER | b by by |, b1 by bs iz 1-st row B B #7{¥ 9 determinant, 7 '#
c1 € C3 cl C2 (3
% 0. B & A(adj(A)) 7 (1,3)-th, (2,3)-th entry » %] 5
a as ai az
aldet[ by b ] azdet[ by }—I—a det[ by by ]
as 1 a
by det — by det + by det .
e P R P
ar a; a3 a; a az
viEA BRI | by by by |, | b1 by b3 | % 3-rd row E B #7{¥ 1 determinant, #114
a a a3 by by b3
J‘I :f_yb ; 0 5'\3 IFB =
det(4) 0 0 100
AdjA) =] 0 detd) 0 |=det(d)| 0 1 0
0 0  det(A) 00 1

Bt A& $E 3 adj(A) 0 determinant. VIR, F15 det(A)l, & diagonal matrix, #714
&_upper triangular matrix. F]#* ix Proposition 5.2.9 % i & det( ), 1 determinant 3 #
diagonal entry 3k & det(A)". F|ptd A(adj(A)) =det(A)], & ;X3 if B~ determinant ¥ ¥
RS

Corollary 5.5.14. B33& A % nxn matriz, P

det(adj(A)) = det(A)" .

5.6. B#%H

Determinant #_square matrix } # 7 - fa S fic. T £ M, (R) P25 3] R h- & multi
linear function. ¥ — * & determinant » # R? ¢ & @5 £ 418 1T Fuw £250F » 6 #
A R ZBe Rt BENT ARG Mt v FAAAR TR hlFA. f1% determinant #
¥ L X %7— B square matrix €_F 3 invertible, ¥ ¥ B4 A 35 1) - B invertible matrix

inverse, H# I P 3 X iR B T, % - &R determinant B A2AE F e, ATy

T

* determinant e, if BFHf| * elementary row operations ™ % 'f ff e E #-v R

T

1
1.
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i

Ed 161

—_— N =
EENIVS N )
wnm O =

1 21
Exercise 5.9. % gEL A= (2 3 0|, B=
1 4 2
(1) & adj(A) 122 AL
(2) #FH - BLEELCEELCB=BC=0 (R4EL).
Exercise 5.10. 3k A ¢4 - B entry ¥ 5 & i¥cenn 2 L

(1) 1% 5 fF 52 @P det(A) 5 Kk
(2) B A Z7 0 EP AT F - B oentry ¥ 5 FHCE D EF det(d) = £1.

Exercise 5.11. ##&F T 3 B *" adjugate (classical adjoint) matrix s+ -

(1) % A 5 nr> reRo P adj(rA) = " 'adj(A)

(2) & A 5 upper triangular, P| adj(A) 7= i upper triangular.

(3) # A % symmetric, R adj(A) 7~ 5 symmetric.

(4) # AB % % nlg> L Bl (BA)(adj(A)adj(B)) = det(AB)I,.

(5) # A,B ¥ 5 n Ff invertible matrix » B adj(AB) = adj(B)adj(A).
(6) % A 5 n F# invertible matrix » P adj(adj(A)) = det(A)"2A.



