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6.3. Matrix Representation

¥ F - B matrix A € My, (F), # & 2 ¢ 5o 12 % &% ) - B linear transformation T :
" T %% 5 T(v)=Av, Ve &

transformations *‘FK? PR =N =S - R R L A
transformation. » ,Tﬁ{é’ft, P k- linear transformation fe matrix fp S r e - L £ &

£%

- o& Y AP ERRP Aty a F B F” 0 linear
Hept PE A J B B - 4K linear spaces 2. fF e linear

6.3.1. " 3| F" ¢ linear transformations. # @ Theorem 6.1.8 £ A P L 2 - B
linear transformation, ¥ & Frig ¢* linear transformation #-— = F" baSIS HED VL »
£, ,T.*uv Mg - fE i - B linear transformation. & F" ¥ | Vi3 — B & @ ¥ 0 basis, T
standard basis {ey,...,e,}. & T :F" - F" § - # linear transformation, d # & #7if, 2 i
&g T(ey),...,T(e,) 7Rt F" o vectors, B‘I.%'F"’ Mg Ed veF", T(v) 5@ 7.
FR A - B veEF, 1V P I o, €F R v=cie; +- -t cpey, :j‘k{
C1

(&)
T A v= | |. Fl¥td T % linear, 7 T(v)=T(cie;+--+cye,) =

944-

dAE &

h--

E

Cn
ciT(e))+---+c,T(e,). ¥ % J& mxn matrix A, 2 ¢ A ¢ i-th column 5 T(e;), P

1

_— e
Av=|T(e;) T(ex) -+ T(e,) f =ci1T(e))+---+c T (e,) =T(v).

I |

ﬁﬁiﬁ%%ﬁveWﬁ?ﬁﬂw Mvﬂbeﬁk”%vféitA - Bl

7 linear transformation. 2§ M T i5- BE & HEIL,

Cn

Theorem 6.3.1. %z - B F" 3] F" 0 function T. B T % linear transformation & * v&
F 5 - B mxnmatricA # 18 T(v)=Av, VveF". * mxn matriz A - 5, T+

¥ixx i=1,...,n, A 0 i-th column 5 T(e;), B *° {ej,....e,} 5 F" e standard basis.

Proof. ¢ Lemma 6.1.5 & iP5, & T(v) =Av, VveF" B T % linear transformation.
k2., % T:F"—F" % linear transformation, 4-# & #73t# e, AP +¥ 24 B A % i-th
column % T(e;) 7 mxn matrix, B|d L k2 L F 5 T(v)=Av, Vve "

E B 5 mxnmatrix & E_T(v)=Bv, RELfiz e aw@dizg i=1,...,n Be &
B £ i-th column. 7 d 3K Be;=T(e;), ™ ¥ B & i-th column 7 T(e;). Fl#* B %93

column ‘¥ ¥ it A &7 column 48— 3k, FFrE— 4. O
fi &k Theorem 6.3.1 % 372 7 & _F" 3| " & linear transformations v m x n

matrices 2 7§ — B - $- PHEMH & (LA ELH RS 228, FRB2Z Bl k). d 2%

- i linear transformation fr# ¥ /&7 m x n matrix M R g, A Py T HE_E .



178 6. Linear Transformations

Definition 6.3.2. % T :F" — F" % linear transformation ¥ {ej,...,e,} # F" ¢ stan-
dard basis. RI$* i=1,...,n, # i-th column % T(e;) ¥ m xn matrix 5 T ¢ standard

matriz representation.

d 3 T b standard matrix representation £r&— h® o T 5 B, r1f8 2 g [T] %

# 77 T ¢ standard matrix representation. » i}u{;&*ﬁ EZL velF, 2&F5 T(v)=[T]v.

Example 6.3.3. 2 4534 Example 6.2.5 ¥ 7 linear transformation # standard matrix

representation.
WM FRT:R—-REZ&5 T(| x [x1+x2].d%“
X1 —X3
1 | 0 0 0
0 0 1

X1 X1 X1
11 0 | xitx
[T | x2 —[1 0 _1] x| = X1—X3:|_T( x |)
X3 X3 X3
X 1
2 4R T:R2-R & T([xl])— Xi4xy |9
2 X1 — X2
1 ! 0 0
T<e1>=T<H>= | aT(ez)ZT({ ])— 1,
0 1
1 -1
\ | 1 0
[T] = T(el) T(ez) = 1 1
| | 1 —1
FR AP
X o X 1 X
[T]H: 11 H: X1 +x2 :T([ 1]).
x2 x2 x2
1 -1 X1 —Xp

3 7 standard matrix representation, #' i 7&? AN E T g IR e AR T dhen

range fr null space.

Proposition 6.3.4. X T :F" - F" % linear transformation ® 4 [T] € Myn(F) 5 2

standard matriz representation. B T 1 range %3 [T] €0 column space, m T 1 null space

E [T 0 null space.
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Proof. ¢ *t ey,...,e, 5 F" e1— % basis, ¢ Proposition 6.2.4 # i* == T =0 range,
R(T) = Span(T(ey),...,T(e,)). XA T(ey),...,T(e,) }i’u‘]iﬁ%&:{[ﬂ e n B column, #F&d T
E:) Span(T(el),...,T( )) 1* L £_[T] ¢ column space. ¥ T & range fj*u{ [T] ¢ column
space.

-

¥-26,% veN(T), 4+ T(v)=0. @ i standard matrix representation 2. ¥_#
T(v)=[T)v, & #& [Tlv=0, 7= ¥ v " [T| ¢ null space. ¥z N(T) ¢ 73" [T] & null

space. & 2., & v >t [T] e null space, 257 [Tlv=0, = T(v)=0, #& ve N(T). #P
7 [T] e null space # 7 % N(T), F]#* T ¢ null space %>+ [T] 0 null space. O

wEE - B A 9 column space (A, AP AL A hrank, * rank(A) kK& T, @
A & null space R F 5 A 0 nullity, * nullity(A) % % 75 (%2 Definition 3.7.13). d
Proposition 6.3.4, # {4 T & range fa & %% rank([T]), @ T 1 null space ha B &
3 nullity([7]), # Je ARG 2T

Corollary 6.3.5. H®x T :F" — " % linear transformation ® 4 [T] € Myxn(F) 5 &

standard matrix representation. B

rank(7) = dim(R(7)) = rank([T]) and nullity(7) = dim(N(7)) = nullity([T]).

F LB R F- e # T hrange FER % T enrank, m T ¢ null space s8R
f]é-,; T &0 nullity. & :&— # 5% 3B 7 linear transformation '™ % matrix 2. & e 2. 5|
4oV e % 5 41 * linear transformation 7 Dimension Theorem (Theorem 6.2.9) 4 {7 4&

L e Dimension Theorem (Theorem 3.7.14).

Example 6.3.6. #* 4] * Example 6.3.3 ¥ 7 linear transformation 2 # standard matrix

representation #% 3 # range {v null space.

M )= [xﬁ—xz

M F R TR R %5 T(| x ], 2 # standard matrix repre-

X1 — X3
X3
. 1 1 0 " 2
sentation [T] = L0 —1 . @ % [T] ¢ column space % Span( ) =R 7]
#* 4 Proposition 6.3.4 # 4 R(T) =R? (#* &2 Example 6.2.5(1) - &). ¥ - ,[T]

null space = ¥ * > 2% [T]x=0,

X1 +x = N X1 +x2 =0
X1 —x3 = 0 —xy —x3 = 0

1
fz & . F]ytd Proposition 6.3.4 2 i3 N(T)=Span(|—1|) (+* £ Example 6.2.7(1) -
1

|
o

®).
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X1
(2) F B T:R? >R 2% 5 T([ 2 }): x1+x3 |, % # standard matrix represen-
X1 — X2
1 0
tation [T]=| 1 1 |.d " [T] chcolumnspace # Span(|1|,| 1 |). F]#*d Proposition
-1 1 -1
1 0
6.3.4 25 R(T)=Span(|1|,| 1 |) (#*¥ Example 6.2.5(2) - &). ¥ - * 6, [T] < null
1 -1
space » B> > gl [T]x=0, ¥
X1 =0
X1 +x 0 ~ { Y =0
xn = 0
x1 —x» = 0

fz &, F]etd Proposition 6.3.4 25 N(T) = { {8] }={0} (+* & Example 6.2.7(2) -

®).

4 T, ¢ % F" 3 ™ & linear transformation pF, ¥ 2 & cj,co € F, 2w ]+ v
@D - BATA " 3] " &0 linear transformation ¢ + ¢ Ty (% 2 Proposition 6.1.6). #t
mpRe Barg o) +cTr 0 standard matrix representation f- 77,7, 5 standard matrix
representation £ % 3 B. ¥ b, & T & F" 5| F* 1 linear transformation, 2% ¢ ¥ {7 & &
#i ToTy % F" | F* 5 linear transformation (% % Proposition 6.1.7). I, 2 1 & 5

g

3+t ToT; ¢ standard matrix representation = 77,7 ¢ standard matrix representation &_

T3 M.

Lemma 6.3.7. % T;,T» 5 F" 3| F™ ¢ linear transformations, @ T 5 F™ 3] F* ¢ linear

transformation. £ [T1],[Tz] 11 2 [T] » %% T, T v T 0 standard matriz representation.

(1) =2 & cr,2€F, ¥ 3 a1+ :F" = F" 0 standard matriz representation &
ci[Ti] + c2[T], 7=

(1T + 2] = c1[Th] + e2[ T2
(2) ToT, :F" — F* ¢ standard matriz representation & [T][Ty], =& ¥
[ToT] = [T][Th].
Proof. (1) 2 &HE L velF", 213 (aT1+Dh)(v)=c1Ti(v)+cTa(v). * i& standard
matrix representation nE_& T1(v) = [T1]v, Ta(v) = [Ta]v, s ik B k% am o 21
(ciTh + 2 )(v) = 1[IV + e [B)v = (e [Th] + 2 [T))v.

#73 2 c[T]+ ] €- B mxnmatrix ® 3% & ;71 +cTh : F" — F" en standard matrix

representation 2. & F, #xd standard matrix representation r&— {4 (Theorem 6.3.1) 4w

c1Th + ) = a1 [Th] + 2 [T
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(2) mEAEHETEL vel", A3 (ToTy)(v)=T(Ti(v)). * & standard matrix rep-
resentation thE_& Ty(v) = [T1]v, & @& (ToT)(v)=T([Ti]v). * & % &, T & wel"
#4 T(w)=[T]w, & @ (ToT)(v) =T(T)v) = [T)([T1]v). £ #ELfE i s &
[T)([Th)v) = ([T][T1])v. ¥ 3 2, [T][T1] &— ® kxnmatrix 2 & & ToT; :F" — F* #istandard
matrix representation 2. & & (ToTy)(v) = ([T][Th])v, #+d standard matrix representation
g~ (4 (Theorem 6.3.1) 4w [T oTy] = [T][T1]. O

Example 6.3.8. #* 4] * Example 6.3.3 ¥ = linear transformations 2 # standard matrix

representations #£34 v & = S

M ):[xﬁ-xz

THE T R SR 2.5 % T(| x ] . Ao T o standard matrix repre-

X1 —X3
X3
1 0 1
sentation 3 [T]:[l _1].5 “ ¥R TR R 2% % [ } = x1+x2
—X2
A i s 7' 0 standard matrix representation i [T'] = ] LA Sk A
T'oT :R3 - R3 ;% &
X1 X 4 X1 +x2 X;+x2
@on(| w =1 22 )= | s+ | = | 2040
X1 —X3
x3 (X1 +x2) = (x1 —x3) X2 + X3
1
TS, AR T'oT & standard matrix representation 3 [T'oT]= | 2 1 —1 . ¥
01 1
0 11 0 1 1 O
S Y BEEEE, ARG T =] 1 1 =21 -1 |. s
—1 Lo~ 01 1

A 4] % matrix Kk F 2 AP T f2 linear transformation. & i ok, AP s oA
linear transformation % 242 ¥ 7 2 matrix e . blded T:F" —F", T':F" - Fr 3
linear transformations. d ** T &0 range £ F™ & subspace, ¥ R(T)=T(R") CR™, 2 i3
(T'oT)(R") =T'(T(R")) C T'(R™). )I/- E3 T'oT :R" — RF iz— i linear transformation
grrange 8¢ 3 3t T’ ehirange, T R(T'oT) CR(T'). 41* subspace 2. & dimension # %
(Proposition 3.6.9(4)), #% i 1@ rank(7'oT) <rank(7’). F1* ¥ A € Myn(F), B € My (F),
#1428 Col(BA) C Col(B) * rank(BA) < rank(B) (Proposition 3.7.16(1)).

Question 6.11. Bx T:F* = F" T':F" - F* % linear transformations. %P N(T) C
N(T'oT), & & M & AEMuyxn(F), BE Mixm(F), Bl N(A) CN(BA) ® rank(BA) <rank(A).

6.3.2. Coordinatization. 2\ if*#- 4 5% - # {* £ & 7 linear transformation, Tj‘u{i&-— [
vector space AL e F LR b JF R v A E U B % e vector space R 4R, 1o B
Hen T 3 B ek A2,
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Bk V &_finite dimensional vector space, i @_V &1— % basis, & i* ¥ L #-p & basis
RO FRERE, T HITGBESR D R, PRS- B R 0 basis, 2P L2 & ordered
basis (3 B AK). 4% $F %%, Tig basis eh~ 4k CRE 2 B, NiPFL RS pE

i1 ordered basis. #7174 — 4 &34 % ordered basis FF, 4 ¢ * (vy,...,v,) k&7, MEHH

BB B Bk <[(1)} ) [ﬂ) v ([(1)], [é}) )‘I‘u{ R2 ¢ & %27 F ¢ ordered basis.

PR AR, %7 - % ordered basis {5, A€ * - B FELK A 75— 2 ordered
basis. #4ris T B = (vi,...,V,) & V i1— 2 ordered basis, ira,ifug B k& TFiE- 2
ordered basis (vy,...,v,). ¥ F" &1 standard basis, A P ¥ * € k&7 (er,...,e,) &-
i ordered basis.

3 7 vector space V - % ordered basis f = (vi,...,v,) &, & TF“)T&? IR A =

“AAE YT (coordinatization). & E,BIUY-“E\?J‘ ER veV, A4l * B iz- & ordered basis #-v
C1

B V=CVidtepv, 1, | ,T-‘ll—frl?'“' B H#v kit e eandiR Ao E. 50 30,
Cn

EN fr“;i&’* Vg K& T 1% B #v Lfhit 2 or@endff, SR ad il AP T 0 [vg

—JF% S F " P - B g, ok T]":T‘k:? - g % e vector space ¥ e E '?]— % F "¢

Hi Bk e,

Example 6.3.9. # i iF]: ")F‘] T B j’;&@ﬁ’l}g # vector space 4k *g._f’- g’mﬁ'—l];

(A) % & My 2(F) 2 2 ordered basis

._([to][o1][0o0] 00
o O 0O|’fO O]|’IT O|’]0 1
(¥ AP e & basis 3 Myo(F) ¢ standard basis). 3t E & Myo(F) ¢ i~ %
Caen
g 5
c d |’

almelonlelo o[V a )0 V]

a b v
e [ d ] FI* g kiR L T2 5
c

—
—
o
QU
[E—
[
o

Il
QU o &

b4 e Moo (R), 2417 3
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(B) t Py(F) ¢ @ % 24 ¢ 4 1,x,x? &% basis 3 standard basis. ¥ & € = (1,x,x%) i&
4

i ordered basis. {*% % 'F': I E P(R) ¢ 232 —3x+4 % g kR L | =3, A
2

L

4
[2x% —3x+ 4] = 3] :
v

LA )

A ipe ¥ 4 g ordered basis f = (p1(x), p2(x), p3(x))
pix)=—(x=1)(x+1), pa(x)=(1/2)x(x+1) and ps(x)=(1/2)x(x—1)

AN

p1(0)=1,pi(1) = pi(=1) = 0; p2(1) = 1,p2(0) = p2(=1) = 0; p3(=1) = 1, p3(0) = p3(1) = 0,

F 20 =3x+4=c1pi(x) +capa(x) +c3p3(x), BIA B & x=0,1,—1, ¥ # ¢; =4,c0=3,c3=9.
2

4
(20 —3x+4]5 = [3].
9
(C) 2 ips ¥ 8 F" ¢ th % 7 ¢ ordered basis & 1. bl4rt R? ¢ ¥ & ordered
1 0 1 1
basis B = (|1], |1, |0]). & &= & |2| 7 B % ordered basis i &4 7, A8 R
1 1 1 3
3 cy,00,03 €R E E
1 1 0 1 1 0 1 C1
2l =c1 1] 4+ +c3|0l=11 1 0 c .
3 1 1 1 1 1 1 c3
famiz > 4288 1 =0,c0=2,c3=1, #&1¥
1 0
21 =12].
3 8 1
1 1
BaAgemary (2] =(2],8¢ e R? ¢ standard ordered basis (e, e;,e3). i&%_7]
3 3
£

RNk lij*u{’** standard ordered basis € * #-#73 R3 e B e J v

¥ 7V eh— = ordered basis B = (vi,...,V,), #V ? R F 4% B ki —,’f—!?%‘&ii‘i

T BV R R sl Tg V- B HER veV, PG Tg(v)=[v|g. & HAE

- BB FE vy, v, & Voin- % basis, #700d {vy,...,v,} 4_V & spanning set, ¥

FEgaveV R fa e, €F @B v=cvi+ eV T Tg FER 7 LT B
C1

TEBY PAE VHEIHES P Y e || @2 B REM % T well-defined, »
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,T*u{;k% EFHRF-BVHREIF ?A B2 FeEaiR 2855 vi,...,v, 5 linearly
independent, *f11& @B veV, &5 - 2 ¢f,...,ch,€F § 8T v=cvi+---+c,Vp.
T 2K Tg:V —F" 4 - B well-defined e #ic, 78 ¢ ¢ &_linear transformation ©§7 ¥ &
EXF T Y vweV P BER vVv=cVi+-+cuVy, W=diVi+-+dyVy, 279 1,000 8
di,....dy B F. k&S
c1 d;
Tg(v)=[vlp=|:| and Tg(w)=[wlg=|:

Cn dn

iz d rel, d 5

VA+rw=(c1Vi+- -4 cpVn) +r(divi+- - +dyvy) = (c1 +rd))Vi+ -+ (ca+ rdy) Vi,

A irﬂﬂ}s

c1 +rd, c d;
Tg(v+rw) = [v+rw]g = : =|:|+r| | =Tg(v)+rTg(w).

cn+rdy Cn dy

o Tg:V — F" % linear transformation.

Tg:V — R" 2 5 &_linear transformation, T9 Tg : V — R" &_one-to-one ¥ onto.
Lk Tg 5 one-to-one, M P& A N(Tg) = {0} 7 (%2 Proposition 6.2.6). #
FVveNTp), 27 v* Behd i 72 F ¢ hEwd, AT v=civi+- 4V, P
cr=-=0,=0. {%p R, &7 v=0, x4 N(Tp) ={0}. £ & Tg = onto, & 7 11|
* Tg(vi) =e;, Vi=1,...,n, & ¥ R(Tg) = Span(Tg(v1),...,Tg(v,)) = Span(ey,...,e,) = "

(%2 Proposition 6.2.4), ¥ Tg % onto. # P E 7 T HFIL,

Theorem 6.3.10. HX V 5 wvector space over F, dim(V)=n = B 5 V - % ordered
basis. % Jg Tg:V —F" €& 5 Tg(v)=[v]g, Yve V. R Tg % linear transformation ® &_

one-to-one ™ % onto.

- 4z %34 — % linear transformation T :V — W £_one-to-one ¥ onto FF, 2 7 > {
YR Gg A H IR NP EH T 5 - B dsomorphism. Frig Tg:V —F" & isomorphism &
FRGEA, MEA P RARRTV A, AT A Ty, R % R E
F" ¢ e § el B, Gl4o P& 287V ¢ dhaF wy,...,wi £F 5 linearly independent.

2T Ay 3 - 2 Vo ordered basis B, X163 B [Wilg,...,[Wiklg, - 2" P e £
I AP E 2% ¢ & £ F 5 linearly independent 7 j2 247 [wylg, ..., [wi]g &

% & linearly independent. o ** ¥4+ i=1,... .k, [w;]g = Tg(w;), F]2* 4 Tg 7 isomorphism
YUfe AP g e wy,..., Wi & linearly independent F E r&E [wilg,...,[Wi]g & linearly
independent (% L Proposition 6.4.4). Fl# A P F 0 d [wilg,...,[wi]g £ F & linearly

independent, % &% wy,...,w; £ F & linearly independent. 2% 5 12 b+

Example 6.3.11. ¢ i —F% FI# &R Kk ed® - 4 vector space €_F linear independent £

B 3.
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(A) T R(R) # 3 B2 2305 fo(x), filx), folx), B =8 W5 5 2, 1,0 6055858
Bk fo(x) =ax® +bx+c, fi(x) = dx+e, fox)=r 29 ad,;r ¥ 2 %30 A4 P(R)

¢ standard ordered basis € = (1,x,x?), ¥ ¥
e r
d| and [fo(x)]e=|0].
0 0
d 3 a,dr ¢ E %:F:] i SL
c e r
b d 0
a 00

grrank 5 3, 7T [f2(x)]e, [f1(X)]e, [fo(X)]e B linearly independet. F* ##E fo(x), fi(x),
fo(x) % linearly independent. £ d dim(Py(R)) =3, F& fo(x), fi(x),2(x) & P(R) er- &
basis.

AP MR EREED BR). » EHE Y B LMR) P n+l B2EE 5 IHES
fo(x),oo o fulx), B2 3 i=0,...,n, fi(x) 2k i 753835, 1% $ standard ordered
basis € = (l,x,...,x") A L 3«\ mFE folx),...,fulx) 5 P(R) e— ' basis.

(B) 3% V 5 vector space over R, ¥ v|,vp,v3,v4 €V % linearly independent. 4

W = A% —Vy +2v; +V4
wy= 2vi —2vo +4vy +2v4
W3 = Vi +V3 +vy .
W4 = V2 +vy
W5 = —V] +vy —V3

AP & 35 I W = Span(wy, W, W3, Wg, Ws) - % basis.

4 J& U =Span(v,v2,V3,V4), F1 5 V|,V2,V3,V4 5 linearly independent, % * 5= vy, vp, V3, V4
5 U eh— 2 basis. 4 3 wy,...,ws €U, AP W 5 U & subspace. 3% i enfg;z & 4%
B = (v1,v2,v3,v4) i&2 U 1 ordered basis # U ch~F & kit . d 3wy, ... wseU, AP 7
VLWL, ws SR [wilg,.. [Wslg i85 B RY P e B I % i A P KR
¥ Span([wi]g,...,[Ws|g) e basis 17 & R - 8 basis. £ ¥V PRRX U P hrF, ¥

# 3 W - % basgis.

Fod A
1 2 1 0 -1
-1 -2 0 1 1
Wilg=| 5 [sWalp=| , |s[Walp = | |- [Walg = || s [Wslp = | _;
1 2 1 1 0

AP R T P A column 0 4 x5 matrix I 4] * elementary row operations #-2_ it i

echelon form #

1 2 10 -1 1200 0

1 201 1 0010 —1I
2 4 10 -1 |7]oo0oo0 1 1

1 2 11 0 0000 O
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d *% echelon form 7 1-st, 3-rd, 4-th column % pivot “7 & =¥ | &5 [wilg,[w3lg,[Walp =
Span([wi]g,...,[Ws|g) - ‘& basis (%2 Proposition 3.7.8). d ** Tg &% isomprphism i3

spanning set ' % linearly independent {28, 2 i ¥ wi,w3,wq = W - % basis.

Question 6.12. ¥+ i FEzample 6.3.11 (B) ® 7 v{,V3,v3,V4 11 % W[ W, W3, Wa, Ws. &

dim(Span(wi, Wy, W3, W4, Ws)) 5 @ 2 T wy, Ws B = Wi, W3, Wy £ linear combination.

6.3.3. Matrix Representation of general linear transformation. ¥ V,W 4 %] %
dimension % n,m &7 vector space over F. 2V iF# ¥ 1158 V,W &1 ordered basis, # V,W &
A E e s F" 4o F” o0 vector. Flpt A ¥ 02V 3| W o linear transformation T 4R %
F" 3] F™ &0 linear transformation, @ ## 7T 7 matrix representation.

¥t - B linear transformation T:V — W » & &% 2 VW - % ordered basis f =
(Viyeoy Vi) 2 y=(Wi,...,Wy). & Tg: VT T W B A% 2% Bz y#V,
W éh= % & 48 it e linear transformation. 4r® 4] * i& ¥ linear transformations [ &4 34 i
3l T Ap Bl F" 3] F™ 0 linear transformation 77 : F" — F” v2 238 § A € 41 * Bl7
KFTE AT RRAFREDS B S S P RE. Bl4c BT 4o T
T

% W

Tﬁ l l Ty
/

pr— L pm

Ttk BT - RH S commutative dz'agmm. CET VAR ELES B o IE ok
REA- A s R I HEL veV 84 T RIIT(V) € “wﬂi:?f Ty Ty(T(v))
g By AR Ty 83 Tp(v) 2L 5d T “erT’(TB( V) ° & i 2 o T
A iTyoT=ToTg AP R EfinT F'—F" 5> 247 Rnﬂ?“iﬁ* s T An¥> B,y
i&@ 2 ordered basis #71 ¢ matriz representation, I * [ ] K 2T o

P EAcREFD T 1% [T]% v ¥4 T':F* — " % linear transformation ° Theorem
6.1.8 #3451 £ RAERF th- A AP EIUE T R T T T - 26 T b
A L [T]% v @ gt & AE e -th column % T'(e;) (Theorem 6.3.1) # 7 ey,...,e,
% F" v standard basis o #7121 A P R £ xE_T'(e),...,T (e,) 5@ > 2 B F JUFE;»LT’ &
# ¢0 linear transformation » F pF» {8 3| % JE'L [T]% °

AP E R Gofh commutative diagram G i 4o o/ 2 T(eq),..., T (e,) o ¥
Z® i=1,...,n> & ordered basis ff = (V],...,Vn) LAR L 5 TB(Vi) =e o “Trid

commutative diagram

T'(e;) = T'(Tp(vi)) = Ty(T (Vi) = [T (vi)]y-

2 FRE R [T]Z; &1 i-th column %‘L{ﬂﬂ— ordered basis B = (Vi,...,V,) % i B3R v; *» T
R T(v)eW, E41% ¢yt &L a8 R ¢ o £ f\frwﬁi”ﬁu’fm%ﬂf
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Example 6.3.12. ¥ 5 3% V % finite dimensional vector space over F. ¥ g V + &
identity map id:V =V, » *HE g veV, AP L& id(v)=v. xF % 5 4 id £~ B linear
transformation. IL¥tiE &, V ¢ ordered basis f = (vy,...,V,), AP EE id: V-V $#H 2T
Ealiss 59 5 ‘FK * B iz B ordered basis #7{¥ 7 matrix representation [id]g LR? BTG
tih, 2 g [idf) 9 1-st column FAAd(v) 17 B LR AN o R %
d(vi))=vi, m vy ~ £ B¢ $- B, & [1d(v1)h; = [vl]ﬁ —el, i #wb [id]fy e 1-st
column :j‘*u{ e. k1@ [id]g # j-th column 7* i_e;. 7} 1d ,T* E_nxn 0 identity

matrix I,,.

Example 6.3.13. ¥ & P(R) } ¢ standard ordered basis & = (1,x,x2) 2 2 Py(R) *
¢ standard ordered basis & = (1,x,x*,x%). ¥ g S8k T : A(R) — P(R) T& 5, $ = ;
p(x) € BR), T(px))=(x+1px—1). AP L%z T 5 linear transformation. ¥t 1% ;
p(x),q(x) € A(R) 112 reR, i

T(p(x)+rq(x)) =
(x+1D)(px—1)+rg(x—1)) = (x+ Dpx—1)+r(x+1)g(x—1) =T (p(x)) +rT(q(x)).

{#% T % linear transformation. #F kA P& £ T $3% &, ¢ matrix representation
[T)g. &R G GF3t, 2 74 [T]g ¢ 1-st column ft%;fih{:l&l Ar T, @ T()=(x+1)-1
A1 g #x+1 2B S R e R0 0 x4+ 1= 14x+032+003, 7 @ [T 0

1-st column

[T(D]ey =[x+ ey =

OO = =

FRAPG [T]E ¢ 2-nd, 3-rd column 4 %] 3

T@le =[x+ D= Dles =2 -1 = | ] |,
0

1
—1
[T()]ey =[x+ D(x—=1)2e; = [ = —x+ 1]e, = 1
1
Tl F
1 -1 1
1 0 -1
& __
Te=1o0 1 -1
0 O 1
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A g B(R) 2 P(R) e ordered basis. # i ¥ 2 ¥ g P(R) - % basis
p1(x), pa(x), p3(x), & ¢

pi(=1)=1 pi(0)=0 p(1)=0
p2(=1)=0 p(0)=1 ps(1)=0
p3(=1)=0 p3(0)=0 p3(1)=1

£ B =(pi(x),p2(x),p3(x)) & P(R) i ordered basis. F 028 i % g P3(R) - ‘& basis
q1(x),q2(x),q3(x),q4(x), £ ¢

q(=)=1 q(0)=0 q1(1)=0 ¢1(2)=0
@2(-1)=0 @20)=1 q@(1)=0 ¢(2)=0
3(=1)=0 ¢3(0)=0 g3(1)=1 ¢3(2)=0
qa(—1)=0 g4(0)=0 qa(1)=0 q(2)=1.
£ y=(q1(x),q2(x),q3(x),qs(x)) 3 P3(R) #hordered basis. 3% i & & F| T 4>t B,y ¢ matrix

representation [T ]E B (T
28 RY e B OIE (x4 1
—1,0,1,2, 24 i/ 7 3

% e 1-st column 5 T(pi1(x))=(x+1)pi(x—1) 1 #* y &4
)p1(x—1) = c191(x) + c2g2(x) + c3g3(x) + caqa(x). # x & =] &

c1=(=1+1)p1(=2)=0,c0=(0+1)p1(=1) =1,c3 = (1 + 1)p1(0) =0,ca = (2+ 1) p1 (1) = 0.

J. i}u{” [T]% & 1-st column %

[T(p1(x))ly =[x+ Dpi(x=1)ly =

o o= O

o fk e 2 2w 48 3 [T]% &1 2-nd, 3-rd column 4 %] &

0 0
T (P2l = [+ o= DIy = [5], [T(ps()]y = [+ Dpste— 1y = ||
0 3
Ft
0 0 O
=10 3 o
0 0 3

d Example 6.3.13 2% ¥ &rig ¢ $% ¢ linear transformation * 7 I 7 ordered basis € 7
7 F &0 matrix representation. » F]gt &1 £ 3 & B T matrix representation pF- T & £ P
¥ {32 0 ordered basis & @

T & matrix representation § ® * JeLFe ? )I*itrﬁ—‘ﬂ A& " } g7 standard matrix represen-

2

tation, §1* matrix representation ¥ 12 fP-enF] A i 41 linear transformation # % & 3

g B adeanBE, EAPL Y K4 9 commutative diagram FP

v T W
5| g
/
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fl* TF'F" k&7 RAT: VoW I AF P4t ? 1 &k FLF" 5" &- &

R IE, G standard matrix representation, T [T];. = ,jjf»{‘gfu W3 E g o g, AR
SR E | ,rlrfv" PR v g%ﬁﬂiﬁﬂ- R~ B }Fm e g, U EE veV, AT ouk

fl* B #v & %“1 17 T(v) =[v]g. #&Fd ¥ [vgeF", gzt » T Fe A [vp RS
2 [T)g i # matrix > ¥ T'(Tp(v)) = [T][V]g. & * T'(Tp(v ))ZTy(T( V) =I[T(V)]y > #r1
T(v) f1* W e ordered basis y & = F" 1} ed ﬁ'"’j}ﬂ‘ }; B° T‘{Fﬁa ENN LD (=2
[T]%[V]lg T B Fmﬁm;l~%%1§}%z‘i"me'% ;J-}KT ) 2B FPR A T 2
Proposition 6.3.14. Bx V,W i wvector space over F ® B = (vi,...,Vy), Y= (Wi,...,Wy)
V,W i1 ordered basis. 3% T:V —W 5 linear transformation ® [T];; € Myxn(F) %

T A ¥>% B,y &7 matriz representation. 33N 12 Z, veV, & v=cVi+-+cuv, F

v

AR -4

I T(V) =diwi+- -+ dyWy,. 7

C1
Proof. Flv=civi+ - teaVn, BLE VAT B LR AEF e £ Tp(v) 5 |0 | =
Cn
Cl
d G ik BoToly (Tp(v) =T(T(Y)) o | 1] 2! [T]p “t@eh P 2w g
Cn
d] dl
Cewd T(T(v)=| | #ET(V)=diwi+-+duWp. O
A dm

Example 6.3.15. # i* % g Example 6.3.13 &+, 4 5 T:P(R) - P(R), & ¥ %
st p() € P(R), T(p(x)) = (v Dp(r—1). 4 /& p() =2 — 1 et 7] plx—1) =
(x—1)2—1, & T chz %18

T(p(x)=@x+Dpx—1)=(x+1)((x—1)*—1)=x> —x* —2x.

% % & P(R) ¢ ordered basis & = (1,x,x?) 2 %2 P3(R) ¢ ordered basis & = (1,x,x2,x%),
1 -1 1

A T e 5 . L e |10 -1,

A ariE T ¥ &,63 o9 matrix representation z [T = 0 1 -1 i [p(x)]e, =

0

0 1
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T T(p(x)) =x> —x* —2x.
¥ RN PL 7 ouql* Example 6.3.13 ¢V ¢ ordered basis B = (p1(x), p2(x), p3(x)) ™
% W ¢ ordered basis ¥ = (q1(x),q2(x),q3(x),qa(x)) &3 T(x2—1). »FEE px)=x>—1=

0
cip1(x) +eapa(x) +e3p3(x), B x=—1,0,1 # ¢;=0,c2=—1,c3=0, 7 ¥ [p(x)]g = | —1].
0
- [p(x)]p =# kP T $3° B,y 0 representation matrix [T]g 7
ool [°]_ o
[T(p(x))b’: 02 0 _01 = -2
0 0 3 0

—

@0 T(p(x) = —2q3(x). @ 3% q3(—1)=¢q3(0) =¢3(2) =0 2 2 g3(1) =1, & F g3(x) =
(x+1x(x—2)/(=2), %@ T(p(x)) = (x+ x(x—2) = x> —x*> —2x.

% T:F" — " &_linear transformation pF, % * ¥ 2 4] * T ¢ standard matrix rep-
resentation [T'] 7 null space ® & % T &1 null space, » ¥ f1* [T] 7 column space *
A% T eorange. F i, § T:V — W, 5 linear transformation, 2\ % ¥ ] * T

matrix representation * ;&% T 7 null space fv range. ~ %|i& TV fv W & ordered basis

B=(Vi,...,vp) fv y=(W1,...,Wy). @ % & 7 commutative diagram, §]* V — W £ ¥
W TF" e o 2 Vo 3% B P ape o, 5238 v=c v+ v €V, & i
L
C1
Tl =115 ;. (6.1)
Cn
0 C1 0
REVENT), 47 TW) =0, e d T =0h=[:|. @ 7] | = |:]. ==
0 Cn 0
Ccl Cl
=[v]g » [T]z; null space e ®. F 2, % || e & [T]E e null space e £
Cn Cn
C1 0 0
F 7T [T]Z; = . é:td 5\:; (61) .’rr7 é V=CiVi+- - +CyVy }Eﬁ‘, §\"1F375 [T(V)]y:
Cn 0 0

;o T(v) =0, #F v=c1vi+--+c,va € N(T).
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¥ -26, Fw=dw ++dywW, €ER(T), 2F 53 v=c1Vi+-+c,V, €V, & 7

d; C1l di
T(v)=w. Flptd 3 (6.1) 4w, | 1 | =[T(v)]y= [T]% R [T]E £ column
dp, Cn dm
di ci
space P ®. K2, % | 1| €F" i [T]%é‘ﬁcolumnspace g g, A || e
dm Cn
d c1 d
@l =g ] e 5 (61) T E A vEavibe v, AP [T = 1,
dm Cn dm

BHE AW+ +dpV =T(V) ER(T). A PEE T T i %

Proposition 6.3.16. Bk V.W % wvector space & B = (Vi,...,Vn), Y= (Wi,...,Wy) & 5|

= V,W 7 ordered basis. 3% T:V —W % linear transformation * [T]g EMyxn(F) 5 T 4p

1
¥t B,y 1 matriz representation. B c;vi+--+c,v, EN(T) EEvg | 1| B [T}g e
Cl’l
dy
null space. @ diywi+--+duw, ER(T) FE2rexE | 1| B3 [T]g 1 column space.
dp

Example 6.3.17. # 3 5 Example 6.3.13 et 3+ % 4 g P(R) ¢ ordered basis & =
(1,x,x%) 12 2 P3(R) ¢ ordered basis & = (1,x,x%,x%), 2 P 4vif T %43 g,6 9 matrix

. & . LY P
representation Tz ] * elementary row operations i % echelon form ¥ #

1 -1 1 1 -1 1
1 0 -1 o 1 =2
PUNN
0o 1 -1 0 O 1
0 O 1 0 O
0
d 3% pivot i B % *t column iR #i, A e T shnull space 3 { |0}, &4 N(T) = {0},
0
1 —1 1
N v N & . v 9 1 0 —1 k4
7% T % oneto-one. ¥ - * & [T]g chrank % 3, #& { ol 110121 } & column
0 0 1

space #1— 2 basis. Fp # {x+1,x2 -1, —x* —x+1} 5 R(T) #— % basis. ¢ *
dim(P;(R)) =4 #dim(R(T)) =3, &4 i 4 R(T) # P3(R), ¥ T % &_onto.

Example 6.3.18. 4 & My.»(R) #73} = ¢ vector space (% L Example 3.2.2 (A)). ¥ &
So¥kc T . ngz(R) — szz(R) EE T(A) :A—At, VA € M2><2<R). Apw T 4 linear
transformation. =8 F1 5 HiZ & A, BEMyo(R) 12 reR, i3

T(A+rB)=(A+rB)—(A+rB)'=A+rB—A'"—rB'= (A—A")Y+r(B—B") =T(A) +rT(B).
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{ﬁk@ﬂ@ﬁmﬂmﬁmm8:<“)8}[85}[?8]{8?])@%
(82182 (3
|

SR

. FI* elementary

v

row operation #- [T]§ it % echelon form ¢ null space - &

cooco
co o~
cooco
13
e
|
mnm

1] [o] [O
. 1 , 1 1 v o, .
basis:a{g, 1,8},?]&“@’{[0 8],[(1) 0],[ ]};aN(T)m—.ﬁEbams.*
0| (0] |1

0 1

1 0 }} % T ehrange R(T) -

[T]é & column space - % basis & { 1 b, #& i@ {[

0
& basis. A E A3 dim(R(T))+dim(N(7)) =143 =4 =dim(Mr«2(R)). ¥ ?t 35 A e N(T)
27 T(A)=A—A'=0, " A=A" F 27" 4 Tj‘u{?uA eN(T) # 2 8% A 5 symmetric
matrix. Fl#td dim(N(7T)) =3, #4975 2 x2 7 symmetric matrices ¥ = 73 subspace

Question 6.13. :# R47F 3 x3 & symmelric matrices #7 = 1 subspace IR G 0 ¢
Exercise 6.7. (3L : '3% 5 optional » # 3 (& i3 +F 343 )
% & linear transformations T:V — W, F: W — U.

(1) B3 W 5 W ensubspace, % Jg F':W — U 5 # F eh@ &3 U4 & W e linear
transformation (¥ F'(w) = F(w), Vwe W'). & :

F'(W)=F(W'), N(F')=N(F)nW',
BRI A
dim(N(F)) > dim(W’) — dim(F (W')).
(2) 41 (1) ¢ W =T(V) i 1% rank(F) = dim(W) —dim(N(F))

rank(F) < dim(W) —rank(7T) +rank(F oT).

rank(F) +rank(7') —dim(W) <rank(F oT) < min{rank(7),rank(F)}.
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Exercise 6.8. ## T 12T linear transformations 7 standard matrix representation i 4|

*oards e ol H kernel fe image 0 basis.
(1) 1 :R> > R*, &% 3
Ti(a,b,c,d,e) = (a—c+3d—e,a+2d—e,2a—c+5d —e,—c+d).
(2) R =R, &5 T(v)=[vlp> #¢ B 5 R? - 2 ordered basis
B = (e +ex+ese+e;s ;).

Exercise 6.9. B3& B = (v,v2,v3,v4) & V ¢— ‘& ordered basis. 4
Wi =V —V2+ V343V, Wp = —V| — V2 +V3+2Vy4,
W3 =5V — V2 +V3+5vy, Wy = V) — V3 —3Vy, W5 = V| + V5.
(1) @@ B’ = (wi,wa,Wq,Ws) + &£V - % ordered basis.
(2) B3k T 5% B #V SR hddie, FR T Tp(vy), i=1,2,3,4.
(3) 5 o

| | | | | | | |

YB(rvl) Yb(FVZ) 7b(rv4) Yb(FVS) : Yb'iVl) YB/EVz) 7b'iv3) Tp(v4)

2 b k.

Exercise 6.10. % Jg linear transformation T : P,(R) — Mp(R) %& 5

2\ b+c a
T(a+bx+cx") = [ bl
(1) 2% [T, 2 ¢ g, A% % Py(R),My(R) ¢ standard ordered basis

o= S IETE Y

(2) #F K& [T]E, 2¥ By 2 u 5 P(R),M(R) 7 ordered basis

p-asrsan=(y 0 L AL
(3) A w7 (1), (2) ehd AL K N(T) 4 R(T) - % basis.



