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% T, 1o ¢ 5 F" 3] F™ ¢ linear transformation B, ¥ Z &, ¢, €F, 2 P 5rsg o1+
e standard matrix representation [ci Ty + c2Tz] fv T, T ¢ standard matrix representations
[N],[1] 8 %5 [aTh+ b)) =calli]+cll] (%2 Lemma 6.3.7). i&#> - 47 linear
transformations T : V —W 11 % T, :V — W ¢ matrix representations » & _¥t¢n. 7 i &
F w1 R, - & linear transformation 1 matrix representation &_fr T & 3 11 2 ¥ i
e ordered basis 7 M, T FE 3 § T, I ‘FTS"” & ¥ 4p 77 ordered basis #7118 ¢ matrix
representation, & B H 4 § R A ﬂ} L {3 g A B8 2 V,W &1 ordered basis, 8,7,
X

[c1Th -I-Csz}E =c [Tl]% —I—Cz[Tz]%-

WAt e S Sy 3R, £ T:V—-W, T':W—U % linear transformations. %
A8l 2 V,W,U i ordered basis o, B,y, Vi3 1T ]

v —I .w w—T .y
L bdk
F" F™ F™ Fk

A N T BB T T &Pk, ST APT Y eI H T oT. x d 3t W i
* ¥ % ordered basis B, #111A B W 3| F" ez BFendndicip e (% 5 Tg). Flet 20w

¥+ & & B commutative diagrams & # = — i commutative diagram 4- :

!
v — L .w T .y
. s b
F" - . Fk

d 3 K IR " — F™ 7 matrix representation & [T]g, @ " — F* ¢ matrix representation
[T ] Flotd Lemma 6.3.7 &, v * 14 = 74 R ¢ matrix representation [T’]};[T]g.
r‘] [NV ,Fa -+
[T o T} = [T']}4[T]5.
e Fandik, A 00T 5 B Lemma 6.3.7 cde R

Theorem 6.3.19. BX V.W,U % finite dimensional vector space over F ® £ a,B,y » %
% V,W.,U & ordered basis.
(1) Bk N,T» % V 3| W & linear transformations. RI¥E & c,co €F, 34173
[e1Th +Csz]g =ci [Tl]lgz + Cz[Tz]g-
(2) X T:V—-W 2 T':W—U 5 linear transformation. R|

7o), = [T']}[T0a

B3k V,W 5 finite dimensional vector space over F, # ¢ dim(V) = n,dim(W) =m. £
ZL(V,W) & %13 V 3| W & linear transformations #f = mﬁ; £ . Proposition 6.1.6 2 2 #
mL(V,W) F 4eidfeilicff a3t B, 7 2@ Z(V,W) - @ over F ¢ vector space.
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£ B,y ~ 85 VW 1} ihordered basis, 34 ¥ it— - Bd L(V,W) | My, (F) e
W M LVW) = Myn(F), B2 & 5833 TeLVW), #(T)= [T]g. Theorem 6.3.19
2N M L (VW) = Myn(F) - B linear transformation. 2% 5 11 ik % .

Theorem 6.3.20. Hx) V.W % finite dimensional vector space over F, H ¢ dim(V) =
ndim(W)=m. %z B, y # % 5 VW } & ordered basis, T & S ¥ M : L (VW) —
Myn(F), &9 VT € L(VW), A(T)=[Tlp. B M : L(V,W) = Mypsxn(F) Z— B one-to-

one ¥ onto 7 linear transformation. ¥ # {8 dimp(Z(V,W)) =

Proof. 4= & N1, The Z(V,W) 112 ceF, i3 A(Th+ch)= [T1+CT2] m oM (Th)+

cM T = [Tl]}; —i—c[Tz]E, #d Theorem 6.3.19(1) * #(T1 +cTr) = # (Th) +c.///(T2).
B B=(Vi,...,Vy) ME y=(Wi,....,Wy), HEZ A=la;] € Muxn(F), d ** A 5 i-th
ai;
column % D, EHER =1L n AP R Te Z(V,W) 5ri— &0 linear transformation
Ami
wET(vi)=awi+-+auwy (%2 Theorem 6.1.8). & 2 & [T ]E 1 i-th column % [T(v;)]y
22 A ehj-th column 4pF, &#® 4 (T)=[T ]g =A. ZEET M LV,W) = Myn(F)

onto, » # ¥ v &_one-to-one, F| i itk h T € L(V,W) &ri- en.

B & §1* Dimension Theorem (Theorem 6.2.9), #% i &1 rank(.#) + nullity(.#) =
dimp(Z(V,W)). d ** # A_one-to-one, nullity(.#) =0. = d > # &_onto, # i 5
rank () = dimp(Myyxn(F)) = mn. #&=#% dimp(Z(V,W)) = mn. O

¥

Theorem 6.3.20, £ 77 2% % & |4 p b {oE L fF e Jr)i%&,, %. ,T*u{;ru PE ol IR
B R fRMMERR T T P AR JREL. S 2 I ARl G R A6
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- Mk, § - B S#icd invertible (7 one-to-one * onto) BF, ¥ % % % #-H inverse (5 &
) By T k. g & ¢ AP EEE 0 invertible linear transformation, 1% matrix
representation # i ¥ 12 {XF 5 GE-H inverse B T .

B AN KIEI P B - B linear transformation ¢ &_ invertible. BX T:V W X
invertible linear transformation. ¢ ** T % onto, #* * % & rank(7) = dim(W) (Proposition
6.2.3). k@ T 5 one-to-one, % dim(N(7")) = nullity(T) = 0 (Proposition 6.2.6). | *

Dimension Theorem for linear transformation (Theorem 6.2.9) #% i@ 17
dim(V) = rank(7T") + nullity(7') = dim(W) + 0 = dim(W).

2N R G & dim(V) =dim(W) BF, T 4 3 ¥ & 5 invertible. 3K dim(V) = dim(W)
T:V—W 5 oneto-one, ¢ nullity(T)=0, #* i {# rank(7T) = dim(V) = dim(W), =¥ T
onto. ¥, # T % onto, Bl d rank(7)=dim(W)=dim(V) ¥ nullity(7) =0, =¥ T 3

one-to-one. iz AP F dim(V)=dim(W) pF, % linear transformation 7:V —-W, T %
one-to-one fr T % onto £ % § ¢h. Flm 7 & H ¢ — B e, ‘]*UTZ‘ {83 T % invertible.

R 6‘\(
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Lemma 6.4.1. 3% V.W % finite dimensional vector spaces over F 2 T:V - W %
linear transformation. B &3 ¥ dim(V)=dim(W) P, T 4 5 ¥ i 4 invertible. * %
dim(V) =dim(W) P&, T 5 invertible v T & onto &% % e fo T 5 one-to-one ¥ ¥ .

d Lemma 6.4.1 P4 T:V —W 5 invertible, ] dim(V) =dim(W). # @358 %
dim(V) #dim(W), 1% ¥ i i3 &— B V 3| W 0 invertible linear transformation. i& i 4 5
ks A Fn, ARG LT e

Proposition 6.4.2. X V,W % finite dimensional vector spaces over F. Rl 5 & T:V W

% invertible linear transformation % £ *&3% dim(V) = dim(W).

Proof. ¢ Lemma 6.4.1, & & & %P % dim(V) =dim(W) B35 % linear transformation
T:V—W & invertible. £ vi,...,v, fewy,...,w, » %] & V - % basis fv W - % basis.
%+ Ja— linear transformation T:V —W & &_T(v;))=w;, Vi=1,...,n (% L Theorem 6.1.8).
A& M T 5 invertible. 2@ d Proposition 6.2.4 = R(T) = Span(T'(vy),...,T(v,)) =

Span(wy,...,w,). * d wi,...,w, & W - % basis & Span(wy,...,w,) =W. & #F#
R(T)=W, ¥ T % onto. £ ¢ Lemma 6.4.1 {#3 T 5 invertible. O

% T:V—W £_one-to-one ¥ onto P, # i 4rif v &_invertible, * 3 & T~ W =V,
BEEF veV E 3 T loT(V) =T Y (T(v)=v i 2z weW %3 ToT Y(w)=
(T~ (w)) =w. - & j\v’u’\ i i T 5 T # inverse (5 S #c). 2 'FKfrr'i;ﬁ_' T-'w—vVv
i % one-to-one ¥ onto, # ¥ £ A 4+ H & v A F 5 linear transformation? G 14T
7 B
2%,

Theorem 6.4.3. B3&X V,W % wvector spaces over F & T:V —W % linear transformation.

-

£ T % invertible, B T ¢ inverse T~ :W —V 7= % linear transformation.

Proof. >tz & we W, d >+ T &_one-to-one ¥ onto, #t 15 eri— chveV B L T(v)=w.
BFE ST E,E T Y (w)=v. »t T 20— BEW 3V hade NPR
%P T':W -V #_ - B linear transformation. - ,?*u{‘?su P w,weW, rekl,

PEEP T Y wi+rwy) =T Y w)+rT Y (wy). iR T ' (wy)=v, T H(wy) =v,. 7*
T T(vi)=w; 2 T(v2)=wy. &2 T ' (wi+rwy) £.3 53 T (w)+rT " (wa) 3
RN AEETE T (W +rwy) =vi+rvy, + j]'y"-‘;ﬁ.»{?- T(vi+rvy) =W +rwp. R

o T % linear transformation, # 7 5 T(vi+rva) =T (vi)+rT(v2) =W +rwy. = @&

T (wi+rwa) =vi+rvy = T‘l(w1)+rT "(wy), 7 % T~! ¥~ % linear transformation. [J

% Proposition 6.2.4 2 i 4vig § T:V — W #_onto BF ¢ i%4* spanning set. » ﬂ%{;ﬁ‘

Vi,...,V, &_V ¢h— 2 spanning set, B T(vq),...,T(v,) § £ W - % spanning set. X

2

3 fﬂ-\:
=

&tk 1 linear transformation ¢ %#* linearly independent B (vt ? A5 T 2

Proposition 6.4.4. B3k V,W i wector spaces over F ® Bk T:V —-W i one-to-one
linear transformation. B| vy,...,v, €V % linearly independent & ® &% T(vy),...,T(v,) €

W % linearly independent.
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Proof. (=) BX vi,...,v, €V % linearly independent, 3% i % ¥ 3P T(vy),...,T(v,) €W
% linearly independent. * * Z ;% B3k T(vy),...,T(v,) € W 5 linearly dependent, 7=
Tt el €F 225 0@ 8F T(vi)+-+c,T(vy) =0 BF T 5 linear, 4 i°
7 0—01T(V1)+ ‘e, T(vy) =T(c1vi+-4cpvn). FI 1% T % one-to-one, v if 3
Vit devy=00F4 5 7R @EF Tlevit++cv,) =0 &d v,...,v,eV 35
linearly independent # 4 ¢y =---=¢,=0. $*frep,...,c, €F % 25 0 hiEKApT 7, &
= T(vi),...,T(v,) €W 5 linearly independent.

(<)iEB>waEP 2§ & T 5 one-to-one, 7 & T % linear transformation. 1K
& T(v1),...,T(vy) €W 5 linearly independent. 2\ i* * & 2% K vy,...,v, €V % linearly
dependent, 7 3 & cf,...,c, €F 2 25 0 # % c;vi+--+¢,v, =0. ILF| T % linear, 3

ikl [ C1T(V1)—|—~'-+C,ZT( n)IT(C]Vl—f-'”—I-CnVn)— ( ) 0. fed » T(Vl),...,T(Vn)GW
% linearly independent, A P {83 ¢y =---=¢, =0 2.4 ﬁ 8% vi,...,v, €V % linearly
independent. O

";g.'ﬁ' T:V —W 4_invertible ¢ linear transformation p, 4L T % — & isomorphism.
LAV {e W 5 & vector space FFj 48 i ihigiEa T i&{ﬁ—%i? B SgosEk ¥
FHd T % onto, MPdvsg T € 4% V fv W & spanning set, @ ¢ T % one-to-one #' i*
rig T ¢ 4% linearly independent 1R T o AP # kgt dg g 3] { - Hend 3 B

Theorem 6.4.5. 2% V.W % wector spaces over F 2 T:V —W % isomorphism. & Vi,...,V
5 V e subspace V! eh— = basis> B T(vy),...,T(vx) & T(V') ¢h— 8 basise * 2. » %
Wi,...,W & W ¢ subspace W' eh— % basis» B T~ Y(wy),...,T"Yw;) 5 T-Y (W) eh- 2

basis °

Proof. B3 vy,...,vx & V' eh- = basis. ] {vy,..., vt} % V' & spanning set, | * Propo-
sition 6.2.4 # Span(T(vy),...,T(vx)) =T(V), 7= % {T(v1),...,T(vx)} 5 T(V) ¢ spanning
set. * F]% T % one-to-one ¥ vj,...,Vx & linearly independent, §]* Proposition 6.4.4 4
T(vi),...,T(v) €T (V) % linearly mdependent #7® T(vy),...,T(vk) 5 T(V) ¢h— ‘e basis.

Y- 36 0 BX& wy,...,w; & W - % basis. d % T-1:W =V % linear transforma-
tion (Theorem 6.4.3), 2 T:V —W 4 # inverse, x4 T~! % one-to-one ¥ onto, = ,T*u{
#w T-1:W =V % isomorphism. #&frs & — # k@ T (w),...,T ' (w) 5 T-Y (W)

11— % basis ° O

B3k V & vector space over F ® B % V ¢h- @ ordered basis. 4 Tg:V — R" T &
& Tg(v) =[v]g, VvEV, tx Theorem 6.3.10 # i srig Tp {isomorphism. @ # Proposition
6.3.16 * 2 i irig 5 V,W i vector space over F ® B,y 4 % & V,W - % ordered basis,
Al 44>% linear transformation 7:V — W, ve N(T) % ¥ r& % Tﬁ(v) e N([T ]g), m weR(T)
FORE Ty( )eCol([T]g). Ft T w& N~ BACN(T) T N([T]g) ¢ isomorphism *
Ty &M - BE_R(T) 3 Col([T];;) e isomorphism. §|* Theorem 6.4.5, 3% i* & $[ 14 T
5.

ﬂ\F
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Corollary 6.4.6. V.W i wector space over F 2 B,y & B 5 VW - % ordered basis.
Bl Vi, v} & N(T) 90— 22 basis # 2 v&%x {[vilg,...,[v/]g} # &L [T]z; £ null space
N([T];;) - % basis. @ {wy,...,Ws} & R(T) e & basis 7 2 *EF {[Wily,...,[Ws|y} &

S [T]g 7 column space Col([T]g) - % basis. « F] 17 F]

nullity(7) = nullity([T]%), rank(7') = rank([T];;).

¥ T:V—>W % isomorphism P, & e 5 T ¢ inverse T~ : W — V 7 % linear
transformation ¥ dim(V)=dim(W). s pF§ V o W & %|:E 2 7 2 ordered basis B,y 5,

A5 02T ih commutative diagram.

—1
1% r ,w_T .y
Tﬁl lTv lTl?
Fn . " Fn

d 5+ d =5 Vot % 9 ordered basis £ - Rk, #riud T loT E_V 3| V ¢ identity map
id:V = V. & Example 6.3.12, 3% i &g [id]g =1I,, #f|* Theorem 6.3.19 & ¥

Ty =17 o Tl = fidlg = .
RIZ,d 3 ToT™! 5 W E| W hidentity map, 2 i @ [T14 [T =1, @a 771 5 [T]}
HE B

SE L A, PG T g

Theorem 6.4.7. Bk V.W % finite dimensional vector spaced over F 2 4 B,y & &5 &
V.W e ordered basis. 3% T :V —W % linear transformation. B T % isomorphism % f v&

x [T]}; % dnvertible matriz. X p P T-1:W =V $HR3Y B,y 0 matriz representation 5

Proof. & # & it e o4 T 5 isomorphism PFH ¥+ &3t ordered basis ,y 7 matrix
representation [T]g % invertible matrix. i EEFEP § [T}g % invertible matrix P¥,
T:V =W 5 isomorphism, 7= 3 T % one-to-one ' onto. X d [T]g % invertible
matrix, 2 [T]z; w7 dim(V) =dim(W). F]15 invertible matrix 7 null space 4_
{0}, ¥ d Proposition 6.3.16 4= N(T) = {0}, = ¥ T % one-to-one. ¥ {sd dim(V)=dim(W)

% Lemma 6.4.1 22 #®z% T 7~ % onto. O
X1 2)62
Example 6.4.8. ¥ g T: R =R 25 T(| x |)=| xi—x |. 2PFFE@ T h
X3 2x7 +x3
0 2 0
standard matrix representation 3 [T]= |1 —1 0 |. % Example 2.6.8 # i &
0o 2 1
% 1 0 X1 %X1+XZ
T '=] 1 00| . &FT R SRahasasiT (| xn|)= Ix N
-1 0 1 X3 —X1 +x3
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i o } ) } o
X1 2x> %(2 2)+ (x1 —x2) X1
(T_loT)( v [)=T(] xi—x2 |)= %(2 2) = x|,
| X3 | 2x7 +x3 ] i —(2x2)+(2x2 —I—X3) ] | X3
[ x| %xl +x | i (jx ) i [x;]
(ToT™)(| @ [N)=T(| ix )= | Gu4x)—(0Gx) | =[xl
| x3 ] —X1+x3 | L 2(3x) 4+ (—x14x3) | a3

Bae Tl gg % T 4 inverse.
Exercise 6.11. % & linear transformation T:V — W.
(1) B3% T % isomorphism » ® B =(vy,...,v,) & V #h— % ordered basis 45 3| W
eri— % ordered basis y & % [T];; % identity matrix.

(2) B3k dim(V)=n, dim(W)=m * rank(T)=k. #P 7 & V, W 1 ordered basis 8,y
1, ifi=j 2 1<i<k
318 Y — ) % t‘ — ’ J = — ="M
® #® [T]g=(aij) » mxnmatrix # ¢ a; = { 0. otherwise.
Exercise 6.12. A3 A #8 AP ph SfEL 42 07 f2 2 % o bR 2RPBAP & KITE o

4 J& My(R) } e %2 ordered basis
— 1 0 01 0 0 0 0 )
- 0 0/)’\V0 O0)/)’\1 0)/)’\0 1 ’
ao((LOY (0 0) (0 1) (00
o 0 0/)’\V0 1 /)°’\0 0)/)’\'1 0 ’

2 T, » 4 & Mz(R) il MQ(R) AR HPOT (A) :A,Tz(A) :At, VA GMQ(R).

(1) @~ =87 [N, L], Mg 72 [l

(2) ¥ ceR EHJ* T+ SBDTRBT [T +cD]f wpP D5%Ed e (1)
FeerwRit deE g BE o

(3) #1* [T1+ch|? BT Ti+cTh % isomorphism et & if i o

(4) # &L [T —ZTZ] HE AR TP R LAV AR (82T 2D

7 B ) * o83 % ordered basis e £ T ?

(5) 3417 (4) #i8 x LA (T} —2T3) ' (A), £ ¢ A= (; 5 )
(6) F1* &= ST EBT [(T1—|—2T2) (T —2D)]E Ffuﬂg "R S [ 2T =

Wk P on— BAMEP ST vRA % ordered basis dHE & T oo
(7) F1* (4) & (6) *r#e 3L i T > 53 abeR> & F (T1—2T2)‘1 =aT| +bT; »



