Chapter 7

Linear Operators

hip- R ¢, APFEHE R - A ¥ * 9 linear transformation, # % linear operator.
v EE %;ﬁ\.v_ ¥k AP P 0 linear transformation. i&—- F AP A LB A AP T- F 1
T ie— HAF R AT

7.1. Change of Basis

fiz- &Y, AP 4R change of basis % 4, 7 f&#3| - B linear operator 4 7 ordered
basis & # % RAEL B} 5. o BREA A FT S A P01 R AR 4 & T R 3R

A 4rig - B linear transformation, § 2% i * 7 F¢ 9 ordered bases #f ## 7 matrix
representation § 7 . % B, 5 V 3 & ordered bases, m v,y & W 13 ‘2 ordered

.
EN T

basis. #t*% linear transformatlon T:V—W, 248 # ordered bases =7 matrix
representations [T ] fe [T] B/ 2 e HBEMGR? AR F“* J& identity map id:V — V.
A X B2 2R E_identity map, & # matrix representation A & ¢ &_identity matrix. ¥ F 1,

B AR E B o B RE - 2 ordered basis = {V], Vn} pld > id(vy) = vy, r-t—ﬂ

matrix representation {1dent1ty matrix. 2 T EEF L+ f &- & ordered basis, @
HisE i p' ={v|,...,v,} i&- 2 ordered basis, identity map ¥ &>" B,B’ ¢ matrix

representation [1d]g # i-th column 82 7R m{e id(v;) =v; 7 B, 7 BIr L& B v; § =
{¥l,...,v,} % ordered basis & &% 71 % [vi]g. #T ¥ B o B’ ip R PF, [id]gl # &_identity
matrix. REFE L veV, Flv #3t B ehd 44 7% 5 [v]g, % matrix representation s
B (Proposition 6.3.14) ¥ #

[id} [v]p = [id(v)]p = [Vp-
f{w%%W] TV P AR Btk o S Bt A R, 4 T
ANy 8 [ld]ﬁ % change-of-basis matriz.

£71 % id:V =V &_isomorphism, #r14 ¢ Theorem 6.4.7 3% ¥ [id]g/ % invertible *
(fid]f )" = [id™"15, = [id]f, (7.1)
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202 7. Linear Operators

5 ffh{;fuﬂf*— B e R4 o g4k 2 Y B4R & 7 i change-of-basis matrix #7 inverse
)’I-*'uaa B’ endi R & T i 2 ¥ B oahd R & T ¢h change-of-basis matrix.

Aipw PR AR 48, K T:V —> W % linear transformation ¥ B B iV s e
ordered bases, m y,Y & W 3 ‘2 ordered basis. # & #5324 [T ]ﬁ e [T }ﬁ/ 2_ [ enhf k.
2idy: V>V, T: VW ‘ff’ldW.W—>W 2 &% idyoToidy: V=W m5 T: VW, %
r2d Theorem 6.3.19 (2) #

lidw]} (71} lidv]5, = [T]}.
4;7* H_#73) 0 change-of basis formula, #% ¥ #-2_ = F&if 4o .
Theorem 7.1.1 (Change—of—basis Formula). B3k T:V =W & linear transformation *
B,B' 5 V ed & ordered bases, m y,¥Y & W e % ordered basis, |3 t invertible matrix
PQ #1# [T ]g/ =Q([TpP, &% P 2 # B chdfhd m i+ B odfh & 7 h change-of-
basis matriz [idv]g,, Q¥ y i n kS Y ehd i T i change-of-basis matrix
idw ]}

Example 7.1.2. % Example 6.3.13 ¥ 2 i ¥ jg linear transformation 7 : P2(R) — B(R),
HY T(px)=(x+1)phkx—1),Vpkx) e L(R). ¥ i+ g P(R) #d %2 ordered bases
£=(¥x,1), B=(pi1(x),p2(x),p3(x)) £ *

1 1
p1<x>=5<x2—x>, pa(x) =41, pal) =5 +)
12 Py(R) 73 2 ordered bases & = (x*,x%,x,1), B’ = (q1(x), 42(x), q3(x),q4(x)) # *
—x3 +3x% - 2% —x+2 —x3 x% 4 2x X —x
() = TR () = TR = TR =T
# Example 6.3.13 ¢ 2 i {8 1]
1 0 O 000
/ -1 1 0 B’ 1 00
& _ —
1 -1 1 0 0 3
1/2 ~1 1/2
F [p1(x)]e = |—1/2], [P2(0)]le=| 0 |, [p3(x)]e = |1/2| &2 & B F| € 1 change-of-basis
0 1 0
12 -1 1/2
matrix 3 [idpz(R)]E: —1/2 0 1/2 |. ¥ 2 =ci1q1(x)+c2g2(x) +c3g3(x) +caga(x),
0 1 0
PR qi(—1)=1,q2(—1) =q3(—=1) =qa(—1) =0, #x=—1 & » 5 ;4 {8 ¢; = —1, LA P
—1
THE =0,c3=1c=8, 7T [X]p = (1) B 3 S BRI I S ol s = cE . A
8
-1 1 -1 1
218 ¢ 3| B’ e change-of-basis matrix % [idp, (g )]ﬁ/ = (1) (1) (1) i Al A
8§ 4 2 1
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—1/6 1/2 —1/2 1/6

3 . o , 12 -1 12 0
j;”? S A / _nf g _
BT B’ 1l € ¢ change-of-basis matrix [idp )] s S12 1 16 i
0 1 0 0
P~ inverse ¥ [idP3(R)]§//- BisANPEE
L T N B T R
. " el T 0 0 0 1 -1 1 0 2 2 /
lidnel2 (T el = | | ) 1) o 1113 0 L=
$ 4 2 1] 1 —1 Lo 10O

wom ki, AP E Y % - 4 linear transformation ¥ H T &R B HRE SR D
vector space. iz tk ¢ linear transformation #% i % % f£2_ 5 linear operator. B *% linear
operator # i ¥ 3T T KB E R € F P - 2 ordered basis. § & v ki
#0iE e 3% o ordered basis ﬁ, AP -l A matrix representation 7% 5T [T]g CRER R
[T]g. ¢+ FEF1* Theorem 7.1.1, S i 811 T 2 %,

Corollary 7.1.3. B*k T:V —V % linear transformation ®* B,B' 5 V a2 ordered
bases. B3 t invertible matriz P & 8 [T]g =P ' ([T]g)P, £ ¢ P 5 # B/ end 4 7 4k

& B iRk 7 i1 change-of-basis matrix [idv]g,.

Proof. ¥ j& Theorem 7.1.1 2 ¢ W=V, y=0 13 ¢y =0 eof§2;. ¥ Q= [idv]g d 5t
5 (7.1), & Q= (fidy]}) ' =P, W 2L O

¥ E - B nxnmatrix A AP AE vV o0& & - B dimension i n 7 vector space V
_+ en linear operator T:V =V, 3t V 1% - % ordered basis 7 matrix representation.
¥ P % nxn invertible matrix, |2 74 B=P AP fr A 5 similar. RAF A 74 ¥ ¥ B
i T:V —=V d- B matrix representation ¥ 328~ V 7 Je 51 ordered basis @ @ .

F P¥— 1 linear operator, % i P~43 4% ch— & ordered basis, #* * 7 11 {7 3| { 4F ¢F matrix

representation 1 I 3t { % % 7 j2:i% B linear transformation. %]4- Orthonormal basis »
¥ 24 2\ i &2 linear operator (hR 48, ¥ g T:V —V % linear operator. § # 1% % %
B=(vi,...,Vs) » V ihrordered basis, 2 i ¥ FI T $t B hE MEL A=[T]g. £7¢ A h

RAT(v;) * B BT hdiR 4 )]}‘E?L F T(vj)=civi+---+cpv,, Bl A 5 j-th
c1

Jj-th column,

column ,T*u{ ¥R vy, v, AV - & orthonormal basis, 24 i A F % #-T(v;)

B V.V, R e & FF F Proposition 4.3.6 £33 T(vj) =civi+- 4V, &
v o= (T(v)),vi) = (vi,T(v})). )I" HH A e j-th column # i-th entry % ¢; = (vi,T(v;)),
Flet [T]g 0 (i, j)-th entry ’j} L E_(vi,T(v;)).

Proposition 7.1.4. 3k V i inner product space £ Vy,...,v, & V = 2 orthonormal

basis. & T :V =V 5 linear operator ® % Jg V ¢ ordered basis B = (Vi,...,V,), B T *

B #7% 0 matriz representation [T]g B (i, j)-th entry & (vi,T(v;)).
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Question 7.1. # Proposition 7.1.4 ® % ordered basis B = (vi,...,v,) &_4 orthogonal
basis #72;%, R [T]g i (i, j)-th entry s & #® ¢

¥ ¢k 3 i linear operator ¥ 1145 Fl4% 0k % # # matrix representation i *;""»‘f kL.
Mo BHAE, T DE it pFAPRLE- hiE. AP 43*‘ - BEHE S

. 9x+ 12y .
ke T [ = [12x—|—16y]' =1

’**#‘%i%zi’s@SZ([(l)}m) E L [T] :21[192 ié] ,’nﬁ‘? B:(|:4:|’|:_34:|)E‘E'

ondered vasis = o 7((3) = 3L 7| J] = [0 w i = | o] Arra

Example 7.1.5. % & linear operator T : R? — R?

o

2

1 0 1 0
rorly == | 5 o] = | 0]=mﬁ
8@ ToT=T. ¥% U‘kﬁ ..E'_orderedbas1s EANIAN

m P VL P= [ ] A g

ﬂv}
\L
T

'. T)]*{%Rz teae £ 4

X ] - (7l = (B (TIly) =P 5 | 1y g e

1 0 9 120, .
51 [0 O} —frzs[lz 16] % similar.

Corollary 7.1.3 £ 724 i » — i linear operator if P~ 7 F &1 ordered basis, 2 % B4
g5 similar B k. FE R, FHRTAEM,(F), v g Ly F' - F" 22 %
% La(v) =Av, Vv € F" i&— B linear operator. * pF Ly ¥ F" &0 standard ordered basis
€= (ey,...,e,) & REL Ly, BRA RF Be M,sn(F) & B 4v A similar, 7 ¥ 3% &
invertible matrix U ;% & B=U"'AU. 3.4 J& ordered basis B = (vi,...,v,), £ ¢ v; £ U
i-th column, | & ¥ 5% U = [id]Fn]E, % Tt d Corollary 7.1.3 = B #_Ly * B #7{8 ch4 B4E
", W B=[Lalp. MURALA P A, 115 R RS BAP 00 R AT, AP ANT 2 ARG
4_JF - B linear operator 4] * 7 ¢ 5 ordered basis #7{% e B,

7.2. Eigenvector

Linear operators d **  &ZFfoitBF4pF > (A p R g F33 H 2 % (iterate) R 3¢ > 7=
TR Arp g A o d NN G BF ORGSR jmﬁg?.%i’elgenvectori&%é_
BREARY R REdw g o
& V 4 - B vector space over F ¥ T:V —V & - B linear operator. 2 if* £
T?=ToT,T>=ToT? > 4o}t - B2 XT3 » WL Th= ToT" Loz veV » AP v g
T(v), T2 (V) =T(T(V)), T3(v)... o — SR k5§ kAx4 g 25 Th(v) ;T‘uf‘r\qiﬁ P E-fE
PARE R, TEGFEACEF #EF Av=2Av pF, A3 Tz( ) T(T(v))=T(Av) =AT(v) = A>v.
PRAPE G T3(v)=Adv,..., THv) = Ahv. » R RN A R
TH(V). Bl 2 s Sy g GaACF @ Av=Av #uf 248 500 F 1T hR k.
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Definition 7.2.1. 3% V ¥ - B vector spaceover F ¥ T:V —V ¥ - B linear operator.
FHEFRE veV, 5 AcF RET(V)=Av, RIfL v 5 T - B eigenvector, * A %

2 eigenvalue.

AR, ®EAK T o eigenvector - TALZE v £ (L F5 T(0)=0> 9712 025
Ptk ) o * % v AT &— 1B eigenvector, * A, A €eF B E T(v)=Av=A»_A, pld
A=A)wv=0m12 v#£0, 78 A =A1". FIP >3 T - B eigenvector v - & j + &3 - B
FHA EHBRILT(v)=Av. AP H eigenvector v #74 & e eigenvalue = 4.

Question 7.2. BX T:V =V 5 linear operator * veN(T) B & v#0. £ F v i

eigenvector ? B #r¥ R e eigenvalue 3 ® 7
Example 7.2.2. % J§ Linear operator T : P,(R) — P,(R) %% 3

T(f(x) =f(x)+(x+1)f(x), Vf(x)€P(R).

TRABIAN g)=1> 2 T(gx)=1=gx) > #0 1 £ T - B eigenvector ¥ H
eigenvalue 3 1o ¥ ¢4 @& h(x)=x>+2x+1, A

T(h(x)) = (& +2x+ 1)+ (x+1)(2x+2) = 3(x* + 2x+ 1) = 3h(x).
& x> +2x+1 T th— B eigenvector * # eigenvalue % 3.
%8 T(x>+2x+2) =3x>+6x+4» #r12 x> +2x+2 * _T  eigenvector e i
B R - & eigenvector fr eigenvalue st .

Proposition 7.2.3. &% V - & vector space overF ® T:V —V & - B linear operator.

~ B3k v,V i T e eigenvectors ® B eigenvalue ¥ 5 A €.
(1) #celF 2 c#0, Bl ¢cv 7~ 5 T - B eigenvalue 5 A 1 eigenvector.
(2) # v+V £0, Pl v+V 7 5 T é— B eigenvalue 5 A & eigenvector.
Proof. & ExNPwE v£0 2 T(v)=Av 12 T(V)=AV.
(1) £ w=cv,d > c#02 v£0, AP w#£0. Y R
T(w)=T(cv)=cT(v) =c(AvV) =A(cv) = Aw.
B w=cv 52 T eh— 12 A % eigenvalue 7 eigenvector.
(2) £ u=v+V. RY g
T)=TV+V)=TE)+TV)=Av+ AV =A(v+V) = 2u.

B u=v+Vv i T e— B2 A % eigenvalue #7 eigenvector.
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Question 7.3. T:V —V & - B linear operator * vi,v, €V ¢ & T - B eigenvalue &

A € eigenvector. #M % wE Span(vy,vy) ¥ w#0, Bl w = &_T eh— B eigenvalue 5 A

i1 ejgenvector.

&1 %, Question 7.3 ¥ % £ Hix B B eigenvector eha |+ 2 & i % eigenvector. & Jf
AU P e eigenvalue E - e € ¥, H)4r & Example 7.2.2 vEEAR ] e X42x+1
‘FKTL T th eigenvector, i 4242 = (x +2x+1)+1 ,TAZ H_A ¢ eigenvector. ¥ ¢b i
eigenvalue — # » 2 7 s v Pt e & v 5 eigenvector © F| 5 & R ",ﬁi EFa g oo

& EH 35 - B linear operator T:V — V i eigenvalues fr eigenvectors *2 ? % i 4% i
3 M linear transformation R A fE 3 = matrix PR EE, K 2R o i " 48
T et kB 5| T eigenvalues {r eigenvectors » W g~ T 0 & dim(V)=n, * B &
V iéh- ‘@ ordered basis, B| T 4] * i& % ordered basis #7# & RAEL [T]g § £- B nxn

matrix. &% > AP EH- B> “im elgenvalue fr eigenvector °

Definition 7.2.4. B A€M, ,(F). 2422 Zw B vel" 5 AeF & & Av=A1v, B

#v i Ad— B eigenvector, @ 2 A fi A - B eigenvalue.

£

AR, kR EA A heigenvector — A EFE % £ o 4 F]pt e linear operator — R 0 i

A - i eigenvector v - T j 4 &3 - B A€F § % L Av=A71v.

Sl R R R R

Example 7.2.5. ¥ R

AV1 |:

#rrL vy #_A h— B eigenvector,

[ 11} [2] - [_11} = 2v.

—2 H_H ¥ 0 eigenvalue. F fkeh

o-[s I o B-

11l vy §_A ¢h- B eigenvector, m 5 §_H ¥R e eigenvalue. A @

MR T

#1110 vy H H_A dh— 1B eigenvector.

Linear operator T:V —V fe#l & RAE'L » 7= 1L [T i eigenvalue {fr eigenvector § 7
1
H AR Tt 2 B3R B=(Vi,...,Va), @ | i | €F" &_[T]g e— & eigenvector ¥ # eigenvalue

LA, PR
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[

4 v=cvi+---+cpVy, ¥R T f Proposition 6.3.14 ® &Aoo T(v) * B e

Acy
i ordered basis g & o BE A | 1 |4 i}“ 235
Acy,
T(v)=2Acivi+-+Acyvy = Alcvi+ -+ +cpvy) = Av.
C1
F2 5 vVv=ciVi+-+c,V, €V & & T(v) = Av, Bld Proposition 6.3.14 4= | : | € " &_
Cn

[T]p =h— & eigenvector * H eigenvalue = A o + 7&{:&@ A5 f2- % linear operator H
# LAEL e eigenvalues fr eigenvectors fj‘ai F >t ¥ 57 i& B linear operator =7 eigenvalues
Fr eigenvectors.

% Proposition 7.2.3, #' i 3 ¥| B *>* linear operator 7 eigenvalue fr eigenvector =}
OB HS A A, AP TR R R

Proposition 7.2.6. BE& A€M, ,(F) 2 v, v, e F" 5 A 5 eigenvectors ® £ eigenvalue

5 AeF. Fe,eF 2 cvi+eava #0, Bl civi+eva » € 8 A - B2 A & eigenvalue

i1 eigenvector.

B s AP & 523 R linear operator T :V — V i eigenvalue v eigenvector pF, # &
o E PV ihordered basis & . &4 %] 5 eigenvalue {r eigenvector (e & fe T 7 M,
@ fo V e ordered basis #& M. #7141 W& E B V i ordered basis 7 b §ig & 7 e B £
7, #7 1% i1 eigenvalue {= eigenvector 38¥ # Itk T 5 eigenvalue fr eigenvector. 7# i £
RIPE % £ B kR eigenvalue {r eigenvector PF, fi%iiﬁ’fré'?r,}%iﬁ?ﬁ_ﬁ % Fiken
ordered basis, & B|i&#k ch# B o7 £17 eh eigenvalue {v eigenvector fv T £ eigenvalue
{r eigenvector e T & £ 7 v & e

A 7 2% 35— B linear operator T :V — V i1 eigenvalue - eigenvector » ¥ & = B~
V ¢h- ‘2 ordered basis B, ¥ ¥ j& # matrix representation [T]g 7 eigenvalue {r eigenvector
,T»*‘u'v‘ iR o T e eigenvalue v eigenvector 7 o F - & AP &3 e - B

eigenvalue {r eigenvector °

Exercise 7.1. % & linear operator T :R* - R> 2 % % T(x,y,2)=(y,—x,2). £ A 5 T ¢h

standard matrix representation.

0 1 1
(1) £ 0= |1 0 1|.#® 5 R 5 ordered basis , # ¥ T 1 matrix representation
1 1 0

related to ¥ €. 0 'AQ.
(2) £ B i R3 i ordered basis (1,—1,1),(1,-2,2),(1,-2,1) = 4 B 3 T ¢ matrix
representation related to B. :#% B> ¥ B S48 P ¢ 17 A= P 'BP.
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Exercise 7.2. 3% A,B % similar éhn fp 3 ',
(1) #m A', B' » &_similar.
(2) %P £ A 5 invertible, B| B 7= % invertible. ¥ @ P p iz, k€N, A% o B7F

% similar.

Exercise 7.3. B3* T:V —V % linear operator * % Jg % 38 5% f(x) =ax"+---+ajx+ap ’
%_#% linear operator f(T)=a,T"+ --+a T +apidy » BE veV i T - B eigenvalue 3

A i eigenvector. P v i f(T) 1 eigenvector,  .p H 43/ e eigenvalue 5 @ .

Exercise 7.4. % J& linear operator T :V —V, & vi,v, = T 1 eigenvectors H %t & ¢
eigenvalues & %] 5 A1,A. & & A £ L.
(1) #P vy,vy 5 linearly independent.
(2) #P % cr,e20€F 2 1 #0,c0#0, Bl c1vi+cva * § £ T 5 eigenvector.
(3) &P F 7
A=A

tc,€F 2 1 #0,00£0 8 civi+ceovy & T? eigenvector, R
TP T T2 R eigenvector c1vq +covy £ eigenvalue & .
Exercise 7.5. ¥ 5 T:R* - R? 2% 5 T(x,9,2) = (x+2y+2z,9,x+3y+z2). £
vi=(-1,0,1),v2 = (3,—1,2),vs = (1,0,1).
(1) 3P vy,vo,v3 ¥ & T 1 eigenvector ;-2 H ¥ e eigenvalue.
(2) 4 v=(1,-1,2), # v B F v,vo,v3 e & & R T3(v).

(3) + J& ordered basis f = (v1,v2,v3) /4 % standard ordered basis €. #F 8 T & AL
[T]e 122 [T]g.

(4) #B T[T e & [T]p 2 B enb 55, T893 5 inverse chaed PQ & @
Q[T)eP = [T)p. & 2.

Exercise 7.6. ¥ & T;,1> :R* - R3 2w A T 6 x—2y+z=0 94 ¥ (projection) 4 %
&5t (reflection) £ linear operator.

(1) 1% P2 Botengr 445 0 R ch- 0 basis vi,vp,v3 @ 2 % 5 T),T> 9 eigenvec-
tors (Hint: ¥ % Jg vi,v2,v3 3 4 2% ).
(2) 4 B % ordered basis (vi,v2,v3) 3# B T & RAEL [T1]g, [D]p.

(3) 1% (b) % B T1,T» % standard ordered basis 2. F e JLAE.



